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Abstract 

The present thesis entitled "Characterizations of Some Radical 

Rings and Gamma Rings" is the outcome of the research by me under 

the supervision of Dr. A. C. Paul, Professor, Department of 

Mathematics, University of Rajshahi. The main emphasis of this 

thesis is to find radical rings. In introduction, we introduce the 

concepts of the complete thesis. 

The thesis is of eight chapters. In the first chapter, we discuss the 

preliminaries of the complete thesis. This chapter is the basic concept 

of our work. Here we discuss the definitions and some results of 

I'-rings. We develop some characterizations of p-rings in the second 

chapter and in the third chapter, we generalize the p-rings. We define 

p-I'-ring and prove the analogous properties of p-rings for p-I'-rings 

in the fourth chapter and the fifth chapter J-I'-rings are the 

generalizations of p-I'-rings. In the sixth chapter, we define the 

regular I'-rings that are more general than that of S. Kyuno, 

N. Nobusawa and B. Smith [14] and we also develop sufficient 

conditions for I'-rings to be regular. In the seventh chapter, we define 

an abelian regular I'-rings and prove that an abelian regular I'-ring is 

equivalent to "strongly regular" I'-rings. We also develop some other 

properties. We define unit-regular I'-rings in chapter eight and 

develop a number of equivalent characterizations and also develop a 

lattice theoretic characterization. 
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Introduction 

The idea of a I'-ring as the generalization of a ring was introduced by 

N. Nobusawa [16] and obtained analogues of the Wedderburn 

Theorem for I'-rings with minimum condition on left ideals. W.E. 

Barnes [4] improved the idea ofN. Nobusawa and gave the definition 

of I'-rings which are more general than that ofN. Nobusawa [16]. The 

notion of I'-homomorphism, prime and primary ideals, m-systems, the 

radical of an ideal were introduced by him. 

The notion of Jacobson radical, nil radical and strongly nilpotent 

radical for I'-rings were introduced by Coppape and Luh [7] and they 

developed some radical properties. 

Regular rings were invented and named by von Neumann and he 

obtained a necessary and sufficient condition for regular rings. Brown 

and McCoy developed the concept of a regular ideal. Warfield, 

Bergman, Kaplansky, Auslander and some other -renounce 

mathematicians made deeper studies on regular rings. 

The general radical theory for rings had been introduced by A. 

Kurosh [ 11] and S. A. Amitsur[ I]. They studied the characterizations 

of a general radical. Divinsky [8] studied the general radical theory, 

the upper radical and the lower radical. Various kinds of radicals were 

studied here and he had also shown that these radicals are equal by 

minimum condition. He also characterized special class of rings and 

special radicals. 



Shoji KYUNO, Nobuo NOBUSA WA and Mi-Soo B. Smith 

[ 14] introduced regular I'N -rings and they developed various 

properties of regular I'N -rings. They obtained a couple of necessary 

and sufficient conditions that I'N -rings are regular and then 

characterized a commutative regular I'N -rings as a subdirect sum of 

gamma fields. 

Strongly regular rings were invented and named by Arens and 

Kaplansky, while the term "abelian' came into use later via operator 

algebras and Bear rings. Arens and Kaplansky proved that every 

strongly regular ring is regular, and that, in a strongly regular ring, 

every one-sided ideal is two-sided. Forsythe and McCoy showed that 

a regular ring is strongly regular if and only if it has no nonzero 

nilpotent elements, and that m a ring with no nonzero nilpotent 

elements, all idempotents are central. Most of the basic 

characterizations of abelian regular rings have been re-proved in a 

number of papers, along with innumerable variations and alternative 

characterizations. 

Unit-regular rings were invented by G. Ehrlich [9] and he saw that 

this unit-regularity was equivalent to various properties for direct 

sums of finitely generated projective modules. K. R. Goodearl [1 O] 

developed a number of equivalent characterizations of the unit

regularity of a regular ring and also developed a lattice-theoretic 

characterization. 

In our work, we have obtained the general radical theory for 

various type of T-rings. We have studied some of the 

characterizations of general radicals for J-I'-rings, regular I'-rings, 
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unit-regular I'-rings and abelian regular I'-rings. In this connection we 

have also discussed particular radicals such as Jacobson radicals. 

The main body of this thesis is divided into eight chapters. 

The first chapter is the fundamental concepts relevant to our 

works. Here we have given some basics concepts of I'-rings, I'-rings 

M-modules, radical classes and other concepts that are needed to our 

research works. 

In the second chapter, we have studied p-rings and developed 

some basic properties. We have proved that the class of all p-rings is 

a radical class. We have also developed a number of equivalent 

characterizations of p-rings. 

We have studied J-rings and developed some properties in 

chapter three. We have showed that the class of all J-rings is a radical 

class. We have also proved that the Jacobson radical of J-ring is zero. 

The concepts of p-I'-rings have given in the third chapter. Here we 

have proved the analogous properties of p-rings for p-I'-rings. We 

have proved that the class of all p-I'-rings is a radical class. We have 

also developed some other properties of this ring. 

The purpose of chapter five is to introduce the notion of J-T

rings and obtain the analogous properties of J-rings for J-I'-rings. We 

also develop some other properties for J-I'-rings. 

In chapter six, we have defined a regular I'-ring that is more 

general than that of S. Kyuno [14]. Here we have developed a few of 

their most basic properties. The main emphasis is on developing 

sufficient conditions for T-rings to be regular. We also have proved 

that the class of all regular I'-rings is a radical class. 
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Chapter seven is one of several in which we have developed the 

basic properties of a class of regular I'-rings of some "classical" type. 

Those considered in the present chapter are somewhat commutative, 

in that all idempotents are central, and also closely connected to 

division I'-rings. Abelian regular I'-rings are also known as strongly 

regular I'-rings, which is, however, a more indirect concept. In that a 

nontrivial theorem is required to show that strongly regular I'-rings 

are actually regular. For this reason, we view abelianness as the more 

general property. We have first developed a number of equivalent 

characterizations of abelian regular I'-rings before proving that 

"abelian regular" is equivalent to "strongly regular". 

The last chapter eight is concerned with unit-regular I'-rings. We 

have developed a number of equivalent characterizations of the unit 

regularity of regular I'-rings, mostly in the form of cancellation 

properties, either internal (within the lattice L(MR)) or external (for 

finitely generated projective M-modules). These cancellation 

properties are then used to derive further properties of finitely 

generated projective M-modules over unit-regular I'-rings. We have 

also developed a lattice theoretic characterization of the unit-· 

regularity of M, namely transitivity of the relation of perspectivity in 

the lattice L(2MR) 
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Chapter-One Preliminaries 

If/ and J are both left (respectively right or two-sided) ideals of 

M, then I+ J = {a+ b I aE/, beJ} is clearly a left (respectively right 

or two-sided) ideal, called the sum of/ and J. We can say every finite 

sum of left (respectively right or two-sided) ideal of a I'-ring is also a 

left (respectively right or two-sided) ideal. 

It is clear that the intersection of any number of left (respectively 

right or two-sided) ideal of Mis also a left (respectively right or two

sided) ideal of M. 

If A is a left ideal of M, B is a right ideal of Mand Sis any non 

n 
empty subset of M, then the set A rs= { L a;}';S; I a;EA, }';EI', s;ES, 

i=I 

n is a positive integer} is a left ideal ofM and SrB is a right ideal of 

M. A rB is a two-sided ideal of M. 

If aeM, then the principal ideal generated by a denoted by (a) 

is the intersection of all ideals containing a and is the set of all finite 

sum of elements of the form na + xaa + af)y + uyaµv, where n is an 

integer, x, y, u, v are elements of Mand a, f), y, µ are elements of r. 
This is the smallest ideal generated by a. Let aeM. The smallest right 

ideal containing a is called the principal right ideal generated by a is 

denoted by I a). We similarly define (a I and (a), the principal left 

and two-sided ideal generated by a respectively. We have I a) = Za + 

arM, (a I= Za + MI'a, and (a)= Za + arM + MI'a + MI'aI'M, where 

Za = { na: n is an integer}. The smallest left (right) ideal generated by 

a is called the principal left (right) ideal and is denoted by (al (I a)). 
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Chapter-One Preliminaries 

Completely prime ideal in a I'-ring: A completely prime ideal 

m a I'-ring M is a proper two-sided ideal P such that Ml P is an 

integral domain (not necessarily commutative). 

Division I'-ring: A I'-ring M is called division I'-ring if for 

every xeM there exists yeM such that xyy = yyx = ] . 

I'-Field: A commutative division I'-ring is called a I'-field. 

Semi-hereditary: A I'-ring M is said fo be semi-hereditary if 

every finitely generated right ideal of Mis projective M-module. 

Non-singular I'-ring: An ideal / of a I'-ring M is called 

essential if for every nonzero ideal A in M, In A i- 0. Let cp(M) be the 

class of all essential ideals in Mand Zr(M) = {xeM I xn = 0 for some 

/ ecp(M)}. M is called a non-singular I'-ring if Zr(M) = 0. For the 

case of a classical ring R, we define Zr(R) = {xeR I xi= 0 for some 

I ecp(R). Then R is called a non-singular if Z,(R) = 0. 

m-system: A subset Sofa I'-ring Mis an m-system if S = <I> or 

if a, beS implies (a)I'(a) n S -:t:- <I>. A subset N of Mis said to be 

n-system in M if N = <l> or if aeN implies (a) n N -:t:- <l>. 

Radical Class: A class of rings (I'-rings)fll is called a radical 

class if 

a) fll is homomorphically closed, i.e. if Re !ll and / is an ideal 

of R, then RI IE f!l. 

ii) 91 is closed under extension, 1.e. if RI/ and /e .W, then 

Re 91. Here l is an idea] of R. 
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Chapter-One Preliminaries 

iii) If / 1 c /2 c '3 c ........... -1s an ascending chain of 

91-ideals, then Uala E !ll. 

Let A be any ring (I'-ring) and let 9l be a radical class. Then there is a 

unique largest 9l -ideal R(A) such that Al R(A) has no non-zero 

.W-ideals. This R(A) is called a radical of A. If R(A) = A, then A is 

called an !Jl-radical ring (I'-ring). If R(A) = 0, then A is called 

9l-semisimpl~ . . 

Jacobson radical: Let M be a commutative I'-ring with I. Then 

Jacobson radical of the I'-ring M is the intersection of all maximal 

ideals of M. 

M-module: Let M be a I'-ring and let (E, +) be an abelian 

group. Then E is called a M-module if there exists a I'-mapping 

(I'-composition) from MxI'xE to E sending (m, a, p) to map such that 

i) (m, + m2)ap = m1 ap + m2ap 

ii) ma(p, + P2) = map1 + map2 

iii) (m,am2)/Jp = m1a(m2/Jp), 

for all p, p,, p2EE, m, m,, m2eM, a, /JeI'. 

If in addition, M has an identity 1 and 1 yp = p for all peE and some 

yer, then Eis called a unital M-module. 

Sub module: Let M be a I'-ring. Let E be a M-module. Let (Q, +) 

be a subgroup of (E, +). We call Q, a sub module of E if myqeQ for 

all meM, qeQ and yer. 
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Chapter-One Preliminaries 

Quotient module: Let Q be submodule of a M-module E. If for 

each a + Q, b + Q are in the factor group EIQ = {p + QI peE} and 

each yeI', we define mr(p + Q) = myp + Q for all meM, peP and 

yeI', and (p, + Q) + (p2 + Q) = (pi + P2) + Q for all Pt, p2eP, then 

EIQ is a M-module which we call the quotient module of M with 

respect to Q. 

Irreducible module: An M-module is said to be irreducible if it 

has exactly two submodules. These must be itself and O; the module 0 

is not irreducible according to this definition. 

Annihilator: Annihilator of a subset S of an M-module E is 

defined as 

Ann(S) = { aeE I ayx = 0 for all xeS, ye I'}. 

It is a left ideal of E. If S is submodule of E, then Ann(S) is a two

sided ideal of E. 

If S = E, then Ann(S) = Ann(E) = 0 

lf Ann(E) = 0, then Eis called a faithful module. 

Indecomposable Submodules: Submodules that are not the 

direct sum of two nonzero submodules are known as indecomposable 

Submodules. 

Q 









Chapter-Two Some Characterizations of p-Rings 

Now, Ra-+ Rb = Rei + Re2 = Rei + R(e2 - e2e1) because a,e1 + 

a 2e2 = (a, + a2e2 )ei + a2(e2 - e2e 1 ). If s = (e2 - e2e 1) p-
2 ER, then 

(e2 - e2ei)s(e2 - e2e1) = (e2 - e2ei)P = (e2 - e2e1)- Then e~ = s(e2 -

e2ei) is an idempotent of Rb. Then Rei + Re2 = Re1 + Re~ with e~e1 = 

Finally, we have, a 1e 1 + a2e~ = (a 1e 1 + a 1 e~)(e 1 + e~ - e~e1), 

a 1, b1 eR. Thus, Re1 + Re~ = R(e 1 + e~ - e~_e 1). Therefore Ra+ Rb= 

R(e 1 + e~ - e~ e1) is a principal ideal. Thus, Ra + Rh is a principal 

ideal. 

2) Let Ra and Rb be two principal ideals. Since R is a p-ring by 

Theorem 2.05, there exists elements x, yeR with a = x p-
2 and 

b = y p-
2 for some prime p > l, such that the elements e 1 = xa and 

e2 = ya are the idempotent elements of Ra and Rb respectively and 

also Ra= Re, and Rb= Re2 • Hence, R = Re, EB R(I - e 1) = Re2 EB R(l

e2), and 

Re,= AnnR[( I - e 1)R] = {xeR I x(l - e 1)R = O}, 

Re2 = AnnR[(I - e2)R] = {xeR I x(J - e2)R = O}. 

Indeed obviously Re1 c AnnR[(l - e 1)R] . 

Conversely, if xeR and x(J - e 1) = 0, writing x = a 1e 1 + b1(l -

13 







Chapter-Three 

Some Characterizations of J-Rings 

In this chapter, we study various properties of J-rings and 

obtain some characterizations of J-rings. We first study the 

commutitivity of J-rings. Then we obtain a basic theorem like: If R 

is a ring and/ be an ideal of R, then Risa J-ring if and only if land 

RI/ are both J-rings. If fll is the class of all J-rings then with the 

help of this theorem we prove that f!l is a radical class. We also 

obtain a couple of necessary and sufficient conditions that R is a 

J-ring. We also establish some other properties. 

Definition. A ring R is said to be a J-ring if for each xER there 

exists an integer n = n(x) > I such that xn = x. 

Lemma 3.01. Let R be a J-ring. Then every right ideal l of R is a 

two-sided ideal of R. 

Proof. We first observe that R has no nonzero nilpotent elements. 

For if xi 0, then xn = x implies that xm i O for all m > 1. Next, let 

aE/ and suppose an = a for some n > ] . Then (an-1) 2 = a 2"-2= 

a 11 a"-2 = aa"-2 =an-I, so an-I is an idempotent. 

Now, let e be an idempotent. Then for any xER, (xe-exe)2 = 0 = 

(ex- exe)2
• Thus, xe - exe = ex - exe = 0 and so xe = ex, 

i.e. e commutes with every elements of R. 











Chapter-Three Some Characterizations of.!-Rin?,s 

2) The intersection of any two principal ideals of R is 

principal. 

Proof. I) It is enough to prove that if a, bER, then Ra + Rb is 

principal. Since R is a J-ring by Theorem 3.11 (b ), there exists 

elements x, yER with a= xn-2 and b = yn-2 such that the elements 

e,= xa and e2= yh are the idempotent elements of Ra and Rb 

respectively and also Ra= Re, and Rb= Re2. Now, Ra+ Rb= Re, + 

Re2 = Rei + R(e2 - e2e1) because a1e, + a2e2 = (a1 + a2e2)e, + a2(e2 

- e2ei), Ifs= (e2 - e2ei)n-2 ER, then (e2 - e2e1)s(e2 - eiei) = (e2 -

e2ei)" = (e2 - e2e 1). Then e~ = s(e2 - e2ei) is an idempotent of Rb. 

Then Re,+ Re2 = Re1 + Re~ with e~e1 = s(e2 - e2e 1)ei = 0. 

Thus, Rei + Re~ = R(ei + e~ - e~ ei). Therefore Ra+ Rb= R(ei + 

e~ - e~ e1). Thus, Ra+ Rb is a principal ideal. 

2) Let Ra and Rb be two principal ideals. Since R is a J-ring by 

Theorem 3.11 (b ), there exists elements x, yER with a = xn-2 and 

b = y"-2 such that the elements ei = xa and e2 = yb ar~ the 

idempotents of Ra and Rb respectively and also Ra = Rei and 

Rb= Rei. Hence, R = Re1 EB R(l - e1) = Re2 EB R(l - e2), and 

Rei= AnnR[(l - e1)R] = {xeR I x(l - e1)R = O}, 

Re2 = AnnR[(I - ei)R] = {xeR I x(l - e2)R = O}. 

Indeed obviously Re, c AnnR[(I - e,)R]. 
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4.7 Saving 

Saving of the people of the study area is very small in amount. Most of the people of the 

study villages monthly saving is 1000-2000 taka per month. Moreover, a remarkable 

percent people of these villages monthly saving is less than 1000 taka.  Saving of 18.60%, 

18.33% and 17.19% people of Sora, Chakbara and Patakhali villages respectively is range 

from 2000 to 3000 taka. It can be said from the table 4.6 that in terms of more than 3000 

taka per month saving Chakbara is in better position than other two villages. 

Table 4.6 Saving pattern of the study villages, 2015 

 
Sora Chakbara Patakhali 

<1000 tk. 36.05 21.67 32.81 
1000-2000 tk. 41.86 46.67 42.19 
2000-3000 tk. 18.60 18.33 17.19 
3000-4000 tk. 2.33 8.33 6.25 
4000< tk. 1.16 5.00 1.56 
Total 100.00 100.00 100.00 

Source: Field survey, 2015 

 

4.8 Housing status 

Urban and rural areas of Bangladesh can be identified on the basis of the housing 

structure. Almost all the urban houses are pucca and semi-pucca whereas rural houses are 

kacha or semi-pucca.  
      
 

 

 

        

 

 

Source: Field Survey, 2015 

Figure 4.2 Housing structure of the study area, 2015 

 

Kacha Pucca Semi-pucca Others

Sora 90.70 4.65 2.33 2.33

Chackbara 80.00 13.33 6.67 0.00

Patakhali 62.50 23.44 14.06 0.00
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5.6 Change in expenditures 

Expenditures of the respondents of the study villages are discussed here by classifying 

expenditure for some basic needs such as cloth, food, treatment, drinking water, others 

and total expenditure. Most of the people of the study villages paid 300-600 taka/ per 

month for cloths before and after Aila. But After Aila number of people of 300-600 taka 

range has reduced while 600-900 taka range has gone up.  

Expenditure of money for food has increased in all study villages. In Sora village, 8.14% 

people paid 4000-5000 taka before Aila but 30.23% people pay 4000-5000 taka after 

Aila. A negative change is found in 2000-3000 and 3000-4000 taka range in this village. 

On the other hand in Chakbara village a reducing change is found in 2000-3000 and 

3000-4000 taka range while a increasing change is found in 4000-5000 and more than 

5000 taka range. Expenditure capacity for food has changed from lower limit to 

consecutive upper limit in Patakhali village.  

Expenditure for treatment in all three villages has been increased after Aila. While most 

of the people of Sora village paid 100-400 taka before Aila, now they are paying 200-500 

taka per month for this purpose. But in Chakbara village most of the people was paid up 

to 600 taka but after Aila they are paying up to 900 taka for this reason. In Patakhali 

village, most of the people were paid up to 600 taka per month but after Aila they are 

paying up to 900 taka per month. 

Almost all the people of three villages have no need to pay for drinking water purpose. A 

very few people of Chakbara village pay maximum 100 to 200 taka after and before Aila 

respectively. 

Expenditure for other resources in both Sora and Chakbara villages has been increased 

whereas in Patakhali village it remains almost same.  

As like income, expenditure levels of people of all villages have been increased.  Monthly 

total expenditure of most of the people of the study villages were from 3000- 9000 taka 

before Aila but now it is needed from 6000- 12000 taka per month. Accordingly, 12000 

taka and more monthly spend capable people have also been increased in all three 

villages. 











Chapter-Four p-r-Rings 

(a, + a2re2)re, + a2/'(e2 - e2re,). Ifs = {(e2 - e2re,)y} p-
2(e2 -

e2re1)EM, then 

(e2 - e2re,)rsr{e2 - e2re,) = {(e2 - e2re,)y} p (e2 - e2re,) = (e2 - e2re,). 

Then e~ = s,.(e2 - e2ye1) is an idempotent of Myb. Then Mye1 + Mye2 = 

Mye1 + Mrei with eiye1 = s}{e2 - e2re,)ye, = 0. 

ei yei), a1, b, EM. Thus, Myei + Mye~ = M}{e1 + ei - ei yei). 

Therefore Mya + Myb = M,.(e, + ei - eire1). Thus, Mya + Myb is a 

principal ideal. 

2) Let Mya and Myb be two principal ideals. Since M is a p-I'-ring, 

there exists elements x, yeM with a= (xy) p-
2 x and b = (yy) p-2 y such 

that the elements e 1 = xya and e2 = yyb are the idempotents of Mya 

and Myb respectively and also Mya = Mye, and Myb = Mye2 by 

Theorem 4.13( b ). Hence M = Mye, EB Mr{ 1 - e 1) = Mye2 EB Mr{ I - e2), 

and 

Mye, = AnnM[(l - e1)yMJ = {xEMI x,.(I - e,)yM= O}, 

Mre2 = AnnM[(l - e2)rM] = {xEM I x,.(1 - e2)rM = 0}. 

Indeed obviously Mye 1 c AnnM[(l - e 1)yM]. 

Conversely, if xeM and x,.(l - e 1) = 0, writing x = a 1ye1 + b 1,.(1 -

a 1 ye1 ,.(1 - e 1) + b1y(l - e 1)y(l - e 1) = 0, and so 

b,,.(l - e,) = 0, hence X = a,re, EMre1. 

Thus, Mye, n Mre2 = AnnM[(l - e,)rM + (l - e2)yM]. Now, there 

existse3EMsuch that(1-e 1)yM+(l -e2 )yM=(l -e3)yM,and from 
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Chapter - Five 

J-I'-Rings 

The purpose of this chapter is to introduce J-I'-rings and a few 

of their most basic properties. In this chapter we have proved that 

J-T-rings are commutative and also the class of all J-I'-rings is a 

radical class. We also develop some characterizations of J-T-rings, 

which are analogues to the properties of J-rings. 

Definition: A r-ring M is said to be a J-I'-ring if for every xeM, 

there exists ye I' such that (xy) n x = x for some n = n(x, y) > I. 

Example. Let M = ( Z 6, +, • ) and r= ( Z 6, + ). Then Mis a J-I'-ring. · 

Lemma 5.01. Let M be a J-I'-ring. Then every right ideal I of Mis a 

two-sided ideal of M. 

Proof. We first observe that M has no nonzero nilpotent elements. For 

if x f 0, then (xy) n x = x imp! ies that (xy) m x f O for all m > I and some 

yer. 

Next, let a El and suppose (ay)n a= a for some integer n > I. 

Then 

{ (ar) n- 1 a} r{(ay)n-1 a} = { (ar)n-1 ay}{ (ar)n- 1 a} = (ar) n (ar)n - 1 a 

= (ay) 11 a}'(ay) 11
-

2 a = a}'(ay) 11
-

2 a= (ay)n-l a, 

so (ay) n-l a is an idempotent element. 

Next, we show that an idempotent element commutes with 

every elements of M. To show this let e be an idempotent element of 







































Chapter-Six Regular I'-Rings 

= (aye - eµaye)µ(aye - eµaye) 

= ayeµaye-ayeµeµaye- eµayeµaye +eµayeµeµaye 

= ayeµaye - ayeµaye- eµayeµaye + eµayeµaye 

=O 

and 

[eyaµ(l - e)]µ[eyaµ(I - e)] 

= [eyaµl - eyaµe)µ(eyaµI - eyaµe)] 

= eyaµeya-eyaµeµeya-eyaµeyaµe + eyaµeJ.Leyaµe 

= eyaµeya -eyaµeya- eyaµeyaµe + eyaµeyaµe 

= 0 for some µ, YE I'. 

Since the only nilpotent element is zero, so we have 

0 = (l - e)µaye = Iµaye - eµaye = aye - eµaye, 

and O = eyaµ(1 - e) = eyaµ1 - eyaJ.Le = eya - eyaµe. 

Hence, aye= eµaye = era and so e is in the centre of M. 

(ii) Let .M be a regular I'-ring having O as the only nilpotent element. 

Given aE M, a f. 0, let xEM be such that aµxya = a for some µ, yE r. 

Then e = aµx, e 1 = xlia are idempotents elements of M; so e ~nd e 1 

belong to the centre, and/= eye1 is an idempotent. 

It follows that aµx-yxlia = (aµx),-(xlia) = eye1
• 

Also (xµxya)lia = [xµ(xya)]lia = [(xya)µx]&l = [x,-(aµx)]&l = 

[(aµx)-yx]&i = (aµx),-(x&i) = eye
1

• 

Moreover, aµf = aµeye 1 = eµaye 1 = aµxµaye
1 = aye

1 
= a-yxlia = a 

andfµa = ~y/µa = eyaµe 1 = eyaµx&i = eya = aµxya = a. 

Thus apf= fµa = a. 
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Chapter-Six 
Regular I'-Rings 

Proof. First we assume that M is regular and let xee;µMyei. Then 

x = xµy-yx for some yeM. Now, xµ(e1µzyel)yx = xµe1µzye;yx = xµyyx = 
x, since yEe1µMye;_. 

Conversely, assume that for any xee;µMye1, there exists 

yee1µMye; such that xµyyx = x. We proceed by induction on n. Since 

the case n = 1 is trivial we begin with the case n = 2. First consider 

an element xEM such that e 1Jtxye2 = 0. There are elements xEe1µMye, 

and zEe2µMye 2 such that 

(e1,uxyei)µy,-(e,µxye1) = e 1µxye 1 and 

(e2µxre2)µz]'(e2,uxre2) = e2µxre2, then 

xµ(y + z)yx = (e1,uxre1 + e2µxre1 + e2µxre2)µ(y + z)]'(e,µxye, + e2µxre, 

+ e2µxre2) 

= e1,uxre1µyre1,uxre1 + e2µxre1µyre,µxye, + 

e2µxre2µzre21txre1 + e2µxre2µzre2µxre2 

= eiµxre, + e2µxre2 + e2µx')-1.Y + z)µxye,. 

As a result, we see that the element x 1 = x - xµ(y + z)yx lies in 

e2µMye1• Then iµwyx 1 = x 1 for some wee,µMre2, whence xµvyx = x 

for some veM. 

Now, consider a general element xeM, and choose an element 

yEe2µMye 1 such that (e,µxre2)Jty]'(e,µxye2) = e,µxre2 . Since 

yee2µMye 1, we see that e1µx}Yµxye2 = e,µxre2, whence e,µ(x -

XJYµx)ye 2 = O. By the case above there exists an element zeM such 

that (x _ xµy-yx)µz,-(x - xµyyx) = x - xµyyx, hence xµwyx = x for some 

we M. Therefore, Mis regular. 

62 



















Chapter - Seven 

Abelian Regular I'-Rings 

In this chapter, we have developed the basic properties of a 

class of regular I'-rings of some "classical" type. Abelian regular 

I'-rings are also known as strongly regular I'-rings, which is, however, 

a more indirect concept. In that a nontrivial theorem is required to 

show that strongly regular I'-rings are actually regular. For this 

reason, we view abelianness as the more general property. We first 

develop a number of equivalent characterizations of abelian regular 

I'-rings before proving that "abelian regular" is equivalent to 

"strongly regular". We also develop a lattice theoretic 

characterization of the abel ian regular T-rings. 

Definition: A regular T-ring M is abelian provided all idempotents 

in Mare central. 

Obviously, any commutative regular I'-ring is regular, as is any 

direct product of division I'-rings. 

Lemma 7.01. If e is idempotent in a semiprime I'-ring M, then the 

following conditions are equivalent: 

(a)e is central. 

(b) e commutes with every idempotent in M. 

(c) eyM is a two-sided ideal of M. 

(d) Mye is a two-sided ideal of M. 

(e) (1 _ e)yMye = 0, for some yEI'. 

(/) e yM }'( 1 - e) = 0. 













Ahe/ian-Regular r-Rings 

Theorem 7.07. A I'-ring M is strongly regular if and only if it is 

abelian regular. 

Proof First assume that Mis abelian regular. Given any xEM, there 

exists ye M such that X'YJl'fX = x. Since X')'Y is idempotent and, thus, is 

central in M, it follows that x = (x')'Y)JX = (xy.ty)y =(xy)2y. Hence Mis 

strongly regular. 

Conversely, assume that M is strongly regular. Obviously an 

element xeM can satisfy (xy)2x = 0 only if x = 0, from which we infer 

that M has no nonzero nilpotent element. In particular, it follows that 

Mis semiprime I'-ring. 

Next consider any prime ideal P of M, and note that Ml P is 

strongly regular. If x, yE Ml P are nonzero, then yyry.t =I= 0 for some 

rEMIP and so {(yyr-yx)y} 2(yyry.t) -:t: 0, whence xyy -:t: 0. Thus, MIP is a 

domain. Given any nonzero sEMIP, we have (sy/t = s for some 

teM/P and so s'){syt- I)= 0, whence syt =I.Thus MIP is actually a 

division r-ring. 

At this point, we could use Theorem 6.32 to conclude that Mis 

regular. However, regularity is easy enough in this case to prove 

directly, as follows. 

2 . 
Now, let xeM and choose an element yeM such that (xy) y = x. 

Given any prime ideal P of M, we have (xy)2 y = x in the division 

I'-ring Ml P, from which we infer that xpyyx = x, so that 
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Ahelian-Re!{ular I'-Rings 

Theorem 7 .09. If J is an ideal in an abelian regular I'-ring M, then 

EndM(JM) is an abelian regular I'-ring, and EndM(JM) = EndM(~ 

Proof The set X = {xyM I xEJ, yEF) is a directed family of right 

ideals of M whose union is J. Since M is abelian, each xyMeX is 

generated by a central idempotent, and so is a fully invariant sub 

I'-module of any right ideal which contains it. Thus, we obtain 

restriction maps EndM((yyM)M) '”� End,i_(xyM)M) whenever 

xyM �~� yyM in X, and we infer that the inverse limit of this system of 

endomorphism rings and restriction maps is isomorphic to End,i,JM)-

Given any xyMEX, we have xyM = eyM for some central 

idempotent eEM, whence xyM is an 
































