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Abstract

We study quantum mechanical aspect of black holes. We give a brief re-
view of black hole radiation which is commonly called Hawking radiation.
So far several different methods have been employed to investigate this
radiation and all these results suggest in favor of the existence of Hawking
radiation. However, there still exist several aspects of the Hawking effect
which have yet to be clarified. We outline some arguments from previous
works on the subject and then attempt to present the more satisfactory
derivations of Hawking radiation by using semi-classical tunneling mech-
anism for nonrotating and rotating background spacetimes. We employ
three kinds of methods for investigating the tunneling radiation: the null-
geodesic method, the Hamilton-Jacobi ansatz, and the Damour-Ruffini
method. All these methods lead to the same conclusion. However, the
Hamilton-Jacobi ansatz is more simple and the physical picture in this
method is more clear. We also discuss thermodynamic properties like
entropy of different black holes. We obtain inner horizon entropy and
Bekenstein-Smarr Formula as well.

In some recent derivations thermal characters of the inner horizon have
been employed; however, the understanding of possible role that may play
the inner horizons of black holes in black hole thermodynamics is still

somewhat incomplete. Motivated by this problem we investigate Hawking



radiation of black holes by considering thermal characters of both the
outer and inner horizons. We investigate Hawking radiation of electrically
and magnetically charged Dirac particles (as well as scalar particles) from
more general black hole spacetimes (such as Demianski-Newman and Kerr-
Newman-Kasuya-Taub-NUT-Anti-de Sitter black hole).

Taking into account conservation of energy and the back-reaction of
particles to the spacetime, we calculate the emission rate and find it pro-
portional to the change of Bekenstein-Hawking entropy. The radiation
spectrum deviates from the precisely thermal one and the investigation
specifies a quantum-corrected radiation temperature dependent on the
black hole background and the radiation particle’s energy, angular mo-
mentum, and charges. It also has been found that Dirac particles are
emitted at the same temperature as scalar particles from a black hole. It

depicts the robustness of the semi-classical tunneling technique.

vi



Acknowledgements

At the very beginning, | express my gratefulness to the Omnipotent Creator
and Sustainer of the Universe, Who has endowed me with strength, endurance
and aptitude to complete this thesis work.

| am grateful to my respected supervisor Professor Dr. Md. Hossain Ali,
Department of Applied Mathematics, University of Rajshahi, Rajshahi, for
accepting being my supervisor. | owe immeasurable thanks and gratitude to
him for his guidance, care, generous help, support and encouragement during
my entire tenure as a research student and in the preparation of this thesis
from beginning to end. | owe to him whatever knowledge | have had about
Quantum Mechanics, Relativity and Cosmology. | am also greatly indebted to
him for teaching me the values of life and above all for guiding me to become
a good human being. | shall always try to follow his advices.

| thank the Department of Applied Mathematics for allowing me to carry
out research in it and for its hospitality. | would like to thank, especially, Prof.

Dr. M. Zillur Rahman and Prof. Dr. M. Shamsul Alam Sarkar, for their

vii



support and confidence.

| am also grateful to the authority of the university of Shahjalal University of
Science & Technology, Sylhet for providing financial support and granting my
study leave. | would specially like to thank my colleagues of the Department
of Mathematics, SUST for their cooperation and inspiration that | have had
during this work.

| express my deepest gratitude to my parents for their encouragement and
special attention towards my higher education. It is their encouragement and
blessings that enabled me to cross the hurdles of life. | am thankful to my
spouse and my kids for their endless support. They are anxiously awaiting for
the completion of the thesis. Thanks are also due to my sisters, my in-laws

and all the members of my family for standing beside me.

Author

Viil



Contents

Abstract

Acknowledgements

List of Figures

1 Introduction

2 Black Holes: Basic Concepts and Properties

2.1
2.2
2.3
2.4

2.5
2.6

Theory of Relativity and Field Equations . . . . . . . . ..
Black Holes . . . . . . . . . . ... ... .. ... ...
Penrose Diagram . . . . . . . . . .. .. ... ... ..
Energy Extraction from Kerr Black Holes . . . . . . . . ..
2.4.1 Penrose Process . . . . . . . ... ... ... ..
2.4.2 Superradiance . . . . . . ... ...
Black Hole Physics and Thermodynamics . . . . . . . . ..
Black Hole Entropy . . . . . . . . . .. ... ... ... ..
2.6.1 Entropy in Information Theory . . . .. ... ...
2.6.2 Minimum Increase of Black Hole Area . . . . . ..

2.6.3 Information Loss and Black-Hole Entropy . . . . .

X

vii

Xiv



3 Radiation from Black Holes 71

3.1 Hawking Radiation . . . . .. .. ... ... .. ...... 71
3.2 Hawking’s Original Derivation . . . . . . ... .. ... .. 73
3.3 Unruh Effect . . ... ... ... ... ... ... 91
3.4 Damour-Ruffini Method . . . . . ... ... ... ... .. 93
3.5  Tunneling Method . . . . ... ... ... ... ...... 99

3.5.1 Null Geodesic Method . . . . . ... ... ..... 100

3.5.2 Hamilton-Jacobi Ansatz . . . .. ... ....... 106

4 Charged Particles’ Hawking Radiation via Tunneling of
both Horizons from Reissner-Nordstrom-Taub-NUT Black

Holes 113
4.1 Introduction . . . . . . . . ..o 115
4.2 Temperature of Inner Horizon . . . . . . . ... ... ... 123

4.3 Inner Horizon Entropy and Bekenstein—Smarr

Formula . . . . . . . . . .. 130
4.4 Back-reaction of Radiation . . . . . . . . . . . . ... ... 137
4.5 Concluding Remarks . . . . ... ... ... ... ..... 140

5 Tunneling of Charged Massive Particles from Taub-NUT-

Reissner-Nordstrom-AdS Black Holes 144
5.1 Imntroduction . . . . . . . .. .. ... ... 145
5.2 TNRN-AdS Spacetimes in Painlevé coordinate and Radial
Geodesics . . . . .. 148
5.3 Tunneling Radiation of Charged and Magnetized Massive
Particles . . . . . . . . ... 153
5.3.1 Schwarzschild-AdS Black Hole Case . . . . . . . .. 157
5.3.2 Taub-NUT-AdS Black Hole Case . . ... ... .. 158



5.3.3 Reissner-Nordstrom-AdS Black Hole Case . . . . . 160
5.3.4 TNRN-AdS black holecase . . . . .. .. .. ... 163
54 Concluding Remarks . . . . ... ... ... ... ..... 166

Tunneling and Temperature of Demianski-Newman Black

Holes 168
6.1 Introduction . . . . . . . .. . ... 169
6.2 Tunneling of Electrically Charged Magnetic Scalar Particles 174
6.3 Tunneling of Fermions with Electric and Magnetic Charges 186
6.4 Concluding Remarks . . . . ... ... .. ... ...... 192

Charged Dirac Particles’ Hawking Radiation via Tunnel-

ing of Both Horizons and Thermodynamics Properties of

Kerr-Newman-Kasuya-Taub-NUT-AdS Black Holes 197
7.1 Imtroduction . . . . . . . . ... ... ... 199
7.2 Dirac Equations in KNKTN-AdS Spacetime . . . . . . .. 209
7.3 Temperature and Tunneling Rate of the Inner Horizon . . 214
7.4 Inner Horizon Entropy and Bekenstein-Smarr Formula. . 219

7.4.1 Statistical Entropy . . . . . .. ... ... 219

7.4.2 New Form of Bekenstein-Smarr Formula . . . . . . 224
7.5 Back-reaction of Radiation . . . . . . . ... ... ... .. 227
7.6 Conclusions . . . . . . . ... 232
Discussion and Concluding Remark 234
Appendix 250
A. Conformal transformations . . . . . ... ... ... ..... 250
B. Killing Vectors and Null Hypersurfaces . . . .. .. ... .. 253

C. The First Integral by Carter . . . . . . . ... .. ... ... 256

x1



D. Bogoliubov Transformations . . . . . ... ... .. ... .. 260

E. Klein-Gordon Equation in Schwarzschild Background . . . . 262
F. Calculation of Bogoliubov Coefficients . . . . . . . .. .. .. 268
G. The Unruh Temperature . . . . .. ... ... ... ..... 270

Bibliography 277

xii



List

2.1
2.2

2.3
2.4
2.5
2.6
2.7
2.8

2.9
2.10
2.11

2.12
2.13

3.1

of Figures

The Minkowski spacetime in 3-dimensions. . . . . . . . ..
Einstein’s theory of general relativity predicts that the space-
time around a massive body would be warped. . . . . . . .
Penrose diagram for Schwarzschild spacetime. . . . . . . .
The region of ™ in Penrose diagram. . . . . ... ... ..
The region of J7' in Penrose diagram. . . . . .. ... ..
The Penrose diagram corresponding to Table 2.2. . . . . .
The Penrose diagram for the Schwarzschild solution. . . . .
The development of the collapsing object in the Penrose
diagram. . . . . . ...
The Penrose diagram of a spherically symmetric collapsing
body producing a black hole. . . . . . . ... ... ... ..
Ergosphere: the region between the event horizon and the
stationary limit horizon (side view). . . . . . . . . . .. ..
The Penrose process of energy extraction from Kerr black
hole (top view). . . . . . . . .o
A spacetime diagram showing the region . . . . . . . ..

The region K of spacetime in Penrose diagram. . . . . . .

Penrose diagram of the maximally extended Schwarzschild

spacetime. . . . . . . ... L

Xlil

21

23
27
33
34
35
37

38

39

41

43

47
49



3.2
3.3

3.4

3.5

4.1

9.1

9.2

The volume V is enclosed by surfaces ¥ and ¥/ . . . . . .
The solution p, has an infinite number of cycles near the
event horizon and near the surfacev=wv,. . ... ... ..
Splitting of the antiparticle state P, into two components
in usual Eddington-Finkkestein coordinates. . . . . . . ..
Diagram of contours between black hole and observer for

outgoing and incoming trajectories . . . . . . . . ... ..
Maximally extended Reissner-Nordstrom spacetime. . . . .

Appendix—G: Rindler spacetime. The curve C' describes the
wordline of a uniformly accelerated observer. . . . . . . ..

Appendix—G: Integration contours in the complex plane . .

X1v



“I do not know what I may appear to the world, but
to myself I seem to have been only like a boy play-
ing on the seashore, and diverting myself in now and
then finding a smoother pebble or a prettier shell than
ordinary, whilst the great ocean of truth lay all undis-
covered before me.”

Sir Issac Newton!

In D. Brewster, Memoirs of the life, writings and discoveries of Sir Isaac Newton, Edinburgh:
Thomas Constable and Co., Hamilton, Adams and Co., London 1855 (reprint Johnson Reprint Corpo-
ration, New York and London, 1965 Vol. 2, p. 407).

XV



Chapter 1

Introduction

The current understanding of physics identifies all the forces in nature into
three categories: strong, electro-weak and gravity. The first two forces
have been successfully described by the quantum field theory up to energy
scales of the order of 100 GeV'. The electro-weak interaction is the uni-
fication of electromagnetic and weak forces, successfully described by the
Weinberg-Salam theory. The strong interaction is described by quantum
chromodynamics and the remaining one, the gravity, is described by the
general theory of relativity. There have been attempts to some success
in the direction of grand unified theory (GUT) which incorporates the
strong interaction with the electroweak interaction. However, because we
still lack a quantum description of the gravitational interaction — quantum
gravity, there has yet to be successfully included gravity in a theory of
everything (TOE).

There has been a large number of theoretical approaches on the prob-
lem of quantum gravity with some successes, but none of them have given
a complete theory that works at Planck energy scales (~ 1.22 x 101GeV).

The way to quantum gravity faces a lot of difficulties because the resulting

1
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theory is not renormalizable. This means, physically meaningful observ-
ables contain nonremovable infinities. It was believed for sometime that
the supergravity theories might overcome the non-renormalisabilty of gen-
eral relativity, but detail calculations have led to the conclusion that they
also suffer from the same problem. The string theory has potentiality
to solve these problems. However, we have not found any solid result in
string theory yet and it depends on the future progress. It is thus yet to
formulate a widely accepted consistent theory that combines the general
theory of relativity with the principle of quantum theory.

There exist compelling reasons to believe that quantum gravitational
effects will be important only at energy scales of the order of Planck en-
ergy. There is a domain of 17 orders of magnitude between the Planck
energy and an energy scale of the order of 100 GeV. In this energy do-
main the gravitational field can be assumed to behave classically and the
matter fields can be assumed to have a quantum nature. Describing clas-
sical gravity by the general theory of relativity, one is led to the subject of
quantum field theory in curved spacetimes. This is a semi-classical theory
and the gravitational field is retained in this theory as a classical back-
ground while the matter fields are quantized according to the conventional
quantum field theory.

Even though we have not yet confirmed that black holes do really ex-
ist, it has been predicted that they exist in the universe as a consequence
of the general theory of relativity. They are among the most remarkable
predictions of the Einstein field equation, which evoke mysterious aspects
of gravity. In particular, the Einstein equation suggests that the space-
time is curved by the effects of gravity. A very strong gravity can curve

the spacetime to form a closed region from which nothing, not even pho-
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tons, can escape. The closed region is called the black hole. Thus a black
hole cannot classically allow the emission of radiation. If only a classical
system is considered, it would be impossible to define a temperature for
a black hole since it would be impossible for anything to be in thermal
equilibrium with a black hole. This is due to that everything would go
into the black hole but nothing will come out. Entry of matter, which has
its own entropy, into the black hole, results in the decrease of the total
entropy of the universe, and this contradicts the second law of thermo-
dynamics. It was Bekenstein [1] who first conjectured that there was a
fundamental relationship between the properties of black holes and the
laws of thermodynamics and showed that the black hole possesses entropy
similar to its surface area. As the black hole absorbs matter, its entropy
increases and the decrease of the exterior entropy is then balanced, pre-
serving the second law of thermodynamics. The surface gravity, which is
the gravitational acceleration experienced at the surface of the black hole
or any object, is related with temperature of the body in thermal equilib-
rium. Soon after the significant work of Bekenstein, Hawking showed that
quantum mechanically black holes can emit radiations [2, 3, 4, 5, 6]. The
radiation from the black hole is commonly called the Hawking radiation.
Hawking was also able to show that this black hole radiation was purely
thermal. Black holes thus have a well defined temperature and can truly
be thought of as thermodynamic objects. This was an important discov-
ery since classically nothing could escape from a black hole. Hawking
radiation thus emphasizes the importance of trying to find a full quantum
theory of gravity.

Hawking radiation is one of the most striking effects which are widely

accepted by now. However, there are several aspects which have yet to be
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clarified. In particular, the entropy is interpreted as a count of the number
of states in statistical mechanics, but the entropy of a black hole with a
finite temperature has not been derived by counting the number of quan-
tum states associated with the black hole. It is thought that this problem
has a close link with the fact that the quantum theory of gravity has not
been explicitly formulated yet, and it is not an easy task to construct a
consistent quantum gravity.

All the known derivations of Hawking radiation have not reached an
impeccable conclusion yet. A new physics will be found, if a complete
quantum theory of gravity is formulated. The discovery of Hawking radi-
ation also brought forth new mysteries such as the information loss prob-
lem, which results from the argument of whether the black hole radiation
should be purely thermal or not. If the black hole radiates thermal ra-
diation like the black body radiation, it will not contain any information
with it. After the black hole evaporates, the information of what made
up the black hole will be gone forever. This information loss problem has
a particular concern in quantum gravity. Then a moot question arises
whether information will actually be lost or the radiation should have to
be modified so that it is not truly thermal. Different physicists disagree
over whether or not black holes should lose information. The most fa-
mous example of this is the Thorne-Hawking-Preskill bet. Kip Thorne
and Stephen Hawking made a public bet in 1997 with John Preskill that
information would be lost in a black hole and Preskill bet that informa-
tion must not be lost. In 2004 Hawking publicly conceded the bet but
Thorne has not conceded and the issue still remains as an open problem.
Furthermore, there is a dispute regarding the reaction of the radiation

to the spacetime. When the black hole generates Hawking radiation, the
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black hole parameters (energy, charge, and angular momentum) fluctuate.
This effect was not considered in the past. Hawking derived the black-hole
radiation as precisely thermal spectrum only under the assumption that
the spacetime is invariant.

There are several methods employed by now for deriving Hawking ra-
diation [2-69] and calculating the black hole temperature. The original
Hawking’s method considered the creation of a black hole in the context
of a collapse geometry. The analysis calculates the Bogoliubov coefficients
between the initial and final states of incoming and outgoing radiation
2, 12]. Damour-Ruffini [7] calculated particles’ emitting rate from black
holes by analytically extending the outgoing wave from outside of horizon
to inside. This technique is the generalization of the classical approach
of barrier penetration to curved spaces endowed with future horizons. It
allows one to recover most directly the spectrum of the Hawking radi-
ation. Soon after the works of Gibbons and Hawking [4, 5], the more
popular method of analytic continuation to a Euclidean section (the Wick
Rotation method) emerged. Turning on the methods of finite-temperature
quantum field theory, an analytic continuation ¢ — 7 of the black hole
metric is executed. The periodicity of 7 (denoted by () is preferred to re-
move a conical singularity that would otherwise be present at fixed points
of the U(1) isometry generated by /07 (the event horizon in the original
Lorentzian section). The black hole is then thought to be in equilibrium
with a scalar field having inverse temperature § at infinity.

For calculating black hole temperature, there have been developed some
other methods such as the black hole tunneling methods [15-68] and the
anomaly method [69]. The tunneling method provides a dynamical model

of the black hole radiation and hence it is a particularly interesting method
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for calculating black hole temperature. It was originally applied to a
Schwarzschild black hole [15-17]. Because of the semi-classical nature
of the model, it was not considered to be as powerful as it has turned out
to be. In the 1990’s, Kraus and Wilczek [15] proposed a semi-classical
method of modeling Hawking radiation as a tunneling effect, which has
garnered a lot of interest [15-68]. In this method the imaginary part of
the action is calculated for the (classically forbidden) process of s-wave
emission across the horizon [15-17]. The Boltzmann factor for emission at
the Hawking temperature is related to this imaginary part of the action.
Using the Wentzel-Kramers-Brillouin (WKB) approximation the tunneling
probability for the classically forbidden trajectory of the s-wave coming

from inside to outside the horizon is given by
[ oc exp(—2Im 1), (1.0.1)

where [ is the classical action of the trajectory to leading order in # (here
we set i = 1). When the action is expanded in terms of the particle
energy, the Hawking temperature is recovered at linear order. That is, for

21 = Bw + O(w?), one finds the regular Boltzmann factor

Iocexp|—(Bw + O(w?))]
~exp(—pw) (1.0.2)

for a particle of energy w where (3 is the inverse temperature of the horizon.
The higher order terms describe a self-interaction effect resulting from en-
ergy conservation [16, 19]. Two different approaches are there to calculate

the imaginary part of the action for the emitted particle. Following the
work of Kraus and Wilczek [15-17], Parikh and Wilczek [19] first devel-
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oped the black hole tunneling method which is known as the null geodesic
method. The other approach to black hole tunneling is the Hamilton-
Jacobi ansatz used by Marco Angheben et al. [35] and further developed
by Kerner and Mann [44, 60|, which is an extension of the complex path
analysis of Srinivasan et al. [26-29].

The null geodesic method studies a null s-wave emitted from the black
hole. Analyzing the full action in detail on the basis of the previous
work[15-17], the only part of the action that contributes an imaginary

out

term is found to be f: prdr, where p, is the momentum of the emitted null

s-wave. Then by utillinzing Hamilton’s equation with the knowledge of the
null geodesics, it is possible to calculate the imaginary part of the action.
The Hamilton-Jacobi ansatz, on the other hand, considers an emitted
scalar particle, ignoring its self-gravitation. The action of the particle
satisfies the relativistic Hamilton-Jacobi equation. Using the symmetries
of the metric, one could choose an appropriate ansatz for the form of
the action. This method is derived by using the WKB approximation
to the Klein-Gordon equation. Kerner and Mann [60] first extended this
method to fermion particles by employing the WKB approximation to the
Dirac equation. Recently, Ding [70] has further improved this method
by viewing the Hawking radiation as a series of infinite small quasi-static
emission process.

Another new method was proposed by Liu [71] to model black hole
radiation. Using the Damour-Ruffini method [7] Liu investigated Hawking
radiation of massive Klein-Gordon particles from a Reissner-Nordstrom
black hole [71]. Extending Liu’s work to charged Dirac particles’ Hawking
radiation from a Kerr-Newman black hole, Zhou and Liu [72] arrived at

the same terminations as the previous works.
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In calculating the black hole temperature, the tunneling method has
a lot of strengths compared to other methods. The calculations in this
method are straightforward and relatively simple. The tunneling method
is robust in the sense that it can be applied to a wide variety of exotic
spacetimes. It has been successfully applied to spacetimes such as Kerr
and Kerr-Newman cases [37, 39, 44], black rings [42], the 3-dimensional
BTZ black hole [35, 43], Vaidya black hole [50], other dynamical black
holes [54], Taub-NUT spacetimes [44], Godel spacetimes [55], and Hot-
NUT-Kerr-Newman-Kasuya Spacetimes [56, 57]. The tunneling method
has also been applied to horizons that are not black hole horizons, such
as Rindler spacetimes [26, 44] and the Unruh temperature [9] has been re-
trieved. The tunneling method has also been applied to the cosmological
horizons of de Sitter spacetimes [23, 31, 32, 35, 45, 61, 68]. The applica-
tions to de Sitter spacetimes demonstrate that the tunneling method has
a particular advantage over the Wick rotation method. This is due to that
the Wick rotation method cannot be applied when a Schwarzschild black
hole is embedded in a de Sitter spacetime but the tunneling method can
be applied. The tunneling method has another strength that it can be
extended beyond the emission of scalar particles and can model particles
that have spin [60, 64—68]. The importance of the tunneling method lies
in the fact that it gives an intuitive picture of black hole radiation. The
trajectory of an s-wave particle is from the inside of the black hole to
the outside, a classically forbidden process. It follows from energy con-
servation that the radius of the black hole shrinks as a function of the
energy of the outgoing particle and in this sense the particle creates its
own tunneling barrier. This also yields a dynamical model of black hole

radiation because the mass of the black hole decreases. However, this is a
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slow dynamics since the mass cannot be changing rapidly for this model.

There is still an open problem on black hole entropy [73, 74, 75]. The
Nernst theorem demands that the entropy of a system must vanish as
its temperature goes to zero. If this assertion is applied to black holes,
one finds that the entropy of the black hole with two horizons does not
vanish as its temperature approaches absolute zero [76, 77]. However, if
the black hole with two horizons is considered as a thermodynamics system
composed of two subsystems: the outer horizon and the inner horizon, the
Nernst theorem is found to be satisfied. This is because the entropy of the
black hole then contains contributions of both the outer and inner horizons
(78, 79, 80]. Recently, thermodynamics properties of the inner horizon of
a Kerr-Newman black hole [81] and tunneling effect of two horizons from
a Reissner-Nordstrom black hole [82] have been investigated by Jun Ren.
All these works are in agreement with Parikh’s work.

One of the aims of this thesis is to investigate Hawking radiation in some
interesting black hole spacetimes as a tunneling phenomena and show that
Hawking radiation is covariant. The second aim of the thesis is to analyze
the inner horizon radiation of black holes with two horizons and redefine
the entropy of the black hole to satisfy the Nernst theorem. A chapter
wise summary of the thesis is given below.

In Chapter 2, we review some properties of black holes. These proper-
ties will be useful to understand the contents of the following chapters. In
Chapter 3, we review Hawking’s original derivation of black hole radiation
and briefly describe Unruh effect and Damour-Ruffini method of calcu-
lating black-hole evaporation. We also review the derivation of Hawking
radiation by using tunneling methods (i.e. the null geodesic method and

the Hamilton-Jacobi ansatz).
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Chapter 4 is concerned with the investigation of Hawking radiation of
charged particles via tunneling of both horizons from Reissner-Nordstrom-
Taub-NUT (RNTN) black holes [83]. In some recent derivations thermal
characters of the inner horizon have been employed [78-82, 84—87]; how-
ever, the understanding of possible role that may play the inner horizons
of black holes in black hole thermodynamics is still somewhat incomplete.
Motivated by this problem we investigate Hawking radiation of the RNTN
black hole by considering thermal characters of both the outer and inner
horizons. We solve the Klein-Gordon equation for massive particles. Us-
ing Damour-Ruffini method [7] and Liu’s technique [71] we then calculate
the charged particles’” Hawking Radiation via tunneling of both horizons
from RNTN black holes. The inner horizon admits thermal character with
positive temperature and entropy proportional to its area, and it thus may
contribute to the total entropy of the black hole in the context of Nernst
theorem. Exploiting the thin film brick wall model [88] which is based on
the brick wall model proposed by 't Hooft [89], we compute the entropy
of the inner horizon of the RNTN black hole. Considering conservations
of energy and charge and the back-reaction of emitting particles to the
spacetime, the emission spectra are obtained for both the inner and outer
horizons. The total emission rate is the product of the emission rates of
the inner and outer horizons, and it yields the same conclusion as the pre-
vious works (done by null geodesic method and Hamilton-Jacobi ansatz).
In the limit of vanishing NUT parameter, this chapter gives result for the
RN black hole. The work of this chapter draws conclusion analogous to
the previous works.

In chapter 5 we the investigate Hawking radiation by using null-geodesic

method. We analyze tunneling of charged and magnetized massive par-
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ticles from Taub-NUT-Reissner-Nordstrom-Anti-de Sitter (TNRN-AdS)
black holes endowed with electric as well as magnetic charges [90]. The
TNRN-AdS black hole is the NUT charged RN black hole in the AdS
space. It reduces in special cases to the Taub-NUT-AdS and Taub-NUT
black holes. The AdS spacetime not only is interesting in the context of
brane-world scenarios based on the setup of Randall and Sundrum but also
plays leading role in the familiar AdS/CFT [91] conjecture. By studying
thermodynamics of the asymptotically AdS spacetime, it is possible to get
some insights into the thermodynamic behavior of some strong coupling
CF'Ts from the correspondence between the supergravity in asymptotically
AdS spacetimes and CFT [92]. On the other hand, recent developments
in string/M theory have greatly stimulated the study of NUT charged
black hole phenomena in AdS spaces. In particular, these black hole back-
grounds are interesting in the context of AdS/CFT conjecture [93, 94,
95] and supergravity. The Taub-NUT metric plays an important role in
the conceptual development of general relativity. As “counter example to
almost anything” [96], the Taub-NUT spacetime has peculiar character.
The entropy of various Taub-NUT black holes is not proportional to the
area of the event horizon and their free energy can have negative value
93, 95, 97-100]. The NUT charged AdS black hole has a boundary metric
that has closed timelike curves. Quantum field theory behaves significantly
different in this space. It is of interest to understand AdS-CFT correspon-
dence in this type of spaces [101]. The presence of closed timelike curves in
the NUT charged AdS black hole spacetimes can be avoided, if one takes
into account the universal covering of such AdS black hole backgrounds,
which is not globally hyperbolic. In view of the above considerations the
TNRN-AdS black hole deserves investigation in a broader context. The
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study of this chapter is interesting in this regard. Our concern in this
chapter is to analyze the basic property of the TNRN-AdS black hole
and investigate quantum tunneling radiation. We find that the entropy of
the TNRN-AdS black hole is not proportional to the event horizon area.
The obtained tunneling radiation agrees with that obtained in chapter
4 by using Liu’s method [71]. We also discuss the Schwarzschild-AdS,
Taub-NUT-AdS, and RN-AdS black hole cases, which are special types
of the TNRN-AdS black hole. The derived results can provide results for
the TNRN black hole, the RN black hole, the TN black hole, and the
Schwarzschild black hole. In view of the above considerations the work of
this chapter is well motivated.

Since a black hole has a well defined temperature, it should radiate all
types of particles like a black body at that temperature (ignoring grey-
body effects). Therefore, the expected emission spectrum should contain
particles of all spins. Indeed, the implications of this expectation were
studied around four decades ago [10, 11].

Chapter 6 is concerned with the study of tunneling radiation and tem-
perature of Demiariski-Newman black holes [102]. We use improved Hamilton-
Jacobi approach [70] by viewing the Hawking radiation as a series of in-
finite small quasi-static emission process and compute tunneling rate of
charged and magnetized scalar as well as fermion particles from Demianski-
Newman black holes. The Demianski-Newman spacetime [103] is a five-
parameter stationary axisymmetric solution of the Einstein-Maxwell equa-
tions. The Demianski-Newman black hole background is interesting in
that it generalizes the well-known Kerr-Newman spacetime with two in-
triguing parameters the gravitomagnetic and magnetic monopoles. In

the stationary pure vacuum limit, the Demianski-Newman metric reduces
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to the combined Kerr-NUT and Taub-NUT solutions. It is interesting
that the spacetimes with the NUT charge are not asymptotically flat but
asymptotically locally flat [93, 100, 101] and they possess several special
properties. As discussed in [44], tunneling and temperature of Taub-NUT
black holes can be formally carried out and the physical interpretation is
less problematic in the context of the Hamilton-Jacobi ansatz than the
null-geodesic method. The Taub-NUT space has played an important role
in the conceptional development of general relativity and in the construc-
tion of brane solutions in string theory and M-theory. The singularities
of the NUT charged spacetime, the Misner strings [96], can be avoided
by periodic time coordinate. One of the interesting properties of NUT
charged spaces is the existence of closed timelike curves which violates the
causality condition. The half-closed timelike geodesics in Taub area can be
explored in NUT area, so the naked singularity exists. The NUT charged
black holes have been of particular interest in AdS/CFT conjecture [93, 94,
95]. In AdS backgrounds, Lorentzian sector of these spacetimes boundary
metric is similar with the Godel metric [104]. In recent years the ther-
modynamics of various Taub-NUT spacetimes has become a subject of
intense study. Entropy of these spacetimes is not just a quarter area at
the horizon and their free energy can sometimes be negative [93, 97-101,
105, 106]. It was ingeniously suggested by Dirac relatively long ago that
the magnetic monopole does exist in nature, but it was neglected due to
the failure to detect such an object. However, in recent years, the develop-
ment of gauge theories has shed new light on it. Several recent extensions
of the standard model of particle physics predict existence of magnetic
monopoles and it has grown interests in the possibility of magnetically

charged black holes. The string theory [107] also admits the existence of
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such objects. The importance of the Demianski-Newman solution lies in
that it gives a single constituent with the whole set of parameters which
may have a physical sense in axisymmetric many-body systems of aligned
sources [108, 109]. In view of the above considerations, the research on
the Demianski-Newman black hole is necessary and meaningful.

We investigate scalar particles’ emission by the charged Klein-Gordon
equation and fermion particles’ emission by the charged Dirac equation
in covariant form [110]. We also calculate the change of total entropy of
the system including black hole and radiating particles. The result shows
that the change in total entropy is AS > 0 (indicating the process as ir-
reversible) but very small and can be neglected. This has some difference
from Parikh’s work (null geodesic method) in which AS = 0. It also sug-
gests that the probing of radiating particles of the black hole is connected
with the change of the black hole entropy.

The study of this chapter demonstrates that the black hole emits tun-
neling radiation spectrum of massive and massless (scalar or fermion) par-
ticles at the same Hawking temperature in the semi-classical limit in which
the WKB approximation is applicable. The result of this chapter is accor-
dant with the results obtained in chapter 5 by the null geodesic method
and in chapter 4 by Liu’s method. It also demonstrates that the physi-
cal picture in Hamilton-Jacobi method is more clear. In special cases the
study gives results for the Kerr-Newman black hole, the Kerr-NUT black,
the Kerr black hole, the Taub-NUT black hole, the Reissner-Nordstrom
black hole, and the Schwarzschild black hole.

In chapter 7, we investigate Hawking radiation of electrically and mag-
netically charged Dirac particles from the dyonic Kerr-Newman-Kasuya-
Taub-NUT-Anti-de Sitter (KNKTNAdAS) black hole by considering ther-
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mal characters of both the outer and inner horizons [111]. The particles
are described by the Dirac equations in the curved spacetime described
in terms of the Newman-Penrose formalism. We calculate the temper-
ature of the inner horizon of the black hole by following the Liu’s [71]
technique based on Damour-Ruffini method [7]. We demonstrate the exis-
tence of thermal characters of the inner horizon. Like as for the Reissner-
Nordstrom-Taub-NUT black hole case [83] discussed in chapter 4, the
inner horizon of the KNKTN-AdS black hole emits positive energy par-
ticles inside the inner horizon (towards the singularity) with a positive
temperature. In order to maintain a local energy balance, antiparticles
with negative energy are emitted away from the singularity through the
inner horizon. This is a process analogous to that takes place at the outer
horizon according to the Hawking effect—at the outer horizon antiparti-
cles go in and particles come out. The real particle remains inside the
inner horizon and finally meets with the singularity. But the antiparti-
cle enters the intermediate region between the horizons. Traveling across
the intermediate region this antiparticle finally comes out from the white
hole horizon, if the backscattering effects are neglected. The situation
is, however, quite complicated because the vacuum states corresponding
to a freely falling observer near the inner horizon of the black hole and
the white hole horizon are entirely different. Since the white hole horizon
emits thermal radiation [87], outside the KNKTN-AdS black hole two si-
multaneous radiation processes could be found—one is the normal black
hole radiation and the other one is “white hole radiation,” caused by the
pair creation effects at the inner horizon. The white hole radiation may
be thought of as absorption of energy, since it radiates only antiparticles

with negative energy. Because the white hole horizon absorbs no energy
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classically, this feature contradicts with the classical result in a similar
way as does the evaporation process at the outer horizon of black holes.

The KNKTN-AdS spacetime is stationary and the Killing vector field
(0/0t)" is time-like in the regions both outside the outer horizon and in-
side the inner horizon. Hence, the surface gravity can be well-defined
on the inner horizon. We calculate the inner horizon entropy propor-
tional to its area by membrane model [112, 113], which is the modified
form of the brick-wall model, proposed by 't Hooft [89]. So, the entropy
of the KNKTNAdS black hole might include the contributions of both
the outer and inner horizons. The redefined entropy then satisfies the
Nernst theorem. In special cases, the work of this chapter gives results
for a wide range of black holes including (i) the Kerr-Newman-Kasuya
black hole, (ii) the Kerr-Newman-AdS black hole, (iii) the Kerr-Newman-
Taub-NUT black hole, (iv) the Taub-NUT-Reissner-Nordstrém-AdS black
hole, (v) the Reissner-Nordstrom-Taub-NUT black hole, (vi) the Reissner-
Nordstréom black hole, (vii) the Taub-NUT-AdS black hole, and (viii) the
Taub-NUT black hole. The results are in agreement with the results of
previous works done by null geodesic method (chapter 5) and Hamilton-
Jacobi ansatz (chapter 6).

Finally, in chapter 8, we present our conclusions and the future outlook.
Some technical details of the work presented in the thesis are given in the
Appendices A-G (chapter 9).

In this thesis, we use the natural system of units
c=G=h=kg=1 (1.0.3)

unless stated otherwise, where c is the speed of light in vacuum, G is the

gravitational constant, & is the reduced Planck constant (Dirac’s constant),
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and kp is the Boltzmann’s constant.
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Chapter 2

Black Holes: Basic Concepts and

Properties

Black holes are one of the most fascinating objects predicted by Einstein’s
field equations with having mysterious aspect of gravity. They manifest
regions of space with enormously strong gravitational fields from which
nothing, not even light, can escape. Their rotational behaviors are pre-
dicted by the existence of rotating stars. By ejecting rotation energy, a
rotating black hole gradually reduces to a nonrotating black hole. Further,
an isolated black hole can be endowed with a net electric charge.

During the past four decades, research in the theory of black holes in
general relativity has brought to light strong indications of a very intense
and fundamental relationship between gravitation, thermodynamics, and
quantum theory. The basis of this relationship is black hole thermody-
namics, where it turns up that certain laws of black hole mechanics are,
in fact, simply the ordinary laws of thermodynamics applied to a system
containing a black hole. Indeed, the discovery of the thermodynamic be-

havior of black holes—achieved primarily by classical and semi-classical

18



19

analyzes—has given rise to most of our present physical insights into the
nature of quantum phenomena occurring in strong gravitational fields. In
this chapter we would like to review some basic concepts and properties
of black holes.

The contents of this chapter are as follows. In section 2.1, we discuss
about the basics of relativity and Einstein’s field equations. In section
2.2, we briefly describe a black hole and its spacetime. In section 2.3,
we refer to the Penrose diagram and show how to describe it. In section
2.4, we discuss the process of energy extraction from a rotating black hole
classically. In section 2.5, we would like to discuss analogies between black
hole physics and thermodynamics. In section 2.6, we review the argument,
suggested by Bekenstein, regarding black hole entropy. These introductory
discussions will be useful in understanding the contents of the following

chapters.

2.1 Theory of Relativity and Field Equations

In 1905, Albert Einstein determined that the laws of physics are the same
for all non-accelerating observers, and that the speed of light in a vac-
uum is independent of the motion of all observers. This is the theory of
special relativity. It introduces a new framework for all of physics and
proposed new concepts of space and time, matter and energy. Minkowski
space or Minkowski spacetime (named after the mathematician Hermann
Minkowski) is the mathematical space setting spanned by (¢, z,y,z) in
which Einstein’s theory of special relativity is most conveniently formu-
lated. In this setting the three ordinary dimensions of space are com-

bined with a single dimension of time to form a 4-dimensional manifold
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for representing a spacetime. Minkowski space is often contrasted with
Euclidean space. A Euclidean space has only spacelike dimensions, while
a Minkowski space has one additional timelike dimension along with space-
like dimensions. Therefore, the symmetry group of a Euclidean space is
the Euclidean group, but it is the Poincaré group for a Minkowski space.

The metric of the Minkowski spacetime is described by
ds® = ndrtds” = —dt* + da® + dy* + d2*. (2.1.1)

The spacetime interval between two events in Minkowski space is either a
space-like, light-like (or “null”) or time-like according as ds? > 0, ds? =
0, or ds> < 0. The Minkowski space describes physical systems over
finite distances only where no appreciable gravitation does exist in the
Newtonian limit.

In the case of significant gravitation, one must abandon special rela-
tivity in favor of the full theory of general relativity according to which
spacetime becomes curved. However, even in such cases, Minkowski space
might still be a good description in an infinitesimal region surrounding
any point (excluding gravitational singularities). That is, in the presence
of gravity spacetime is described by a curved 4-dimensional manifold for
which the tangent space to any point is a 4-dimensional Minkowski space.
In the realm of weak gravity, spacetime becomes flat and looks globally
(not just locally) like Minkowski space. So, Minkowski space is often re-
ferred to as flat spacetime.

Soon after publishing the special theory of relativity, Einstein began
thinking about how to incorporate gravity into his new relativistic frame-
work. He started with a simple thought experiment regarding an observer

in free fall and carried out the search for a relativistic theory of gravity.
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Figure 2.1: The Minkowski spacetime in 3-dimensions.

After numerous detours and false starts, he culminated the work through
the presentation to the Prussian Academy of Science in November 1915
[114], which is now known as the Einstein field equation. This equation
determines the influence of matter and radiation to the geometry of space
and time and forms the core of Einstein’s general theory of relativity. It
is given by [115]

G

1
RMV - §Rguv = 7TNV7 (212)

where R, is the Ricci tensor, R is the Ricci scalar, g, is the metric tensor
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of spacetime, GG is Newton’s gravitational constant, ¢ is the speed of light,

and T, is the energy-momentum tensor. These quantities are defined by

R=Rl=g"R,, (2.1.3)

Ry, = R, (2.1.4)

R e = 010, — 0,10, + T, 10, — 0,10, (2.1.5)
I, = %g’”’(ﬁygau + 0p8av — D), (2.1.6)
ds* = g, dztdx". (2.1.7)

where R, is the Riemann-Christoffel tensor or the curvature tensor,
I'7, 1s the Christoffel symbol and ds is the metric or line element. As
determined by the metric (2.1.7) the expression on the left-hand side of the
equation (2.1.2) represents the curvature of spacetime and the expression
on the right-hand side represents the distribution of matter fields. Thus,
the Einstein equation (2.1.2), as a set of equations, is prescribing how the
curvature of spacetime is related to the distribution of matter and energy

in the universe.

2.2 Black Holes

A black hole is a region in spacetime in which the gravitational field is so
strong that even light is caught and held in its grip. It curves space and
warps time. A black hole is formed when a body of mass M contracts
to a size less than the so-called gravitational radius Rg = 2GM/c?. The
boundary enclosing a black hole is called an “event horizon” because an

outside observer is unable to observe events on the other side of it. Light
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Figure 2.2: Einstein’s theory of general relativity predicts that the spacetime around a
massive body would be warped.

rays from inside of the event horizon cannot propagate out. A black hole
may well form from a gravitational collapse of stars more massive than
8 —10M, where M is the mass of the sun. The original stars, which will
form the black hole, have various physical quantities and properties. After
formation of the black hole by the gravitational collapse, the state of the
black hole becomes a stationary state and can be characterized by three
physical parameters: the mass, the angular momentum and the electrical

charge. The black hole does not retain any information of the original
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star except these three parameters. This result is called the black hole
uniqueness theorem [116-118] or the no-hair theorem [119]. The unique-
ness theorem is shown in a 4-dimensional theory when the solutions of the
Einstein equations satisfy the four conditions: (i) only electromagnetic
field exits, (ii) asymptotically flat, (iii) stationary, and (iv) no singularity
exists on and outside the event horizon. The fourth condition is based on
the cosmic censorship hypothesis, proposed by Penrose [120], according to
which “Naked singularities” cannot form from gravitational collapse in an
asymptotically flat spacetime that is nonsingular on some initial spacelike
hypersurface (Cauchy surface).

The Einstein’s equation (2.1.2) is a quadratic nonlinear differential
equation and is very difficult to solve for the general solution. However,
there exist four exact solutions of the Einstein’s equation describing black
hole solutions with or without charge and angular momentum. These are

the following:
e The Schwarzschild solution (1916) [121]: It is static and spherically

symmetric solution with having only mass M.

e The Reissner-Nordstrom solution (1918) [122,123]: It is static and
spherically symmetric solution depending on mass M and electric

charge Q).

e The Kerr solution (1963) [124]: It is stationary, axisymmetric, and

depends on mass M and angular momentum .J.

e The Kerr-Newman solution (1965) [125]: It is stationary, axisymmet-

ric, and depends on all three parameters M, J, Q).

The Schwarzschild solution is derived by solving Einstein’s equations in

vacuum, 17, = 0, and it describes a vacuum spacetime around a mass M.
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Its metric is given by

2M oM !
ds* = — <1 — —) dt* + <1 — —> dr?® 4 r*dQ?, (2.2.1)

r r

where dQ? = df? + sin® dy? is the metric of a unit 2-sphere. The most
general solution, corresponding to the final state of black hole equilibrium,
is the 3-parameters Kerr-Newman family and its spacetime is described

by the metric, in Boyer-Lindquist coordinates,

ds® = gdxdz”

A — a2sin?f A — (12 4+ o2
=— ¢ Y e +2 (r"+a )a sin? Odtdyp
)3 )3
D 2 022 — AasinZ @
+—dr* + Xdo* + (r"+a) T 7 sin? 0de®,  (2.2.2)
A )3
where
A =7r*—2Mr+a® + Q7 (2.2.3)
Y = 1%+ a*cos? b, (2.2.4)

a = J/M is the angular momentum per unit mass. The metric (2.2.2)
becomes the Kerr metric for () = 0, the Reissner-Nordstrom metric for
a = 0, and the Schwarzschild metric (2.2.1) for @ =0, a = 0. As r — o0
the metric (2.2.2) approaches the Minkowski metric (2.1.1). Thus, the
Kerr-Newman metric (2.2.2) is asymptotically flat.

The event horizons of the Kerr-Newman black hole appear at those
fixed values of r for which g = 0. Since g"" = A/Y, and ¥ > 0, this
occurs if A(r) = 7?2 — 2Mr + a®> + Q% = 0. There are three possibilities:
M? > a®?+ Q% M? =a®?+ Q? and M? < a® + Q> The last case produces
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a naked singularity, while M? = a? + Q? features the extremal case of the

black hole. There are two radii at which A = 0, given by

re =M+ /M2 —a?— Q2 (2.2.5)

These two radii are null surfaces and turn out to be horizons; the outer
horizon at r, is the event horizon and the inner horizon at r_ is the Cauchy
horizon of the black hole.

On the event horizon r = r, the metric (2.2.2) takes the form
(r2 + a?)?

ds* =
5 Sh

sin® fdp* + ¥, df?, (2.2.6)

because both t and r are constant on the horizon, i.e., dt = dr = 0. Here,
A =712 —2Mry+a*+ Q*=0and X, = X(r;). Hence, the area of the
black hole A is given by

A= [ \famlri)goclro)dod
=4m(r? + a*) = 4w (2Mr, — Q?). (2.2.7)

Differentiating (2.2.7), we get
AM = 8idA + QpdJ + OdQ, (2.2.8)
m

where k, Qp, @y are respectively the surface gravity, the angular velocity

and the electrical potential on the horizon, defined by

47T(7°+ — M)
- 2.2,
4
O = =2 (2.2.10)
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The relation (2.2.8) is known as the energy conservation law in black hole

by = . (2.2.11)
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Figure 2.3: Penrose diagram for Schwarzschild spacetime.

2.3 Penrose Diagram

Penrose diagrams were employed first by the researchers Brandon Carter
and Roger Penrose, acknowledging whom they are more properly (but less
frequently) called Penrose-Carter diagrams (or Carter-Penrose diagrams).
They are also called conformal diagrams, or simply spacetime diagrams.
Penrose diagram [126] is concerned with mapping an infinite spacetime

onto a finite manifold with a boundary using a conformal transformation.
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The conformal transformation rescales the metric
ffds = A~%ds, A(z) #0, (2.3.1)

preserving the causal structure (see Appendix-A). So, the sign of the norm
ds(v,v) for any given vector v is preserved under the conformal trans-
formation. That is, space-like vectors are mapped to space-like vectors,
light-like to light-like vectors, and time-like to time-like vectors. Using
conformal transformations we can pull the infinities of spacetime back
onto a finite and bounded region.

We consider the Schwarzschild black hole case whose metric is given by

oM oM\ !
ds* = — (1 — —) dt* + (1 — —) dr® + r2dQ?, (2.3.2)
T T
where
d¥? = db? + sin® 0dy?, (2.3.3)

is a metric on a unit 2-sphere. The metric (2.3.2) has a curvature singu-
larity at » = 0 and a coordinate singularity at » = 2M. The curvature
singularity cannot be removed while the coordinate singularity can be
removed by using appropriate coordinates. The global structure of the
analytically extended Schwarzschild solution can be depicted in a simple
way by using Penrose diagram of the r-t plane (Fig. 2.3). In this diagram
null geodesics are at £45° to the vertical. Each point of the diagram is a
2-sphere of area 47r?. Applying a conformal transformation, infinity has
been brought to a finite distance. In the diagram infinity is represented
by the two diagonal lines (really null surfaces) labelled 7 and J~, and
the points ¢+, =, and . The two curvature singularities are at the lines

r = 0. The two diagonal lines » = 2M (really null surfaces) are the future
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and past event horizons which divide the solution up into regions from
which one cannot escape to the future null infinity J and the fast null
infinity J . There is another infinity and asymptotically flat region on
the left of the diagram.

The Penrose diagram can be drawn through some coordinate trans-
formations (see, for example, [127]). Straight lines of constant time and
space coordinates become hyperbolas, which appear to converge at points
in the corners of the diagram. These points represent “conformal infinity”

for space and time. The notations appearing in Fig. 2.3 are as followings:

o t; finite o t — +o0
i = i = (2.3.4)
r — 00, r; finite,
t — —0o0 t — +oo
J = J" = (2.3.5)
r — +00, r — +00,

and the curvature singularities of the Schwarzschild metric at r = 0 are
straight lines that stretch from timelike infinity in one asymptotic region
to timelike infinity in the other. The i and i~ (future and past infinity)
are distinct from r = O—there are plenty of timelike paths that do not hit
the singulary. The heavy lines H* and H~ stand for

t — 400 t — —00
H = H = (2.3.6)
/]":2M7 T:2M7

and these are respectively the future event horizon and the past event
horizon.
The geometry of the spacetime is realized through the knowledge of

its causal structure, as defined by the light cones. We therefore consider
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radial null geodesics for which # = 0 = ¢ and ds* = 0. From the metric
(2.3.2) we then obtain
t = +r* 4 constant, (2.3.7)

where r* is the tortoise coordinate defined by [128, 129]

r—2M

= 2M 1
r r 4+ n i

(2.3.8)

The tortoise coordinate is only sensibly related to r for » > 2M. In terms

of the tortoise coordinate the Schwarzschild metric (2.3.2) takes the form

oM
ds® = (1 — 7) (—dt* 4 dr*?) + r?dQ?, (2.3.9)

As r ranges from 2M to oo, r* ranges from —oo to co. We next con-
sider coordinates that are naturally adapted to the null geodesics, that is,
d(t = 7*) = 0 on radial null geodesics. We use the Eddington-Finkelstein
coordinates defined by [130, 131]

v=1t+4r, —o00<v< 00, (2.3.10)

u=t—r, —00<u<o0, (2.3.11)

where v =constant characterizes the infalling radial null geodesic and
u =constant defines the outgoing radial null geodesic. The metric (2.3.9)

then becomes

oM
ds® = — <1 — —) dvdu + r*dQ?, (2.3.12)
r

where r is related to v and u by

1
é(v—u):r+2Mln(ﬁ—1).
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In these coordinates r = 2M is “infinitely far away” (at either v = —o0
or u = +00). In order to change to coordinates that pull these points

into finite coordinate value, we introduce the Kruskal-Szekeres coordinates
(U, V) [132, 133] defined (for r > 2M) by

V = e = (ﬁ _ 1)1/2 e(r+t)/4M’

U=—eitr = — (5 — 1) elr=0/4M (2.3.13)

In the (V,U, 0, ) system the metric (2.3.12) is

32M3
r

ds? = e~ dVdU + r?dQ?, (2.3.14)

which is completely nonsingular at » = 2M. Clearly, r = 2M corresponds
to UV = 0, i.e. either U = 0 or V = 0 and the singularity at » = 0
corresponds to UV = 1.

For » < 2M, these coordinates are given by

V — et — (ﬁ _ 1)1/2 e(r+1)/4M
U = e = (g — 1) elr=0/4M1 (2.3.15)

and the metric (2.3.12) is written

, 320
N T

ds e~ dVdU + r?dQ>. (2.3.16)
To bring infinities appeared in V' or U into finite coordinate values

s

2

s

5) we make the following coordinate transformations

(such as I or —

T -1 v
V' =tan (4M\/W) ’

0 = tan! <4M§m) . (2.3.17)
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Both V and U are null coordinates in the sense that 0/0V and 9/0U are
null vectors. For somewhat more comfortable working in a system where
one coordinate is timelike and the rest are spacelike, we use the coordinate

transformations defined by
T
R

I
N—= N

<

.

(V +
(V-

),
). (2.3.18)

S

We now draw i* and J, as an illustration. The ¢ is expressed by

t — +00
it = (2.3.19)

r; finite.

There are two cases: 7 > 2M and r < 2M. For the first case, (2.3.10),
(2.3.11) and (2.3.19) give

v — 400
it = (2.3.20)
U — +00.

When r < 2M, by inserting (2.3.19) into (2.3.15), we see that v and u
agree with (2.3.20). From (2.2.13) and (2.3.20), V and U are given by

V — 400
it = (2.3.21)
U — 0,

and from (2.3.17) and (2.3.21), V and U become

V= 41
it = 2 (2.3.22)

U — 0.
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Using (2.3.22) in (2.3.18), T and R turn out to be

T — +T
it = ! (2.3.23)
1

R — +ZI.

The region i+ as in (2.3.19) is thus represented by (R,T) = (%, %) in the

Penrose diagram, when r takes finite values with r # 2M (Fig. 2.4).

T
A
i
- < (%’%)
|
1 >R
0 Z
4

Figure 2.4: The region of i in Penrose diagram.

Following the similar way as that of i* we draw J* whose region is

expressed by

t — +00

J"=1r— 400 (2.3.24)

& finite.
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We have only to consider the case of r > 2M, since r is at infinity.

Figure 2.5: The region of J* in Penrose diagram.

Inserting (2.2.24) into (2.3.10) and (2.3.11), v and u are found as follows:

UV — +00
jJr = (2.3.25)

u; finite.
With (2.3.13) and (2.3.25), V and U become

V — +o0
Jr= (2.3.26)

U; finite,
while using (2.3.26) in (2.3.17) give, for V and U,

V= +Z
J* = e ’ (2.3.27)
; finite.
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Substituting (2.3.27) into (2.3.18) yield, for 7 and R,

> =y

Figure 2.6: The Penrose diagram corresponding to Table 2.2.

~:
I

mg]
I
N—= N=

S

ISTE T
I+
S S

Tt = (2.3.28)

From (2.3.28) the region J* as given in (2.3.24) is represented by the
segment of a line

T=--R (2.3.29)

N[ X

in the Penrose diagram (Fig. 2.5).

Following the similar procedure as above we can draw other points and
segments (Tab. 2.2). In Table 2.2 below, the name of the variable is
retained if it is finite and is not uniquely fixed. Figure 2.6 expresses the

diagram drawn by using Tab. 2.2. The regions R and R~ respectively
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Table 2.2: Coordinate values in each region
Region (t,r) (v,u) (V,U) (f/, U ( , R)
+1

it (+00,7) | (+00,4+00) | (400,0) <+ z 0) (+ T
m | oo o) | 00 | (0-3) | (
i (t,4+00) | (+00,—00) | (+00, —00) ( 5—5) (07+%>

_|_
JT (400, +00) | (400, u) (+00,U) (

7 | (cootoq) | (=) | (Vimoq) | (V.-5) | T=R-3

HT | (+00,2M) | (v,400) (V,0) V. o) T=R
H- | (—00,2M) | (—o0,u) (0,U) 0, ) T=-R
R+ (+00,0) | (+00,+00) | (400,0) ( + 3, 0) ( + 7T —i—%)
R~ (—00,0) | (—o0,—00) | (0,+400) (0, +§) ( + 7 —%)
represent the following regions:
t — 400 t — —0o0
R™ = R = (2.3.30)
r =20, r =20,

and the r = 0 line combines R* and R~. The region for » = 0 has finite
t, but we cannot uniquely determine the point in the region r = 0. That
is, we do not know how to draw an exact line of the region r = 0. There
are some missing parts in Fig. 2.6 in comparison with Fig. 2.3. We can
draw them by defining the other universe where time proceeds reversely
by analogy with our universe. However, we skip them as they are not

important in the body of the present thesis.
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Figure 2.7: The Penrose diagram for the Schwarzschild solution.

Infinite time or radial coordinates are represented as points or lines
in the Penrose diagram. The lines of 45° to the vertical represent null
geodesics. Every point in the diagram describes a 2-dimensional sphere
of area 47r?. That means, angular coordinates (6, ¢) as in (2.3.2) are
attached to each point of the diagram.

There are four regions in the Penrose diagram, divided by the two
diagonal lines H* and H~ (Fig. 2.7). They respectively represent our
universe (region-I), a black hole (region-II), the other universe (region-1V)
that time reversely proceeds by comparison with our universe, and a white
hole (region-I1T) which is the time reversal of a black hole and ejects matter
from the horizon. The null geodesics in the region-I can arrive at J* or
the black hole through the horizon H*. However, the null geodesics in the
region-1I (inside the black hole) cannot arrive at our universe through the

horizon H™.

Let us consider that a black hole is formed by the gravitational collapse



38
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region not applicable to

a gravitational collapse

Figure 2.8: The development of the collapsing object in the Penrose diagram.

of a star with a heavy mass [2]. Its metric is that of the Schwarzschild
solution only in the region outside the collapsing matter and only in the
asymptotic future. We consider Hawking’s exposition and for simplicity,
we assume that the gravitational collapse is spherically symmetric. The
collapse of this type of objects starts at the point ¢~ and its passing is
later than light (Fig. 2.8), because the collapsing object has a mass. For
exactly spherical collapse, the metric is exactly the Schwarzchild metric
everywhere outside the surface of the collapsing object which is represented
by a timelike geodesic in the Penrose diagram (Fig. 2.8). Inside the
object the metric is completely different. The past event horizon, the past
r = 0 singularity and the other asymptotically flat region do not exist.
These are replaced by a timelike curve representing the origin of polar

coordinates. Figure 2.9 depicts the appropriate Penrose diagram. The
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AAAAAAAAAAAAAAAAAA

=4
origin of
coordinates

" surface of
collapsed body

Figure 2.9: The Penrose diagram of a spherically symmetric collapsing body producing
a black hole.

origin of coordinate is the vertical dotted line since the metric inside the

object might be nonsingular at the origin.

2.4 Energy Extraction from Kerr Black Holes

Even though a black hole is, by definition, a region of forbidden escape
for any body and light rays, situations are possible in which energy can
be extracted via certain physical processes. This energy is released from

the field associated with the black hole and surrounding it. However,
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energy extraction is possible if the black hole rotates or is charged. The
process of energy extraction from a rotating black hole was first proposed
by Roger Penrose [120], which is called the “Penrose process” (or “Penrose
mechanism”) and can be explained in the classical theory. For recent
works on Penrose process we would like to mention the Refs. [134-139].
The radiance associated with the Penrose process is called the black hole

superradiance.

2.4.1 Penrose Process

The Kerr black hole spacetime is stationary but not static and the asymp-
totic time-translation Killing vector K = 0; is not null along null surfaces

at 7. So, the horizons at r1 are not Killing horizons. The norm of the
timelike Killing field,

a?sin®f — A
E )

KHKM = By = (231)

does not vanish at the event horizon. In fact, K*K, = a?sin® 6 /3 >0 at
r.. Hence, the Killing vector is spacelike at the event horizon, except at
the poles at ¢ = 0, m where it is null. The locus of points where K*K,, = 0
defines the stationary limit surface and is described by (r — M)? = M? —
a®cos?§. The part of the stationary limit surface, which lies outside the
black hole, is given by 7 = M + v/ M? — a2 cos? f. The region

ro<r < M4/ M?—a?cos? 0 (2.4.2)

is called the ergosphere (Fig. 2.10) in which the asymptotic time trans-
lation Killing field K* = (0/0t)* becomes spacelike. All observers in the

ergosphere must rotate in the direction of rotation of the black hole (the
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¢-direction); however, they can still move toward or away from the event
horizon and have no trouble existing the ergosphere. The ergosphere is a
place where interesting things can happen even before an observer crosses

the event horizon.

]

Ergosphere

Stationary limit surface

Event horizon
A= PR SN i
r=M++M*—a’cos’ @

r=r

Figure 2.10: Ergosphere: the region between the event horizon and the stationary limit
horizon (side view).

We consider the conserved quantities of the Kerr spacetime associated

with the Killing vectors K = 0; and R = 0,. The actual energy and

angular momentum of the particle with the four-momentum p* = m%

are respectively

E=—K,p"
( 2MT) dt  2mMar . , dp
=m|1-—

@AM G2 l? 2.4,
S A (243)
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and
L = R, p"
2mM dt
= _—mz T in? GE
2 1 022 — mAa?sin? 6 d
(it a) —mAaTsinf oo gde (2.4.4)
by dr

where m is the rest mass of the particle and Q = 0 in A, . Because both
K" and p* are timelike at infinty, their inner product is negative. But we
want the energy to be positive, so there is the minus sign in the definition
of E. However, K" becomes spacelike inside the ergosphere. Hence, we

can imagine particles in the ergosphere for which
FE=—-K,jp"<0. (2.4.5)

A particle inside the ergosphere with negative energy must either remain
in the ergosphere, or be accelerated until its energy is positive if it is to
escape. This realization leads to a way to extract energy from a rotating
black hole. This method is known as the “Penrose process”. The idea is
simple. Starting from outside the ergosphere, a particle with momentum
p 0% and energy E0) = —K Mp(o)“ > 0 enters the ergosphere. The particle
inside the ergosphere will not remain stationary and will decay into a pair

of particles with momenta p"* and p®* (Fig. 2.11):
pO = (D 4 i (2.4.6)
When contracted with the Killing vector K, the result gives

E© = W 4+ B3, (2.4.7)
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Ergosphere

Stationary limit surface

Figure 2.11: The Penrose process of energy extraction from Kerr black hole (top view).

We can consider that £ < 0 as per (2.4.5). The particle p@®* with
negative energy E® falls into the horizon, while the other particle pt#
escapes to infinity with a larger energy than that of the original infalling

particle:
EY > EO), (2.4.8)

Thus, the particle has emerged with more energy than it entered with.
That is, energy can be classically extracted from a black hole. This is the
Penrose process. In fact, the Penrose process extracts energy from the
rotating black hole by decreasing its angular momentum; the negative
energy particle carries a negative angular momentum, i.e., an angular

momentum opposite to that of the black hole. By losing the total angular
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momentum the Kerr black hole becomes a Schwarzschild black hole. Since
the ergosphere does not exist in the Schwarzschild black hole, there can
not occur further energy extraction.

We now look into this process more precisely to find the limit on energy
extraction from a Kerr black hole. For the Kerr spacetime, the event

horizon is a Killing horizon for the Killing vector x*, defined by
=K'+ QpRF, (2.4.9)

where Q0 is the angular velocity of the horizon defined in (2.2.10). It is
evident that x* is null at the event horizon for K = 0, and R = J,. Since
x" is future directed null on the horizon and the particle with momentum
p@ crosses the event horizon moving forward in time (i.e., p@H is future

directed null), we have

0> p@iy, = p@H(K, + QuR,) = —E® + QL@ (2.4.10)
or equivalently,
EQ@)
L@« = (2.4.11)
Qg

This equation depicts that a negative-energy particle entering the black
hole carries negative angular momentum, i.e., it moves against the the
hole’s rotation. When the black hole swallows a particle, its parameters

are modified by M = E®), §J = L®. Then, from (2.4.11), the change in

black hole parameters is governed by

M
5.7 < M (2.4.12)
Qn

If the black hole swallows more and more particles with future directed

M

null p®*#, there exists the “ideal” process in which §.J = O
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Although the Penrose process can extract energy from the black hole
(thereby can decrease M), it cannot violate the area theorem: The area
of the event horizon is nondecreasing [140]. The irreducible mass, M., of
the black hole is defined in term of its area, A = 47 (r? + a?), by [141]

A
M2 = 2.4.13
1Ir 167_(_7 ( )
which gives .

M2 =3 <M2 /M J2) . (2.4.14)

Inverting equation (2.4.14), we get
M? = M2, + LS > M? (2.4.15)

irr 4M2 el irr* e

Hence, the mass of a black hole cannot be reduced below M, via the

Penrose process. Thus, we obtain 64 > 0 (Area Theorem).

2.4.2 Superradiance

The Penrose process demonstrates that the maximum amount of energy
permitted by the area theorem can be extracted, in principle, from a ro-
tating black hole. However, it is not a practical energy extraction method
(142, 143]. It is interesting that there is a wave analog of the Penrose
process, called as superradiant scattering or superradiance [144-147]. It
allows energy to be extracted from a black hole in a relatively simple
manner. Consider that a scalar, electromagnetic, or gravitational wave is
incident upon a black hole. Then a part of the wave (the “transmitted
wave” ) will be absorbed by the black hole and a part of the wave (the “re-

flected wave”) will escape back to infinity. Usually the transmitted wave
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will carry positive energy into the black hole, and the reflected wave will

have less energy than the incident wave. But for a wave of the form
W = Re[yo(r, 0)e '™ (2.4.16)

with
0 <w<mQy, (2417)

the transmitted wave will carry negative energy into the black hole. This is
similar to the negative energy fragment in the Penrose process for particles.
As aresult, the reflected wave will return to infinity with greater amplitude
and energy than the incident wave. This can be showed most easily for
the case of scalar waves.

Consider the energy-momentum tensor

1
Tw/ = vu¢vu¢ - égpu(vk'@bv)\w + N(%@/}Q)

of a Klein-Gordon scalar field ¢: V#V ¢ — pd) = 0, and define the energy
current by
J,=-T,K". (2.4.18)

Since T, is a symmetric tensor and is covariantly constant (i.e., a con-

served quantity), we find that .J, is also conserved:

Vi, = — (VP K" — T, (VFK")
1 14 14
= 5 Tu(V'K" + V' K") = 0, (2.4.19)

where Killing fields satisfy the Killing equation

VIKY + VYK = 0. (2.4.20)
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Figure 2.12: A spacetime diagram showing the region .

In order to know the presence or absence of the superradiance, we need
to integrate V#.J, = 0 [equation (2.4.19)] over the region K of spacetime
displayed in intuitive Fig. 2.12 with respect to Gauss’s theorem. The
precise figure for the region K of spacetime is shown in Figure 2.13 by
Penrose diagram. The spacelike hypersurface X5 is a “time translate” of
Y1 by 0t. The timelike hypersurface H is the event horizon at r = r, and
the timelike hypersurface S represents a “large sphere” at infinity. By

using Gauss’s theorem, we obtain

0= / V—egd'z(V,J") = / s, J"
K 0

K

— / ny JhdY. + / n, JUdS
¥ (t) o (t+0t)

+/ nuJ“dZ—l—/ ny J*dS, (2.4.21)
M) 8(c0)
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where OK is the boundary of the region K and d¥, = n,d¥ is a 3-
dimensional suitable area element. The unit vector n* is outwardly normal
to the region K. For a wave with time dependence e~ the integrals over
>1 and Xy cancel by time translation symmetry. The integral of J,n* over
S represents the net energy flow (i.e., the outgoing minus incoming enrgy)
out of K to infinity during the time d¢. On the other hand, the integral of
J,n* over H represents the net energy flow into into the black hole. Thus,
we get from (2.4.21),

/ n,J'd¥ = —/ n,J'd. (2.4.22)
S(0) H(ry)

For the positive (negative) value of the quantity on the right-hand side in
(2.4.22), the outgoing energy flow is larger (smaller) than the incident one
and the superradiance is present (absent).

In order to calculate the right-hand side in (2.4.22), we write the vector
normal to the event horizon in terms of the Killing field x* (defined in
(2.4.9)) as n* = —x". The appearance of this relation might be surprising,
since the Killing field is tangent to the horizon. In fact, this result is known
on the concept that the vector which is normal to the horizon is tangent
to itself on the horizon (the null hypersurface). We present a proof in

Appendix-B. Hence, we obtain

/ nMJ"dE:—/ Xu(=T", K")dx
H(T+) H(T-l‘)

:/ XM, K7 dE, (2.4.23)
H(ry)

where we have used the definition (2.4.18). For a massless scalar field
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Figure 2.13: The region K of spacetime in Penrose diagram.

without interactions, the action in curved spacetime is given by

S = / v—gd*z[L] = / V—gdlz BV“W%I , (2.4.24)

where L is the Lagrangian density. The energy-momentum tensor of this
scalar field is given by

oL
8(V”¢) Vﬂﬁ - g/w£
= S (Vi) (V) — Sau(Va)(T),  (24.25)

T, =




20

With (2.4.25) we obtain from (2.4.23)

/ n,J'dx
H(ry)

:/ dX E(X“VW) K"V 1))
H(ry)

1

—§X”KM(VA¢)(VW)]

_ /H G E(xﬂvm(wvm)} , (2.4.26)

since x*K, = 0 on the horizon. Asymptotically, we have

9 9
M —_
X'Viu= g+ g,
oy, =2 (2.4.27)
ot

Using (2.4.16) and (2.4.27), we obtain, asymptotically,

~

1 1
E(Xﬂvm)(wvuw) = §w(w — mQy )2, (2.4.28)
where 1 = y(r, 0) sin(wt — my). Inserting (2.4.28) into (2.4.26), we find
1 -
/ nJ'dE = —w(w — mQH)/ dXp?, (2.4.29)
H(rs) 2 H(rs)

On the event horizon, d> = dAdv where A is the surface area of the event
horizon and the retarded time v is an affine parameter on the horizon.

Then, since the value of the integration in (2.4.29) with respect to v gen-
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erally diverges, we need to evaluate the energy flow per unit time. The

time averaged flux on the event horizon is given by

/ nuJ”dA:—/ n,J'dA
S(0) H(ry)

1 2
:—§w(w — mQy) ‘wo

: (2.4.30)

where

1ol = / AT
H(ry)

and the integral value is positive for w in the range 0 < w < mfly, given
in (2.4.17). Thus the outgoing energy flow is larger than the incident one
and the superradiance is present for the scalar field. One can apply the
above method for fermion fields. However, in that case the right-hand
side of (2.4.22) always vanishes and as a result, the superradiance is found

absent in the fermionic case [148, 149].

2.5 Black Hole Physics and Thermodynamics

Black hole physics studies the properties of black holes in the context of
generalized thermodynamics. The analogy between the laws of black hole
physics and the laws of thermodynamics brought forth the laws of black
hole thermodynamics. It is said that J.M. Greif worked as a pioneer with
making use of thermodynamic methods in black hole physics. He studied
the possibility of defining the entropy of a black hole, but failed to make
a concrete proposal [150]. This was because of lacking many of the recent

results in black hole physics. Subsequently, Bekenstein, Bardeen, Carter
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and Hawking, and others examined properties of black holes and clarified
analogies between black hole physics and thermodynamics [1, 151].
Consider that two Schwarzschild black holes with masses M; and M,
merge and form a black hole with a mass M = M; + M,. If their areas are
respectively Ay = 160 M3, Ay = 167 M3, and Ay o = 167(My + Ms)?, we
obtain an inequality for black hole areas given by A; 4+ Ay < A1,. In fact,
the area theorem of black hole [140] states that in any physically allowed

process, the total area of all black holes in the universe cannot decrease,
0A > 0. (2.5.1)

This law carries a strong resemblance to the second law of thermodynam-
ics, according to which the total entropy S of all matter in the universe

cannot decrease in any physically allowed process, i.e.
05 > 0. (2.5.2)

This similarity might seem to be of a very superficial nature. The area
theorem is a mathematically rigorous consequence of general relativity.
However, the second law of thermodynamics is believed not to be a rig-
orous consequence of the laws of nature. It is rather a law which holds
with irresistible possibility for systems with a large number of degrees of
freedom. Nevertheless, this formal analog for black holes of the second
law of thermodynamics extends to the other laws of thermodynamics as
well and the relationship of the laws of black hole physics with the laws of
thermodynamics is of a fundamental nature [152].

In thermodynamics, an increasing of entropy develops a part of energy

that is no longer converted into work. The same thing happens in black
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hole physics as well. We have shown in section 2.4 that a part of energy can
be extracted by the Penrose process from a rotating black hole such as a
Kerr black hole. But all of its energy cannot be extracted. The Kerr black
hole gradually decreases the angular momentum by the Penrose process
and becomes a Schwarzschild black hole. By the Hawking’s area theorem,
the mass of this black hole is then larger than a mass of a Schwarzschild
black hole obtained by setting @ = 0 in the original Kerr black hole. This
mass is called an irreducible mass of the black hole and in the case of a

Kerr-Newman black hole, it is given by

A 1 Q2 1/2
My =\ —— = — [ M? M4 — J2 — M2Q? — = | .
167 \/§( v ! © 2)

The relation (2.4.12) leads to 0 M;, > 0, i.e. the irreducible mass can never

be reduced by Penrose process. The M;, is regarded as an inactive energy
because it cannot be converted to work. The black hole area A increases
as the irreducible mass M, increases. Thus the increase of A corresponds
to a degradation of the black hole energy in the thermodynamic sense.

The energy conservation law in black hole physics is given by (2.2.8):
dM = 8id,4 + QpdJ + ®dQ. (2.5.3)
s

Equations like (2.5.3) first induced people to think about a correspondence
between black holes and thermodynamics. The first law of thermodynam-
ics is

d& =TdS — pdV, (2.5.4)
where £ is the energy of the system, 7' is the temperature, S is the en-
tropy, p is the pressure, and V is the volume, so the pdV term represents

work done to the system. It is natural to think of the terms Q2ydJ and
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¢ ydQ in (2.5.3) as work done on the black hole by rotation and electro-
magnetism. We next compare the remaining first term in each relation,
i.e., g-dA and TdS. Then the analogy begins to get shape if we take into
consideration of identifying the thermodynamic quantities energy, entropy,

and temperature with the black-hole mass, area, and surface gravity:

E<+—— M,
S +— A/4, (2.5.5)
T +— k)27,

using units in which G = h = ¢ = kg = 1. The above correspondence is
essentially perfect in the context of classical general relativity, with each
law of thermodynamics corresponding to a law of black hole mechanics.

We recall properties of both the surface gravity of a black hole and
temperature. By definition, a surface gravity of a black hole is the strength
of the gravitational field on the event horizon. Consider that a system
in thermal equilibrium have settled to a stationary state, analogous to
a stationary black hole. According to the zeroth law of thermodynamics,
the temperature is constant throughout the system in thermal equilibrium.
The analogous statement for black holes is that stationary black holes have
constant surface gravity on the event horizon, as found in (2.2.9). This
is true, at least under the same reasonable assumptions under which the
event horizon is a Killing horizon. Thus we have found that the first law
(2.5.4) is equivalent to (2.5.3). The second law, which states that entropy
never decreases, is simply the statement that the area of the black hole
horizon never decreases.

Finally, the third law states that it is impossible to achieve absolute

zero temperature (17" = 0) in any physical process, or that the entropy



95

Table 2.5: Black hole and Thermodynamics

Law Thermodynamics Black hole physics

Zeroth | T is constant throughout body k is constant over horizon
in thermal equilibrium of stationary black hole

First d€ =TdS — pdV dM = ZdA + QgdJ + PrdQ

Second 0S > 0 in any process dA > 0 in any process

Third Impossible to achieve T'= 0 Impossible to achieve k = 0
by a physical process by a physical process

must go to zero (S — 0) as the temperature goes to zero (I — 0). This
is also called Nernst’s theorem. This doesn’t quite work for black holes;
e.g., k = 0 corresponds to extremal black holes, which don’t necessarily
have a vanishing area. As k — 0, the area A may remain finite. Actually,
the thermodynamic third law doesn’t work either, in the sense that there
are ordinary physical systems that violate it. Even though the third law
applies to some situations, it is not genuinely fundamental. Table 2.5
displays the close mathematical correspondence between the laws of black
hole physics and the ordinary laws of thermodynamics.

The correspondence in (2.5.5) is a little refutable in the sense that by
equating 7'dS with kdA/8m we do not know how to separately normalize
S/A or T/k. Moreover, £ and M are not merely analogs in the formulas
but present the same physical quantity: total energy. Because a black
hole is a perfect absorber but doesn’t emit anything, the thermodynamic
temperature of a black hole in the classical general relativity is absolute
zero. It thus appears that k could not physically represent a temperature.
Nevertheless, in 1973 Bekenstein [1] first claimed that T'dS = g-dA, so that
the temperature of the black hole was proportional to the surface gravity
and that the entropy was proportional to the area. Hawking [3] later
showed this and calculated the temperature of a black hole to be explicitly
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T = k/2m. This describes that the relationship between laws of black hole
physics and thermodynamics may be more than an analogy. The black
hole laws of Table 2.5 may be just the ordinary laws of thermodynamics
applied to a black hole. The relation T' = x/27 also leads to interpret A/4
as an actual entropy of the black hole. Then we get a generalized second
law, proposed by Bekenstein [1, 153], that the combined entropy of matter

and black holes never decreases:

5 (S + %) > 0. (2.5.6)

However, we usually like to relate the entropy of a system with the loga-
rithm of the number of accessible quantum states. So, some tension occurs
between this concept and the no-hair theorem, according to which there
is in fact only one possible state for a black hole of fixed charge, mass,
and spin. Probably this behavior seems to be an indication of a profound

feature of the interaction between quantum mechanics and gravitation.

2.6 Black Hole Entropy

In this section, we briefly describe Bekenstein’s derivation of black hole
entropy. We explain the entropy of a particle with the least information
in information theory. When a particle falls into a black hole, the entropy

of the hole is increased. We calculate the black hole entropy.

2.6.1 Entropy in Information Theory

Entropy is the degradation of the matter and energy in the universe to an

ultimate state of inert uniformity. In terms of the Boltzmann’s formula
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the entropy is defined by
S=kglnW, (2.6.1)

where W (stands for “Wahrscheinlichkeit”-the German word for proba-
bility) is the number of microstates corresponding to a given macrostate
and kp is the Boltzmann’s constant.

Following information theory [154-158] and Brillouin’s classic work
linking it to thermodynamics [159], Bekenstein proposed for S an informa-
tion theoretic implication. The thermal entropy of an ideal gas certainly
decreases due to the isothermal compression. After the isothermal com-
pression, one has better information about the position of the molecules,
since they become more localized. As a matter of fact, the increase in

information is formalized by the relation
Al = —AS, (2.6.2)

where AS is the decrease in entropy. This equation is the basis for Bril-
louin’s identification of information with negative entropy [159]. Thus the
entropy measures lack of information about the actual internal configura-
tion of the system.

Let p, be the probability of occurrence of an internal configuration
labelled by the positive integer n. Then the entropy associated with the
system is given by Boltzmann’s formula (with the Boltzmann constant
kp=1)

S =— an Inp,. (2.6.3)
n

Evidently, this entropy is dimensionless. It means that we choose to mea-
sure temperature in units of energy. Then Boltzmann’s constant is dimen-

sionless. Availability of a new information about the system imposes some



o8

constraints on the probabilities p,,. For example, the probabilities of a dice
are respectively % from 1 to 6. Then the entropy is In6. If we get new in-
formation that “There are even numbers (or even numbers are given),” the
probability of getting odd numbers becomes zero, i.e., p; = p3 = ps = 0.
The probability of getting even numbers is ln% and so the entropy is In 3.
Thus, the entropy locally decreases as new information is available, as is
depicted by Brillouin’s identification (2.6.2).

Let the conventional unit of information be the “bit,” which we may
define as the information available when the answer to a yes-or-no question
is precisely known (zero entropy). The unit is, of course, dimensionless.
Corresponding to (2.6.2), a bit is also numerically equal to the maximum
entropy that can be associated with a yes-or-no question, i.e., the entropy
when no information whatever is available about the answer. The entropy

in the yes-or-no question is written, from (2.6.3), as

S = —Pyes In Pyes — Pno In py,
— —Dyes 1npyes - (1 - pyes) ln(l — pyes). (264)

The entropy is maximized when pyes = pno = % So, one bit is equal to In 2
of information.

Let us now return to the black hole case and consider that a particle
falls into a black hole. As the particle disappears some information is lost
with it. An amount of information of the particle would depend on the
knowledge of the internal states of the particle. The minimum amount
of information lost for the particle is that contained in the answer to the
question “does the particle exist or not?” Before the particle falls into the
black hole, the answer is known to be “yes”. But after the particle falls

into the black hole, we have no information whatever about the answer.
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This is because one knows nothing about the physical conditions inside
the black hole. Thus one cannot determine the probability of the particle
continuing to exist or being destroyed. One must, then, accept the loss of
one bit of information at the very least. This implies that the entropy is

increased by
AS =1n2, (2.6.5)

before and after the particle with the tiniest information falls into the
black hole.

2.6.2 Minimum Increase of Black Hole Area

We estimate the minimum possible increase in the Kerr-Newman black-
hole area which must result when the black hole captures a spherical par-
ticle of rest mass 1 and proper radius b. The “rationalized area” of a black

hole «, used by Bekenstein, is given by
A

a (2.6.6)

where A is the black hole area as in (2.2.7). Then the first law of black
hole physics (2.2.8) is written as

where O is defined by

ry — M
200
The particle may fall into the black hole by following different ways, all of

O = (2.6.8)

which bring the increase of the black hole area. For inserting the particle

into the black hole we consider the method which results in the smallest
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increase of the black hole area. This method has already been considered
by Christodoulou to introduce the concept of irreducible mass [141, 160].
The essence of this method is that if a freely falling point particle is caught
by a Kerr-Newman black hole, then the irreducible mass as well as the area
of the black hole is left unchanged. Bekenstein generalized Christodoulou’s
method to a particle with a proper radius and showed that the increased
area of the black hole is no longer precisely zero if the particle falls into
the black hole. We assume that the freely falling particle is neutral. Then,
the particle follows a geodesic of the Kerr-Newman metric (2.2.2) when
falling freely. The horizon is located at r = r defined by (2.2.5).

First integrals for geodesic motion in the background of Kerr-Newman
black hole have been derived by Carter [161]. As a starting point of
the analysis, Christodoulou applied the first integral (derivation is in
Appendix-C)

EQ[T4 + a*(r? + 2Mr — Q)] — 2E(2Mr — Qz)apw

—(r? = 2Mr + Q*)p — (r’ + A = (p. A, (2.6.9)

where F/ = —p; is the conserved energy, p, is the conserved component of
angular momentum in the direction of the axis of symmetry, g is Carter’s
fourth constant of the motion, p is the rest mass of the particle and p, is
its covariant radial momentum.

When (2.6.9) is solved for F, following Christodoulou, the result gives

7“2 . gc) 2+(,u27“2 + q)A + (prA)Q 1/2’ (2610)

E= Capﬁ—{ (CQaQ + ¢ P, ¢
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where
¢ =rt+a*(r* +2Mr — Q?),

¢ = (2M7~§— <), (2.6.11)

At the event horizon A = 0, so that we find, using (2.2.3),

5 ‘r:mr = §+ - (T—Ql— + CL2)2,

1
2 27
Ty +a

C ‘r=r+ - C—i— = (2612)

and nya = Qp, where Qg is defined by (2.2.10). The coefficient of pi in
(2.6.10) vanishes at the horizon:

2 o T3 —2Mry 4 Q? o A(ry)
yat + = 72 212
v (ri +a?)

— 0, (2.6.13)

and the coefficient of u?r? + ¢ also vanishes. However, since p, = g,.p",
pA = (r? +a?cos?0)p", (2.6.14)

which does not vanish at the horizon in general. If the orbit of the particle

intersects the horizon, we have from (2.6.10) that

‘prA ‘—i—

V&

As a result of the capture, the black hole’s mass increases by E and its

E = Qup, + (2.6.15)

component of angular momentum in the direction of the symmetry axis in-

creases by p,. Hence, corresponding to (2.6.7) the black hole’s rationalized
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area « will increase by

| prA |+
OnvEs

Christodoulou pointed that this increase vanishes if the particle is captured
from a turning point in its orbit in which case | p,A | = 0. Then, the

relation (2.6.15) becomes
E = Qup,. (2.6.16)

The above analysis indicates the possibility that a black hole can capture
a point particle without increasing its area.

Following Bekenstein’s extension, we now show that this result is changed
when the particle has a nonzero proper radius b. The relation (2.6.10) al-
ways describes the motion of the center of mass of the particle at the
moment of capture. To generalize Christodoulou’s result to the present
case, it should be clear that one should evaluate (2.6.10) not at r = r,,

but at » = r, + 9, where ¢ is determined by

T4 +6

vV grrdr =D. (2617)

T+

Here, r = r, + 0 is a point a proper distance b outside the horizon. Using
g as in (2.2.2) we find

5 2 2 29
b= 2\/ (ri + a?cos™9) (2.6.18)
ro—Tr_
where
T —T_ > 5,

i.e., black hole is not nearly extreme. Expanding the argument of the

square root in (2.6.10) in powers of J, replacing § by its value given in
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(2.6.18), and keeping only terms to O(b) we obtain

1 7"4,_—7“_ 1
E:QHp —|——b< >
T2\t +a?) \/r2 ¥alcos?h
9 2
ry—a 2 9.2
X ) 2.6.19
\/<T3_+a2>p<p+lur++q ( )

This relation (2.6.19) is the generalization to O(b) of Christodoulou’s con-
dition (2.6.16). Carter’s kinetic constant ¢, appeared in the derivation of
(2.6.9)(see Appendix-C), is given by

2
q = cos> 0 [aQ(u2 — E*) + Py

2, 2.6.20
sin 6 AR ( )

For the reality of the 8 momentum py, it follows that
sin” 6

2
q > cos’ [aQ(,u2 — FE*) + p_@] : (2.6.21)

the equality holds when py = 0. With replacing E in (2.6.21) by Qgp, [as
in (2.6.16)], we obtain

q > cos’ 0 [a2,u2 —|—pi ( —— — a2Q%{>] : (2.6.22)
One can find a’Q%; < 1 for a Kerr-Newman black hole and 1/sin®§ > 1.

Since the coefficient of pfo is positive, we can take for the constant ¢ the

value
q > a®p® cos? 6, (2.6.23)
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when p, = 0. Substituting (2.6.23) into (2.6.19), we obtain

1 Ty —T-
E >0 —ub 2.6.24
= Hpgo+2,u (ri—%a?)’ ( )

which is correct to O(b). The equality sign in (2.6.24) corresponds to
the case p, = ps = p" = 0 at the point of capture. The increase in the
rationalized area of the black hole, computed by means of (2.6.7), (2.6.8)
and (2.6.24), is

Aa > 2ub. (2.6.25)

This gives the fundamental lower bound on the increase in the area of the
black hole:

(Aa)pin = 2ub, (2.6.26)

which is independent of M, @ and J. By making b smaller, (Aa)mi, can be
made smaller. However, it must be remembered that b can be no smaller
than the particle’s Compton wavelength %, or the Schwarzschild radius
2p. For the Compton wavelength is larger than the Schwarzschild radius
% > 2u, viz., the mass of the particle satisfies pu < g, one can make b
smaller to % On the contrary, if the Schwarzschild radius is larger than

the Compton wavelength % < 24, viz., the mass of the particle satisfies

> g, one can make b smaller to 2u. The relation (2.6.26) is then given
by 2h, when b = %, and given by 442, when b ~ 2. When 412 > 2h, one
can find a lower bound of the rationalized area of a Kerr-Newman black
hole as

(AQ)min = 25, (2.6.27)

as the black hole captures the particle.
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2.6.3 Information Loss and Black-Hole Entropy

In section 2.5, we already have observed that a black hole area is similar
to the entropy in thermodynamics. Even though there are clear analogies
between them, we do not know how to associate the black-hole area to
its entropy. In this subsection, we would like to present the treatment
followed by Bekenstein [1].

According to the no-hair theorem [119], a black hole in equilibrium
(Kerr-Newman black hole) can be completely described (insofar as an
exterior observer is concerned) by just three parameters: mass, charge,
and angular momentum. Black holes in equilibrium having the same set of
these three parameters may still have different “internal configurations.”
For example, a black hole may have been formed by the collapse of a
normal star, or a neutron star, or by the collapse of a geon!. These various
alternatives may be considered as different possible internal configurations
of one and the same black hole described by their (common) mass, charge,
and angular momentum. It is then natural to introduce the concept of
black-hole entropy as the measure of the inaccessibility of information (to
an exterior observer) as to which specific internal configuration of the black
hole is really recognized in a given type.

The black-hole entropy we are speaking of is not the thermal entropy
inside the black hole. Indeed, our black-hole entropy refers not to one
particular black hole, but to the equivalence class of all black holes which
have the same mass, charge, and angular momentum. The discussion of
section 2.5 predisposes us to choose black-hole area to take as a measure of

this black-hole entropy. However, in order to be more general, Bekenstein

IThe word “geon” is the abbreviation for the phrase “gravitational-electromagnetic entity;” more in
Ref.: J.A. Wheeler, “Geons,” Phys. Rev. 97, (1955) 511-536.
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assumed that the entropy of a black hole, Sgy, is some monotonically

increasing function of its rationalized area as in (2.6.6):
SBH = f(Oé) (2.6.28)

Due to the gradual loss of information, the entropy of an evolving thermo-
dynamic system increases. This result is a consequence of the washing out
of the most of the initial conditions. The effects of the initial conditions
are also washed out (the black hole loses its hair) as a black hole ap-
proaches equilibrium; only mass, charge, and angular momentum are left
as determinants of the black hole at late times. It would be thus expected
that the loss of information about initial peculiarities of the black hole
will be reflected in a gradual increase in Spy. Indeed the relation (2.6.28)
predicts just this. As the black hole evolves Sy increases monotonically
by Hawking’s theorem.
One possible choice for f in (2.6.28) is

fla) o< Va, (2.6.29)

which is untenable on some reasons. We consider two black holes which are
at a distant from each other so that they interact weakly. Then we can take
the total black hole entropy to be the sum of Spy of each black hole. Let
the black holes move closer together and finally merge, and form a black
hole which settles down to equilibrium. During the process no information
about the black hole interior can become available. On the contrary, much
information is lost as the final black hole loses its hair. So, we expect that
the final black-hole entropy exceeds the initial one. By the assumption
(2.6.29), this suggests that the irreducible mass M;, = \/1617r of the final
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black hole exceeds the sum of irreducible masses of the initial black holes.
We suppose that all three black holes are Schwarzschild (M = M,,). It
then predicts that the final black-hole mass exceeds the initial one. But
this is nonsense because the total black-hole mass only decreases due to
gravitational radiation losses. We thus see that the choice in (2.6.29) is
untenable.

The next simplest choice for f is

fla) =a, (2.6.30)

with v a constant. If we repeat the above argument for this new f, the
result leads to the conclusion that the final black-hole area must exceed
the total initial black-hole area. But this is true from Hawking’s theorem.
Thus the choice (2.6.30) leads to no contradiction. So, we adopt (2.6.30)
for the moment.

From comparison of (2.6.29) and (2.6.30), the units of v is found as
[length]?. However, no constant with such units exists in classical general
relativity. If we turn to quantum physics in desperation, we observe only
one truly universal constant with the correct units: A~!, that is, the recip-
rocal of the Planck length squared. Thus Bekenstein represented (2.6.28)

as
no
h Y

where 7 is a dimensionless constant, expected to be of order unity. Beken-

Sp = (2.6.31)

stein also proposed this expression earlier from a different point of view
[162]. It is well known [163] that A also appears in the formulas for the
entropy of many thermodynamic systems that are conventionally regarded

as classical, for example, the Boltzmann ideal gas, and the Sackur-Tetrode
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equation [164]. This is a manifestation of the fact that entropy is, in a
sense, a count of states of the system, and the underlying states of any
system are always quantum in nature. It is therefore not totally surprising
that h appears in (2.6.31).

To determine the value of 1, Bekenstein considered that a particle falls
into a Kerr-Newman black hole. As it disappears some information is
lost with it. In subsection 2.6.1, we presented that the loss of one bit of
information before and after the particle with the least information falls

into a black hole, i.e., the increased entropy is
AS =1n2.

In subsection 2.6.2, we presented that when a spherical particle with a
radius as large as the Compton wavelength falls into a black hole, the min-
imum increase of the black hole area is given by (2.6.26). From (2.6.26),

we find the increase of black hole entropy as follows:

df ()

ASp)min = 2h :
(ASpm) o

(2.6.32)

As Bekenstein conjectured this entropy agrees with the loss of one bit of
information (2.6.5). We thus have

df (a)

«

2h = In2. (2.6.33)

In the left-hand side of (2.6.33), the limit as in (2.6.27) can be found only
for a particle with dimension given by its Compton wavelength. Only
such an “elementary particle” may be considered as having no internal
structure. One can thus consider that the loss of information associated

with the loss of such a particle should be minimum. When (2.6.33) is
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integrated over «, one finds

1 «
=|=-In2) —. 2.6.34
o) = (52) (2:6.34)
From (2.6.30), we have the black hole entropy
Spir = (21n2) 2 (2.6.35)
BH = {5 n B 0.
which is of the same form as (2.6.31).
Bekenstein showed the dependence of the black hole entropy Sy on
the black hole area o from the above discussion, and expressed the black

hole entropy, using some conjectures, in conventional units by

1 ]CBC3
SBH = (5 In 2) 47ThGA7 (2636)

The relation

L no
=—In
=3

is obtained from the assumption that the smallest possible radius of a
particle is precisely equal to its Compton-wavelength whereas the actual
radius is not so sharply defined. Moreover, an amount of information
of such a particle might be more than In2. This is because the particle
has information for the mass and the radius. According to the current

understanding, the black hole entropy is given by

. 1]{7303
4 hG

Spn A. (2.6.37)

We notice that the value of n in (2.6.37) is slightly different from that
in (2.6.36). Nevertheless, Bekenstein mentioned in his paper [153] that it

would be somewhat pretentious to attempt to estimate the precise value of
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the constant { without a full understanding of the quantum reality which
underlies a “classical” black hole. He, surprisingly, already suggested that
the derivation of black hole radiation needs the consideration of quantum
theory.

Bekenstein defined as well a characteristic temperature for a Kerr-

Newman black hole by the relation

1 oS
— = ( BH) , (2.6.38)
TsH oM ) ;o
which is the analog of the thermodynamic relation
1 08
—=|==] . 2.6.39
= (), (2630

By using both (2.6.7) and (2.6.35) in (2.6.38), we can obtain

2h
Thy = — . 2.64
BH 1n2@H (2.6.40)

But Bekenstein did not regard Tzy as the temperature of the black hole.
If a black hole has a temperature, some radiation from the black hole may
emerge. This conflicts with the classical definition of black holes. A black
hole, by definition, can only absorb matter but cannot radiate matter. For

this reason Bekenstein did not suggest that a black hole has a temperature.



Chapter 3

Radiation from Black Holes

In this chapter, we would like to review several previous works on deriving
radiation from black holes. The chapter is arranged as follows. In sec-
tion 3.1, we explain radiation from black holes using Penrose diagram in
the Schwarzschild black hole spacetime. In section 3.2, we review Hawk-
ing’s original derivation of black hole radiation. In section 3.3, we discuss
Unruh radiation briefly. In section 3.4, we describe the Damour-Ruffini
method of deriving Hawking radiation. In section 3.5, we review the null
geodesic method used by Parikh and Wilczek [19] that followed from the
work of Kraus and Wilezek [15, 16, 17]. In section 3.6, we review an al-
ternate method for calculating black hole tunneling that makes use of the

Hamilton-Jacobi equation as an ansatz.

3.1 Hawking Radiation

A black hole cannot radiate but absorb matter in the context of the clas-
sical theory. As proposed by Bekenstein, a black hole has an entropy from

the point of view of information theory. However, there was no suggestion

71
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that a black hole has a temperature. So, the complete correspondence
between black hole physics and thermodynamics could not be obtained.
Nevertheless, Hawking showed that a black hole can radiate its energy
by taking quantum effects into account [2]. Moreover, it was found that
a black hole behaves like a black-body with a certain temperature. The

radiation from the black hole is commonly called Hawking radiation.

F=1 i
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Figure 3.1: Penrose diagram of the maximally extended Schwarzschild spacetime.

One way to understand the origin of the radiation is as follows. Ac-
cording to quantum field theory, it is possible to consider spontaneous
particle-antiparticle pair production near the event horizon of a black hole.

Usually, such a pair annihilates itself very rapidly. However, there may
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happen that one of them—particle or antiparticle—is swallowed by the
black hole before the annihilation such that the other one is free to es-
cape away from the black hole. We illustrate this event in Figure 3.1,
the Penrose diagram of the maximally extended Schwarzschild black hole
spacetime. It can be demonstrated that as a net effect more antiparticles
than particles fall through the horizon towards the singularity. As a re-
sult, an observer outside the black hole, i.e., at the region I of the Figure
3.1, observes a particle flux which seems to come out from the black hole.
In Figure 3.1 the regions I and IV represent spacetime surrounding the
regions II (black hole) and III (white hole), while the regions I and III
are causally separated. Consider that a particle-antiparticle pair is spon-
taneously created near the event horizon H™ of the black hole in region I.
It is then possible that either a particle or an antiparticle is swallowed by
the black hole such that the other one is free to escape to the future null
infinity at J 7.

3.2 Hawking’s Original Derivation

Hawking [2] showed by applying quantum field theory in black hole physics
that black holes radiate matter. Let us consider a free massless scalar

field, for simplicity, which in Minkowski space satisfies the Klein-Gordon

equation

" 0,0,® = 0, (3.2.1)
where @ is a massless Hermitian scalar field, 7, is the Minkowski metric
(2.1.1) and 0, = 3%# is the partial derivative. The ordinary derivative of ¢

is also written as ® ,. We decompose the field into positive and negative
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frequency components
=% (fiai + f;‘aj) , (3.2.2)

where {f;} form a complete orthonormal family of complex valued so-
lutions of the wave equation n*V9,0,f; = 0 which contain only positive
frequencies with respect to the usual Minkowski time coordinate. The op-
erators a; and az are respectively the annihilation and creation operators

for particles in the i-th state. The vacuum state | 0) is defined by
a;|0) =0, forall i, (3.2.3)

i.e., it is the state from which one cannot annihilate any particle. The

orthonormal condition is defined by

pu(fis f7) = % /V (fiOf; — [70u) dx = by, (3.2.4)

V being a suitable closed space.

Let us extend the quantum field theory from Minkowski spacetime to
curved spacetime produced by the intense gravity of a black hole. Physical
laws must hold in any coordinate system. The partial derivative contained
in these laws must be replaced by the covariant derivative in the curved
spacetime, represented by V,® = ®.,. Of course, the covariant derivative
of a scalar field ® is given by V,® = 0,®, while the covariant derivative

of a vector field A, is given by
VA, = 0,4, +T7,Aq,

where I'}, is the Christoffel symbol defined in (2.1.6).
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The Klein-Gordon equation (3.2.1) is thus represented in curved space-
time by
"'V, V, & = 0. (3.2.5)

One cannot decompose the field in curved spacetime into its positive and
negative frequency parts because positive and negative frequencies have
no invariant meaning in curved spacetime. One can however require that
the {f;} and the {f’} together form a complete basis for solutions of the

wave equations with

p(fis [}) = % /E (fiVuff = [V i) dS! = 655, (3.2.6)

where dY stands for an area element and X is called a Cauchy surface
which represents a suitable surface.

Consider a black hole formed by gravitational collapse. In the case of
exactly spherical collapse, the appropriate Penrose diagram is shown in
Fig. 2.9. The Schwarzschild metric is asymptotically flat (the Minkowski
metric) in the past null infinity 7, since r — o0o. Then the field operator
¢, which satisfies the Klein-Gordon equation (3.2.5), can be expanded as

¢ = Z (fiai + fi*al) ; (3.2.7)

where {f;} is a family of solutions of the wave equation g’V ,V,f; = 0,
satisfying the orthonormality conditions (3.2.6), and the surface ¥ is J .
This family of solutions form a complete family on past null infinity J~
and contains only positive frequencies with respect to the canonical affine
parameter on J . Naturally, the operators a; and CLZT are interpreted as the

annihilation and creation operators for ingoing particles i.e. for particles
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at past null infinity J~. The vacuum state at J~ is defined by
a;|0_) = 0. (3.2.8)

The massless field operator ® can also be determined in the region
outside the event horizon by their data on the event horizon and on future

null infinity J*. Thus we can also express ® in the form
o= <pz'bi +pibl + gies + q;‘cj> , (3.2.9)

where {p;} are solutions of the wave equation which can escape to J*
and {¢;} are solutions of the wave equation which cannot escape to J ™
since they are absorbed by the future event horizon H*, i.e., {p;} are zero
at Ht and {¢;} are zero at J. With the positive frequency condition
on {p;}, the operators b; and bl-L can be regarded as the annihilation and
creation operators for outgoing particles, i.e. for particles on J 7, and the
operators ¢; and cj respectively stand for the annihilation and creation
operators at H". The vacua at J ' and H™ are thus defined by

b;|0.) =0, (3.2.10)

cil0ys) = 0. (3.2.11)

It is not clear whether one should impose some positive frequency condition
on {g;}. However, the choice of the {¢;} does not affect the calculation of
the emission of particle to J* since the {¢;} are zero at J+. We would
like to consider particles which start from [, pass through the collapsing

body and can escape to J . We require that {p;} and {p}} are a complete
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orthonormal family satisfying

pl(piapj) - 5 /2/ (pivupj —pjvupi) Ay = 5@] (3212)

The relation (3.2.12) is satisfied even if one uses > which appeared in

z,

Z

Figure 3.2: The volume V is enclosed by surfaces ¥ and >

(3.2.6) instead of X¥'. If the stable surface ¥’ differs from 3, ¥’ can
smoothly intersect with Y at certain points since Y is not parallel to
Y. If V (Fig. 3.2) is the 4-dimensional volume enclosed by these two

surfaces, we obtain by Gauss theorem
p(pi,pj) — ' (pi, p}) = / d'zy/—g V" 0V} —PiV,upi),  (3.2.13)
1%

where g = det(g,,) and y/—g stands for the Jacobian with respect to the

transformation from d*x to d¥. Since
% (pivup; - pjvupi) - vﬂpivup; + pivuvup;

—VEpiV,pi — p; V!V i
= piV*V,p; — p; V'V i,
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by using the Klein-Gordon equation (3.2.5), we find from (3.2.13),
V" (0iVup; — 0 Vupi) =0, (3.2.14)
and also it follows that

p(pi, p;) = ' (pi, p})- (3.2.15)

Thus, p(pi, p;) does not depend on %. It means that if the Gauss theorem
is satisfied, we can freely choose the surface 3 in (3.2.6). The above
discussion is also valid for a scalar field with a mass [165].

A collapsing body will appear in the transitional time between { f;} and
{pi}. Since we do not know the metric inside this region, we do not know
the corresponding solutions. By the analogy of the tunneling effect, {p;}
(which appear at J ) can be expressed as the linear combinations of the
[/} and {f7}:

pi=> (aifi+Bif;), (3.2.16)

J

where «a;; and [;; are proportionality coeflicients. Substituting (3.2.16)
into (3.2.9), we get

o=3" {Z (blaz-j + b}ﬁ;‘;) i+ (bi@-j + b}a;.;.) f} . (3.2.17)
i J J
since {¢;} =0 at J*. Comparing (3.2.17) with (3.2.7), we obtain
a=Y (biaij + b}ﬁ;‘j) , (3.2.18)
J

al =% (b,ﬂij v b}a;‘j) . (3.2.19)

J
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The inverse transformations with respect to b; and bj- are also obtained as

b= (%a] ”aD (3.2.20)

J
b= (%aﬁ ﬁwa]> (3.2.21)
J
These are called the Bogoliubov transformations. Details of this calcula-
tion are in Appendix-D
We have already defined the initial vacuum as in (3.2.8). Operating

the annihilation operator b; on the initial vacuum state |0_), we obtain

bz-|o>=2(%a] ? J) 0)
_Z —B;al|0 (3.2.22)

Since the coeflicients 3;; will not be zero in general, the initial vacuum
state will not appear to be a vacuum state to an observer at J*. Thus
particles are created by the gravitational field and emitted to infinity.
We now determine the number of particles created at J* from the
initial vacuum [0_). The expectation value of the number operator N; =

bl-tbi for the i-th outgoing mode is
N; = (0_|bb;|0_) = > (0_|BiBjaral|0 ). (3.2.23)

j.k
With the commutation relation of the creation-annihilation operators,

given by
[ai,aﬂ =6, (3.2.24)
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the relation (3.2.23) becomes
Ni = B0 =18 (3.2.25)
Ik J

This is the number of particles which propagate to infinity among the par-
ticle pairs created by the vacuum. To find the value, we need to calculate
the coefficients 3;;.

Solving the Klein-Gordon equation (3.2.5), we obtain (see Appendix-E)

Jorim = G0V (0, ), (3.2.26)

Py(r)
wim — ezqum 07 ) 3-2.27
Pui 7”\/% l ( 90) ( )

where Y}, (0, ¢) is the spherical harmonics and f,, stands for f;. The

frequencies w and W’ are eigenvalues given by
iatfw’lm = w’fw/lm, (3.2.28)

z’@tpwlm = wfwlm. (3229)

The advanced time v is an affine parameter at 7, while the retarded
time u is an affine parameter at J . They are defined as in (2.3.10) and
(2.3.11). The solutions f,;, and p.., are obtained by approximating the
Klein-Gordon equation at » — oo. The integration constants F,,(r) and
P,(r) contain a tiny effect depending on r.

By taking a continuous limit in (3.2.16), (3.2.20) and (3.2.25), we obtain

Pu = / (aww’fw’ + wa’f::/) dwl, (3230)
0
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b, = / (aww/aw/ + wa/al,> duw’, (3.2.31)
0
and

Nw:/ | B [ d (3.2.32)
0

where we have dropped indices [ and m since the wave functions with
different indices [ and m are not connected to each other in a spherically
symmetric system. The coefficients «,. and (.. can be evaluated by
performing the Fourier transform in (3.2.30). Substituting (3.2.26) into
(3.2.30) and then multiplying the both sides by ffooo e " dy, we find

/ dve(_iw/”)pw:%r/ duw’
—00 0

Fu(r)
Vor

The second term on the right-hand side vanishes since (w' 4+ w") # 0.

We thus obtain
rvw' o
(O
w V 27TFw/ —00

As for .. , we similarly obtain

7 00 o
B = \;%i dve'™ Vp,,. (3.2.35)

Both (3.2.34) and (3.2.35) contain v and v. The relation of between u and

v can be derived from the following connection condition. We consider the

rv 2mw’

— Bl O(w +w")|, (3.2.33)

dve™"“"p,. (3.2.34)

wave function p,, which reaches J+. When viewed backwards, the wave
function is found to propagate into two groups. The first group pf}), which

will be scattered by the Schwarzschild field outside the collapsing body,



82

event horizon

\ Surfaces of
PASAR _ - constant phases

Figure 3.3: The solution p,, has an infinite number of cycles near the event horizon and
near the surface v = v,,.

will end up on J~ with the same frequency w. The second group pff)

will enter the collapsing body where it will be partly scattered and partly
reflected through the center, eventually emerging to J~. The group pg)
is the part that produces the interesting effect. Since the retarded time
coordinate u is infinite at the horizon, the surfaces of constant phase of
the solution p((f) will pile up near the horizon (Fig. 3.3). An observer on
the collapsing body would see the wave to have a very large blue-shift.

Since its effective frequency was very high, the wave would propagate by
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geometric optics through the centre of the body and out on J~. The

part pff)

would have an infinite number of cycles on J~ just before the
advanced time v = v, where v, is the latest time that a null geodesic could
leave J~, pass through the centre of the body and escape to J* before
being trapped by the event horizon. We can estimate the form of pff) on
J~ near v = v, in the following way. Consider that z is a point on the
event horizon outside the collapsing body. Let (* be a null vector tangent
to the horizon at x and n* be a future-directed null vector at x which is

directed radially inwards. They are normalized so that
Fn, = —1. (3.2.36)

For a very small constant € > 0, the vector —en* will connect the point x
on the event horizon with a nearby null surface of constant retarded time
u and hence with a surface of constant phase of the solution pg). The
vectors [* and n* transport parallelly along the null geodesic v through
x which generates the horizon. The vector —en# always connects the
event horizon with the same surface of constant phase of pg). To find the
relation between ¢ and the phase of pff), we imagine in Fig. 2.8 of chapter
2 that the collapsing body did not exist but one analytically continued
the empty space Schwarzchild solution back to cover the whole Penrose
diagram. Then the pair (I#, n*) can be transported back along to the point
where future and past event horizons intersected so that the vector —en*
would lie along the past event horizon. Let A be the affine parameter
along the past event horizon. The parameter A is such that at the point

of intersection of the two horizons,

daxt
p— —_— 'LL
A=0 and N nt.
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The affine pardameter A is related to the retarded time u on the past

horizon by
A= —Ce™, (3.2.37)

where C' is a constant and « is the surface gravity of the black hole defined
by
V,KF’K" = —k K*

with K* the time translation Killing vector. For a Schwarzchild black

hole, the surface gravity is given by

1

/ﬁ)zm.

(3.2.38)

From (3.2.37) it follows that the vector —en* connects the future event

horizon with the surface of constant phase
w
——(Ine —InC
( )

of the solution pg) . This result also applies to the real spacetime (including

the collapsing body) in the region outside the body. The solution pf),
near the event horizon, will obey the geometric optics approximation as it
passes through the body because its effective frequency will be very high.
Thus, even if we extend the null geodesic v back past the end-point of
the event horizon and out onto J~ at v = v, and parallelly transports
n* along v, the vector —en# will still connect v to a surface of constant

phase of the solution pg).

Since the vector n* on J~ is parallel to the
Killing vector K* which is tangent to the null geodesic generators of J—,

the vector n* is given by
n, = DK", (3.2.39)
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where D is a constant. One finds that pg) is zero for v > v, because the

particle is captured by the black hole and cannot escape to J . Thus, for
v, — v small and positive, the phase of pg) on J~ will be

—=[ln(v, —v) =t D~ n (. (3.2.40)

Then on J~ the wave function pff) ~ 0 for v > v,, while

P w Vg — U
2) Y ex [—z’—ln ( 0 )] for v < v, 3.2.41
P o VT % D ’ (3240

where P, = P,(2M) is the value of the radial function for P, on the past
event horizon in the analytically continued Schwarzchild solution. The
expression for pg) in (3.2.41) is valid only for v, — v small and positive.
The amplitude at earlier advanced times will be different and the frequency
with respect to v will approach the original frequency w.

Performing integrations of both (3.2.34) and (3.2.35), we obtain (see

Appendix-F)

1 , - !
2= frscorc(2)

v W
xI (1 — E) (—iw') 1w/ (3.2.42)
K
B ~ —iall . (3.2.43)

By expressing 60(3, in terms of ozfi)}, from both (3.2.42) and (3.2.43), we
obtain

5533/ _ ein’voe(iw/n—l) ln(—l)a(Q) ) (3244)

ww'’

The factor (—iw')~'*™/% has a logarithmic singularity at ' = 0. We
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(2)

ooy anticlockwise round this singularity and obtain

analytically continue «
B = e ol (3.2.45)

using In(—1) = émw. This relation is valid for the large values of w'.
The total number of particles created at J* in the frequency range w

to w + dw has the averaged value
o0
dw/ dw'| B |-
0

This integral diverges because |Bu| goes like (w')"2 at large w'. Tt is
considered that this infinite total number of created particles corresponds
to a finite steady rate of emission continuing for an infinite time. To

evaluate the finite rate of emission, Hawking defined wave packets p;, by

@) ) (j+1)e _

P, = 52/ e~ 2minw/ep) dy, (3.2.46)
je

where 5 and n are integers, 7 > 0, € > 0. For small ¢ these wave packets

would have frequency je and would be peaked around retarded time u =

2mne~! with width e~'. We can expand {p;,} in terms of {f,}

p) = /0 (agf;) fur + B, fj,) dw'. (3.2.47)

Comparing (3.2.47) with the relation (3.2.46) which is obtained by using
(3.2.27), we find that the proportionality coefficient oy, is given by

1 (J+1)e N
@ == e 2w 0B gy (3.2.48)
\/g je

07
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By substituting (3.2.42) into (3.2.48) for j > ¢ and n > ¢, we obtain
P r (1 B E) 1
27T\/a K cw'

/(j—H)6 exp [z’w” <_27T7”L n log Wl)] A"
je g K

P r (1 iw) sin %52*
T/ w K ) 2vew
2mn

where w = je and 2z = %lnw’ — =% The relation (3.2.45) remains un-

(2) | =

Jnw’

[e

X

, (3.2.49)

changed in these transformations

2 —Tw/kK 2
B2 = e/ 0P|,

(3.2.50)

and the proportionality coefficient |3;,,,| thus behaves as \/§ . The log-
arithmic divergence of the integral can be controlled by an effect of €.
Then, in the wave-packet mode pj,, the expectation value of the number

of particles created and emitted to infinity J~ is given by
N; —/OOW) e’ 3.2.51
in = i | AW’ (3.2.51)
0

To evaluate this we consider the wave-packet p;, propagating backwards
from J*. Until now, we have disregarded the change in the amplitude of
the wave function. Nevertheless, a fraction of the particles would actually
be scattered at the horizon. Consequently, a fraction of the wave packet
with

p(fins [in) =1

as in (3.2.6) will be scattered by the static Schwarzschild field and the
others will enter the collapsing body. The wave packets which reach J+
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would satisfy
p(Pins Pjn) = Ljn <1

where I'j,, is called the gray body factor. Then, the orthonormal condition
(3.2.12) would become

T, = / <|a§f}w,|2 — \Bj(-i{d,\?) du'. (3.2.52)
0

Using (3.2.50) in (3.2.52), we obtain

R Y R | 3.2.53
/O |6]nw’ W exp(%T“)—l ( e )

From (3.2.51) and (3.2.53), we find

F.
Nj, = I— 3.2.54
T exp(E2) — 1 (8:2.54)

. Ignoring the

giving the total number of particles created in the mode pﬁ)

gray body factor, the total number of particles N is given by

1

N = .
exp(%#) — 1

(3.2.55)

As given by the Bose-Einstein statistics in thermodynamics, the total num-

ber of particles for the black body radiation is

—

Ne e 3.2.56
exp(%) —1 ( )

where w is the frequency of the particle and 7' is temperature of the system.

Thus a black hole which has Hawking temperature Tzy, defined by

K
Try = — 3.2.57
BH 27'('7 ( )
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behaves as a black body and the black hole continuously emits radiation.
Here k is the surface gravity of the black hole. It shows that the temper-
ature of the black hole is proportional to its surface gravity, as already
conjectured by the corresponding relationship between black hole physics
and thermodynamics. The black hole entropy Spp is also found from a

thermodynamic consideration:

1
dSpy = ——dM. (3.2.58)
T

On integration (3.2.58) gives

A

where A is the black hole area. It shows that the black hole entropy is
proportional to its area. Since a black hole can radiate matter, it has
temperature and entropy.

From the above analysis Hawking suggested that a black hole can evap-

orate and the temperature of a Schwarzschild black hole is given by

1

- 3.2.60
v (3.2.60)

TBH

which is obtained with £ = ;7 in (3.2.57). This shows that the tem-
perature of the black hole is inversely proportional to its mass. We thus
find that the temperature of the black hole is higher as its mass is smaller
and the temperature is lower as the mass is larger. It is known that the
temperature for a black hole with the solar mass is much lower than the
temperature of the cosmic microwave background (CMB) radiation. Black
holes of this size are absorbing radiation faster than they are emitting it

and so they are increasing their masses. There might be tiny black holes
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in the early universe [166, 167]. If the temperature of a tiny black hole
is higher than the temperature of the CMB radiation, such tiny black
holes would then be radiation-dominated. As this tiny black hole radiates
matter, its mass reduces but the temperature increases. As a result, it
increasingly radiates matter. Thus, it would be expected that the black
hole will evaporate at some point.

Hawking radiation can also be shown to occur in the cases of other black
holes. For a Kerr-Newman black hole, the relation (3.2.55) is extended to

1
N = . 3.2.61
exp[Z(w — mQy — e®py)] — 1 ( )

Here, m is a magnetic quantum number of the emitted matter field, e is
the charge of the matter field, 2y is the angular velocity of the black hole,
®y is the electrical potential of the black hole and s is given by not ﬁ
but by M ag in (2.2.9).

Because the black holes actually have temperature and entropy, the

first law of the black hole physics is written as

dM = TpydSpy + QpdJ + ©xdQ), (3.2.62)
and the second law is given by

ASpy + ASc = A(Spy + S¢) > 0, (3.2.63)

where S¢ is the entropy of the matter outside the black hole. It was
depicted that black holes can radiate by using quantum effects. As was
demonstrated in section 2.4, a part of energy can be extracted from a
rotating black hole by the Penrose process. However, this cannot break

the classical Hawking’s black hole area theorem (2.5.1). On the contrary,
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Hawking radiation decreases the black hole area, and the classical Hawk-
ing’s black hole area theorem is violated [168]. Thus the second law as
given in (3.2.63) needs to be generalized. This consideration was already
carried out by Bekenstein [1, 153] before Hawking’s original paper [2]. The

generalized second law always holds in any physical process.

3.3 Unruh Effect

The Unruh effect is the flat space analog of Hawking’s effect. An observer
who is accelerating with respect to the conventional zero-temperature
Minkowski vacuum state will observe a thermal spectrum of particles, with
a temperature that depends linearly on the magnitude of the acceleration.
The Unruh effect has played a crucial role in our understanding that the
particle content of a field theory is observer dependent. This effect is im-
portant as a way to understand the phenomenon of particle emission from
black holes and cosmological horizons.

As derived in (3.2.57), an observer outside a Schwarzschild black hole

experiences a bath of thermal Hawking radiation of temperature [2, 3]

9

T == 3.3.1
7 (33.1)
because
1 M
/{ = — = — =
am ~ 2

with ry = 2M the Schwarzschild radius. Here g is the local acceleration due
to gravity. In some manner, the background gravitational field interacts
with the quantum fluctuations of the electromagnetic field. It then results
that energy can be transferred to the observer as if he(she) were in an

oven filled with black-body radiation. Naturally, the effect is strong only
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when the background field is strong. An utmost example is that if the
temperature T' ~ 1 MeV or more, virtual electron-positron pairs emerge
from the vacuum into real particles.

Shortly after Hawking’s discovery it was shown by Unruh [9, 169] that
an accelerated observer in a gravity-free environment experiences the same
physics (locally) as an observer at rest in a gravitational field. Thus, in
zero gravity, an accelerated observer should find him(her)self in a thermal

bath of radiation characterized by temperature

a
T=— 3.3.2
o’ ( )

where a is the acceleration in the observer’s instantaneous rest frame.
There are many papers on the subject (see, for instance, [170-179]). A
simple derivation of the temperature Eq.(3.3.2) is given in Appendix-G.
The Unruh effect is radically changing the notion of the vacuum and the
debunking the idea that “particles” are fundamental entities in quantum
field theory.

The existence of Unruh radiation clarifies aspects of the equivalence
between radiation in uniform acceleration and in a uniform gravitational
field. The results of Hawking-Unruh radiation indicate profound conse-
quences for the unification of quantum field theory and general relativ-
ity and initiated intense debates over unresolved questions that are still
actively investigated today. In particular, if black holes are not really
“black,” then question arises regarding the ultimate fate of black holes.
Do they end up with naked singularities, or such occurrences will be pre-
vented by a long-sought fusion of quantum mechanics and general rela-
tivity into a coherent theory of quantum gravity? Furthermore, consider

that a quantum mechanical pure state is dropped into a black hole and
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there results a pure thermal (uncorrelated) radiation. Then how does one
explain the apparent non-unitary evolution of a pure state to a mixed
state?

3.4 Damour-Ruffini Method

In this section we briefly describe the method of calculating black-hole
evaporation, developed by Damour and Ruffini [7] through a generalization
of the classical approach of barrier penetration to curved spaces endowed
with future horizons. This method allows one to recover most directly the
Hawking’s result described in the preceding section.

It had been shown that the total mass-energy of a black hole can have
three components: the irreducible mass, the Coulomb energy, and the ro-
tational energy [140, 141, 160]. The Coulomb and the rotational energy
could be extractable in principle by a set of classical gedanken exper-
iments [180-182]. However, Hawking [2, 3] suggested that by vacuum
polarization processes the irreducible mass of a black hole could be ra-
diated away. Damour and Ruffini [7] developed a treatment of barrier
penetration [183-186], giving a clear understanding of this phenomenon.
They considered (i) a Kerr-Newman geometry endowed with a vacuum
future horizon, (ii) a massive charged scalar field ® fulfilling the covariant
Klein-Gordon equation in that backgroun geometry, and (iii) assumed an-
alyticity properties of the wave function ® in the complexified manifold.
There exist explicit asymptotic expressions for the field ® near the horizon
and at spatial infinity. Physically, inside the horizon, a spacelike Killing
vector & exists, which allows a classical particle as “seen” from infinity to

reach a negative-energy state. This phenomenon allows, in the quantum
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description, an antiparticle to reach positive-energy states. These states
are classically confined in the black hole, but quantum mechanically can
be tunneled out by a wave function “over” the horizon which gives rise
to the creation of a pair: one particle (positive energy) going out and one
antiparticle (negative energy) falling back towards the singularity. Obvi-
ously, this approach only requires the existence of a future horizon and is
totally independent of any dynamical details of the process leading to the
formation of this horizon.

The most general black hole is the Kerr-Newman black hole

Y A
2 _ g2 2 B2 2
ds* = Adfr’ + Xd6 > (dt — asin® 0dyp)
. 29
S”; (72 + a?)dy — adt]?, (3.4.1)

where

A=r*—2Mr+a*+e*=r—r)r—r),

re =M+ /M2 —a?—¢2, ¥ =r?+ad’cos’d.

The parameters M, e, a are respectively the mass, charge, and specific
angular momentum of the black hole. The future event horizon is denoted

by r.. Introducing the tortoise coordinate r,

2 | 2
dr, = = Za dr, (3.4.2)
we have, when r ~ 1, (r > ry),
Dl —ry) (3.4.3)
re~—In(r—r 4.
2K -
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with
o ]_ 7"+—T_
) r2 +a?’

For the case of a Schwarzschild black hole (¢ = 0 = e), the scalar

K (3.4.4)

function @ satisfying the covariant Klein-Gordon equation can be given

by (see Appendix-E)

Ey(r,t)
O, = ———2Y"(0,9). 3.4.5
w T\/m l ( ) ( )
Here, Y;™ is the usual spherical harmonics, while £, is monochromatic in
time. We take w > 0, i.e., a flux of particles at infinity, and treat the flux
of antiparticles as usual by charge conjugation. There exist two linearly

independent solutions just outside the horizon r:

E{i}n _ e—iw(t—i—r*) _ e—iwv7 (346)
and
Egutze—iw(t—r*) _ 62iwr*€—iwu
:(7, . 2M)i4]\/[w67iwv’ (347)

where v(= t + r,) is the advanced Eddington-Finkelstein coordinate, in
which the metric is well behaved and analytic over the whole coordinate
range 0 < r < 400, —00 < v < 400, including r .

Equation (3.4.6) corresponds to a wave purely ingoing on r, and can be
extended inside r < 2M. On the other hand, equation (3.4.7) represents
an outgoing wave which has an infinite number of oscillations as r —
2M and hence cannot be directly extended to the region inside r,. In

the following we use the well-known result of flat-space relativistic wave
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theories and generalize it to analytic curved spaces. The wave function
() describing a particle state (positive frequencies) can be analytically
extended to complex points of the form z = z + 1y if y is in the past cone.
Likewise, for an antiparticle state (negative frequencies) y has to lie in the
future cone.

In Finkelstein coordinates, the vector % is everywhere null and past-
directed. So, the prescription » — r — 0 will give the unique continuation

of (3.4.6) describing an antiparticle state,
P, = N,®%"(r — 2M — i0). (3.4.8)

Introducing the Heaviside step function Y,

1, »>0
Y(r)= T 3.4.9
(r) { 0, <0, ( )
we can write
P, = N,|[Y(r —2M)®2" (r — 2M)
+e ™Y (2M — r) @M (2M — 1)), (3.4.10)

where N, is a normalization factor such that
(P, P,,) = —0(w1 — w2)01,1,0m,m,- (3.4.11)

Since ¢, was already normalized, it follows that

1

.
‘Nw’ _687er_]_

(3.4.12)

In equation (3.4.10) the wave P, has two parts, one is outgoing from

the horizon and another is falling on the singularity (displayed in Fig.
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3.4). The probability flux carried away by this outgoing wave is simply
|N,|?/27 per unit of time. Only a fraction I of this flux will be transmitted
to infinity, where I' is the transmission coefficient of the potential and
centrifugal barrier, and a fraction will be partially back-scattered into the

hole. Using (3.4.12) the outgoing flux of particles at infinity is given as

r
27 (edmMw — 1)

(3.4.13)

per unit of time and per unit range of frequency. This is Hawking’s result
2, 3], obtained in the preceding section.

Figure 3.4 also displays an antiparticle wave of strength
|Nw‘2687er =14+ ‘NW‘Q

with positive energy flux outgoing in the past from the singularity, which
can always be interpreted as a negative-energy flux of antiparticles | N, |?
ingoing in the future toward the singularity.

Let us now consider a scalar field is in the Kerr-Newman geometry.
Using the analogs of the Eddington-Finkelstein coordinates and a cor-
responding gauge transformation for the electromagnetic field, it can be
found that the normalized ingoing wave ® is regular at r, but ®°" con-

tains a factor (r — r, )@ w)/% where & is given by (3.4.4) and
Wo = mS) + €V, (3.4.14)

m being the usual azimuthal quantum number of the particle, € its charge,
and ) and V being respectively the angular velocity and the electric po-
tential of the black hole. Because the vector 9/0r in these coordinates are

still null and past-directed, we can describe an antiparticle by the same
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Figure 3.4: Splitting of the antiparticle state P, into two components in usual Eddington-
Finkkestein coordinates.

prescription as before, r — r — i0. This yields the splitting similar to
demonstrated by (3.4.10):

Py = Ny[Y(r —r)@0"(r —ry)
tem Wl RY () PO, — r)]. (3.4.15)

In the present situation, however, there occur two different situations for

an energy of the wave, w > w, or w < w,.
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For the case w > w,, the norm of ®°"* is positive and its flux is +(2m) 1.

So, one finds |

(w—wo)/k _ 1

=2
|Nw| o e2m

and as usual only a positive fraction I' of this flux is transmitted to infinity
through the combined potential and centrifugal barriers.

For w > w,, the norm of ®°" is negative and its flux is negative as well,
—(2m)~! (antiparticles). So, one gets

1

.
|Nw| o 1 — e2m(w—wo)/K"

We are now in the condition of level crossing [183-186] between the hori-
zon and spatial infinity so that a negative fraction I' of this flux will be
transmitted to infinity.

Thus one observes in both cases a positive flux at infinity (particles)

given by
r

27-(-[627r(w7w0)/n _ 1]

per unit of time and per unit range of frequency.

(3.4.16)

The drastic difference between those two regimes appears clearly if one
considers for the black-hole’s effective temperature the limit /27 — 0.
In the case of the Schwarzschild black hole, the particle creation rate then
goes to zero. In the Kerr-Newman black hole case the rate goes also to

zero if w > w,, but it tends to —I'/27 in the range pu < w < w, [183-186].

3.5 Tunneling Method

In this section we briefly review two basic approaches to model black hole

radiation as a quantum tunneling process. These are the null geodesic
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method [19] and the Hamilton-Jacobi ansatz [35]. The calculation will
demonstrate the tunneling of uncharged scalar particles from general non-
rotating black holes [44].

3.5.1 Null Geodesic Method

We consider the null geodesic method used by Parikh and Wilczek [19]
that followed from the work of Kraus and Wilczek [15, 16, 187]. In this
approach Hawking radiation is regarded as a quantum tunneling process.
The tunneling barrier is created by the outgoing particle itself, whose
trajectory is from the inside of the black hole to the outside, a classically
forbidden process. For this tunneling process, the probability of tunneling
is proportional to the exponential of (negative) two times the imaginary
part of the classical action in the WKB limit. The radius of the black hole
shrinks, on account of energy conservation, as a function of the energy
of the outgoing particle. In response to the motion of the particle, the
horizon shrinks and in this sense the particle creates its own tunneling
barrier.

The Schrodinger equation in the WKB approximation gives a wave

function of the form
O o exp(il /h),

where I is solved along the classically forbidden trajectory and as a result,
I will be complex. Then ®®* is a semi-classical tunneling probability for

the emitted particle and it can be written in the form:
[ oc exp(—2Im 1), (3.5.1)

where h has been set equal to unity. The Hamilton-Jacobi ansatz (dis-
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cussed in the next subsection) also uses this as a starting point of its cal-
culation. However, the Hamilton-Jacobi method applies the WKB approx-
imation to the Klein-Gordon equation instead of the Schrodinger equation.
These two methods thus end up differing in how the action is calculated.

In the null geodesic method the only part of the action contributing an

imaginary term to the final tunneling probability is [ " p.dr, where p, is

the (radial) momentum of the emitted null s-wave. Ot]lfrller contributions to
the action [ are in general terms of the form — [ Edt, [ p,de, and [ ppdf
(known from Hamilton’s principle) and are ignored because they do not
contribute to the final tunneling rate. For a stationary spacetime, the en-
ergy integral simply corresponds to —E't which is entirely real and does not
contribute to the tunneling probability (3.5.1). The angular terms are also
real and hence do not contribute. It is also possible to simply ignore any
effects of the angular terms by assuming that the emitted s-wave is only
moving radially. In this case the angular terms are automatically zero. In-
deed, Kraus and Wilczek solved the most general action for the full system
of the shell and the background completely [15, 16, 187] which provides a

more explicit proof that only [’

n

p-dr contributes to the tunneling rate
as claimed.
The spacetime of a general non-rotating black hole is described by the

metric )

d
ds* = —f(r)dt* + I:") + 7r2d0?, (3.5.2)

which covers a broad range of black hole metrics. Both f(r) and g(r) in
(3.5.2) vanish at the black hole horizon r, (i.e. f(r,) = g(r,) = 0). We
assume that the black hole is non-extremal, that is, the two functions f(r)
and g(r) only have first order zeros at the horizon. In other words, the first

derivatives of these functions exist at the horizon and are non-vanishing
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(i.e. f'(ro) #0, ¢'(ry) #0).
For the null geodesic method the metric must be converted into Painlevé
form [188] so that there will no longer be a singularity at the horizon. This

is easily attained through the transformation:

t—>t—/ 1_ (r) (3.5.3)

’I"

In Painlevé form the metric (3.5.2) becomes

ds® = —f(r)dt* + 2\/f(r)\/<ﬁ — 1) drdt + dr* +r*dQ*.  (3.5.4)

The Painlevé form of the metric is a prerequisite for the null geodesic cal-
culation. This coordinate system also has a number of interesting features
in addition to removing the singularity at the horizon. The metric in this
coordinates has the properties that at any fixed time the spatial geome-
try is flat and at any fixed radius the boundary geometry is the same as
that of the unaltered metric (3.5.2). For the metric (3.5.4) the radial null
geodesics are given by
po L) [il —J1- g(r)} , (3.5.5)
g(r)
where the +(—) sign corresponds to outgoing(ingoing) null geodesics.
In the spherically symmetric case, the emitted particle (corresponding
to the plus sign in (3.4.5)) is taken to be in an outgoing s-wave mode.
Since f’ and ¢’ are both non-zero at the horizon, % is well defined there.

So, 7 = 0 at the horizon. The imaginary part of the action for an outgoing
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s-wave from 7, to roy is given by

Tout Tout Dr
]:/ prdr :/ / dpl.dr, (3.5.6)
Tin Tin 0

where r;, and ry are the respective initial and final radii of the black
hole. The trajectory between these two radii is the barrier through which
the particle must tunnel.

We assume that the total energy of the spacetime was originally M
and that the emitted s-wave has energy w’ < M. Utilizing conservation of
energy to this approximation, the s-wave moves in a background spacetime
of energy M — M — w'. We now evaluate the integral and in this regard,

dH‘

we use Hamilton’s equation 7 = o=|. to switch the integration variable

from momentum to energy (dp, = dTH) This gives

r M—w r
out d outd
1_/ / rdH // " (—dw) (3.5.7)

where dH = —dw' as total energy H = M — ' with M constant. The 7
is implicitly a function of M — «’. In particular, this function is known
for the Schwarzschild case and then the integral in (3.5.7) can be solved
exactly in terms of w [19]. For a Schwarzschild black hole f(r) = g(r) =
(1 —21) and the radial geodesic with the black hole mass M — w’ (i.e.

when background spacetime is reduced in mass by ') is given by

_ (1 _ M) . (3.5.8)

T

Then

[= /Ow / — \/2(?\2 _w,)/r(—dw’), (3.5.9)
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and hence
ImI:Im/ +a4mi(M — W')dw’
0

— L drw (M _ %) . (3.5.10)

The sign is positive since 1y, > rou, because the black hole horizon before
emission is located at r;, = 2M and the black hole horizon after emission
is at rouy = 2(M — w). This was established by Parikh and Wilczek in
their paper [19] by changing the order of integration. Inserting this into

the expression for the semi-classical emission rate (3.5.1), we have
[ ~ exp(—8mw <M — g) = exp(+ASpy), (3.5.11)

where ASpy is the change in Bekenstein-Hawking entropy Spy of the
black hole. Considering the lowest order of w, we find that the expres-
sion reduces to exp(—8mMw) which is the same as the Boltzmann factor
(i.e. exp[—kBLT]) for a particle of energy w at the Hawking Temperature

Ty = = (with kg = 1). The w? correction arises from the physics of

8w M
energy conservation and it (roughly speaking) self-consistently raises the
effective temperature of the hole as it radiates. The exact result must be
correct which can be seen on physical grounds by considering the limit
in which the emitted particle carries away the entire mass and charge of
the black hole (corresponding to the transmutation of the black hole into
an outgoing shell). There can be only one such outgoing state. Further,
there are exp(Spy) states in total. Then statistical mechanics asserts that
the probability of finding a shell containing all of the mass of the black

hole is proportional to exp(—Spg), as above. However, there has been

some question to the validity of the higher order terms of the tunneling
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rate. This is because it has been claimed that the semi-classical tunnel-
ing probability is not invariant under canonical transformations in general
[46]. When only the lowest order of w is used, the resulting Boltzmann
factor is invariant under such canonical transformations.

We now return to the general expression for the action (3.5.7). Per-

forming a series expansion in w, we find

w Tout dr
I = —dw’
/()/,,in f(r,M—w’)( w)
Tout d,r.
=— O(w?
o | s o

Ty
~ ) .5.12
“’/f 7(r,0) (3:5.12)

out

This integral needs to be estimated to proceed any further. Since the
black hole decreases in mass as the s-wave is emitted, ry, > 7o and con-
sequently, the radius of the event horizon decreases. The limits on the
integral indicate that, over the course of the classically forbidden trajec-
tory, the outgoing particle starts from ry, = r,(M) — &, just inside the
initial position of the horizon, and crosses the contracting horizon to ma-
terialize at rou = 7o(M — w) + €, just outside the final position of the
horizon. Here 7,(M) is the location of the event horizon of the original
background spacetime before the emission of particles. We use the nota-
tion 7, for r,(M) in the following. With this generalization, no explicit
knowledge of the total energy or mass is required because r, is simply the
radius of the event horizon before any particle is emitted.

A pole occurs at the horizon where 77 = 0. Having in mind that f'(r,)
and ¢'(r,) are both non-zero at the horizon for a non-extremal black hole,

we find that 1/7 only has a simple pole at the horizon with a residue of
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2 . Therefore the imaginary part of the action becomes

f'(16)g' (ro)
Tm [ MY o) (3.5.13)
m/ = w?). 5.
f(ro)g'(ro)
So, the tunneling probability is
I' ~exp(—2Im 1) = exp[—fBw + O(w?)] (3.5.14)

and the resulting Hawking temperature Ty = 57! is

/ /
Ty = Y (ro)g'(ro). (3.5.15)
A
Obviously, for Schwarzschild black hole the correct result of Ty = ﬁ
follows once again. For the Reissner-Nordstrom black hole, f = ¢g =

1_M+Q_2

< and its non-extremal case is when M 2 > Q% Equation

(3.5.15) yields a temperature of

1 M? — Q)?
2m (M + M2_Q2)2’

Ty (3.5.16)
exactly the same as obtained in [19]. When the horizons do not have a
simple pole, that is, for extremal black holes, the situations need to be

handled separately [44].

3.5.2 Hamilton-Jacobi Ansatz

We now review an alternate method for calculating black hole tunneling
radiation that makes use of the Hamilton-Jacobi equation as an ansatz
[35]. This method ignores the effects of the particle self-gravitation and
is developed by Padmanabhan and his collaborators [26, 27, 28]. In gen-
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eral the method uses the WKB approximation to solve a wave equation.
Kerner and Mann further developed [44] and extended this method to
model fermion particles [60, 67]. The simplest case to model is scalar par-
ticles, and then we need to apply the WKB approximation to the Klein-
Gordon equation. The result, to the lowest order of WKB approximation,
gives a differential equation. This equation can be solved by plugging in
a suitable ansatz, which is chosen by using the symmetries of the space-
time to assume separability. After inserting a suitable ansatz, the resulting
equation can be integrated along the classically forbidden trajectory, which
starts inside the horizon and finishes at the outside observer (usually at
infinity). Because this trajectory is classically forbidden, the equation
must have a simple pole located at the horizon. Then it is necessary to
apply the method of complex path analysis and deflect the path around
the pole. Since we are only concerned with calculating the semi-classical
tunneling probability, we need to multiply the resulting wave equation by
its complex conjugate. Therefore the portion of the trajectory that starts
outside the black hole and continues to the observer will not contribute to
the final tunneling probability and can be safely ignored. Thus the only
part of the wave equation that contributes to the tunneling probability is
the contour around the black hole horizon. A visual representation of the
deformation of the contour is displayed in Figure 3.5.

We consider a general (non-extremal) black hole metric of the form

dr? S
ds* = —f(r)dt* + Fi) + C(r)hjdz'dx’. (3.5.17)

The Klein-Gordon equation for a scalar field & is

m?

8" 0,0,® — 5 = 0. (3.5.18)
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Using the WKB approximation by assuming an ansatz of the form
®(t,r,2") = exp %I(t, ro') + I(t,r,2") + O(h) (3.5.19)

and inserting this into the Klein-Gordon equation, the Hamilton-Jacobi

equation to the lowest order in A is obtained as

— [¢"0,10,1 +m*] + O(h) = 0. (3.5.20)
Also o
T o |2 = exp (—QTm> . (3.5.21)

For the Hamilton-Jacobi ansatz it is common [35] to skip these early steps.
So, we simply start a calculation by assuming that the classically forbidden

trajectory from inside to outside the horizon is given by
[' o exp(—21Im 1), (3.5.22)

setting h = 1. The classical action [ satisfies the relativistic Hamilton-

Jacobi equation
g9, 10,1 +m?* =0, (3.5.23)

which for the black hole metric is explicitly

(??32 b 90O + A 0,10,1 + i = . (3.5.24)

C(r)
Its solution can be put in the form

[=—-FEt+W(r)+J@') + K, (3.5.25)



109

where
ol =—FE, 0.1= W’(r), o1 = J;, (3.5.26)

and K and J;’s are constants (K can be complex). Since 0; is the timelike
killing vector for this coordinate system, F is detected as the energy of
the particle by an observer at infinity. This is because the norm of the
timelike killing vector 0; at infinity is (minus) unity. Solving for W (r) we

obtain

dr 2 f(r) [ m? h9Jid;
Wi(r)j:/m\/E f()( +0(7~)>’ (3.5.27)

since the equation was quadratic in terms of W (r). The solution W corre-

sponds to scalar particles moving away from the black hole (i.e. outgoing),
while the other solution W_ corresponds to particles moving toward the
black hole (i.e. incoming). The action can only get imaginary parts due to
the pole at the horizon or from the imaginary part of K. The probabilities

of crossing the horizon in each direction are proportional to
Probfout] oc exp[—2h ' Im I] = exp[—2h *(Im W, + Im K)], (3.5.28)

Prob[in] oc exp[—2h ' Im I] = exp[-2A '(ImW_ + Im K)].  (3.5.29)

If the probability is normalized, any incoming particles crossing the hori-
zon have a 100% chance of entering the black hole. For this it is necessary
to set Im K = — Im W_ and since W, = —W_ this implies that the prob-
ability of a particle tunneling from inside to outside the horizon is given
by

' oc exp|—4 Im W, ], (3.5.30)

setting h = 1. Omne may start with an ansatz for the action that does
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not contain the constant K. In that case it is necessary to take a ratio of
(3.5.28) and (3.5.29) to have the correct tunneling rate (3.5.30).

We now integrate (3.5.27) for W, around the pole at the horizon. In
order to get the correct result, it is important to parameterize in terms of
the proper spatial distance [35]. For the null-geodesic method the Painlevé
coordinate r was the proper spatial distance. In this case the proper spatial

distance between any two points at some fixed ¢ is given by

e

do g(r)

Like the null geodesic method we are only concerned with radial rays. So,

the only proper spatial distance we are concerned with is radial

_dr

do” . 3.5.32
g(r) : )
Using the near horizon approximation,
flr)y = fro)(r—re) + -
gr) =g (ro)(r —mry) +--- (3.5.33)
we find the proper radial distance as
d —lo
0:/ (r) oV —To (3.5.34)
Valr) Vg

Hence, for particles emitted radially, we obtain

— 1 d_f 2 _ 24y (p m2 M
W—i—(g) T /g/(ro)f/(ro)/ £ \/E 5 g( o)f( 0) < + C(T0> >7

(3.5.35)
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where we have conveniently set ¢ = o¢/2. Performing the integration

Outing Contour sy

fa

A 4

A 4

Incoming Contour i

® ” .
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Final Tunneling Does Not Contribute to
Probability Final Tunneling Probability

| | |
1< P ral

Figure 3.5: Diagram of contours between black hole and observer for outgoing and in-
coming trajectories

around the pole at the horizon and dropping the 4+ subscript from W, we

obtain -
W= . (3.5.36)

vV f'(ro)g' (ro)




112

This results in a tunneling probability given by

4
['=exp |- A (3.5.37)
f'(ro)g'(ro)
and yields the usual Hawking temperature
/ /
Ty = YIS (ro). (3.5.38)
AT

However, the correct Hawking temperature can be derived by parameter-
izing the outgoing probability in terms of the proper radial distance and

ignoring the incoming probability [35, 44].



Chapter 4

Charged Particles’ Hawking
Radiation via Tunneling of both

Horizons from
Reissner-Nordstrom-Taub-NUT
Black Holes

In some recent derivations thermal characters of the inner horizon have
been employed; however, the understanding of possible role that may play
the inner horizons of black holes in black hole thermodynamics is still
somewhat incomplete. Motivated by this problem we investigate Hawk-
ing radiation of the Reissner-Nordstrém-Taub-NUT (RNTN) black hole
by considering thermal characters of both the outer and inner horizons
[83]. The work is presented in this chapter. We apply Damour-Ruffini
method and the thin film brick wall model to calculate the temperature
and the entropy of the inner horizon of the RNTN black hole. The inner

113
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horizon admits thermal character with positive temperature and entropy
proportional to its area, and it thus may contribute to the total entropy
of the black hole in the context of Nernst theorem. Considering conserva-
tions of energy and charge and the back-reaction of emitting particles to
the spacetime, the emission spectra are obtained for both the inner and
outer horizons. The total emission rate is the product of the emission rates
of the inner and outer horizons, and it deviates from the purely thermal
spectrum and can bring some information out. Thus, the result can be
treated as an explanation to the information loss paradox.

The chapter is structured as follows. In the section 4.1, we present
an introduction concerning the work of this chapter. In section 4.2, we
calculate the temperature of inner horizon and point out that there exists
a quantum effect, “Hawking absorption,” at the inner horizon. In section
4.3, we redefine the entropy of the black hole and show that the redefined
entropy satisfies the Nernst theorem. We derive the Bekenstein-Smarr
formula using the inner horizon parameters, which shows that the first
law of black hole thermodynamics is also tenable at the inner horizon.
In section 4.4, considering conservation of energy and charge and taking
into account the particles’ back-reaction, we investigate tunneling effect
including the inner horizon of the RN'TN black hole. The result shows that
the total tunneling rate is in agreement with the Parikhs standard result
and there is no loss of information. Finally, in section 4.5, we present our

concluding remarks.
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4.1 Introduction

The signifying discovery of Stephen Hawking (reviewed in chapter 3) that
quantum mechanically black holes radiate thermal radiation with a spec-
trum similar to that of a black body. This initiated a great development
in the research of black hole thermodynamics. Since Hawking radiation is
an exact thermal spectrum [5], there arise two obvious disputes: the first
is information loss, which states that the black-hole radiation does not
take any information of an inner matter of the black hole. Thus all infor-
mation including unitary property will be lost by a vaporized black hole.
It means that the pure quantum state will decay to a mixed state. The
second dispute is regarding the reaction of the radiation to the spacetime.
When the black hole produces Hawking radiation, the state parameters
(energy and charge) describing the black hole will fluctuate. This effect
was not considered in the past. Hawking derived the black-hole radiation
as purely thermal spectrum only under the condition that the spacetime
is invariable.

Till now there have been proposed at least three kinds of methods to
resolve the two problems, two of which are the semi-classical approach
proposed by Parikh and Wilczek (reviewed in subsection 3.5.1), and the
Hamilton-Jacobi method (reviewed in subsection 3.5.2 of chapter 3). In
addition, using the Damour-Ruffini method (reviewed in section 3.4 of
chapter 3), Liu has proposed a new method [71] to investigate Hawking
radiation of massive Klein-Gorden particles from a Reissner-Nordstrom
black hole. It leads to the same terminations as the previous works, when
conservation of energy and the particles’ back-reaction are taken into con-

sideration.
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Figure 4.1: Maximally extended Reissner-Nordstrom spacetime.

As illustrated in Fig. 3.1 (in chapter 3) for the Schwarzschild black hole
case, an observer outside the hole observes a particle flux which seems to
come out from the black hole. Like the event horizon of a Schwarzschild
black hole, the outer horizon of a Reissner-Nordstrom black hole radiates.
However, it is interesting to see what kind of processes is predicted by
the virtual pair production mechanism if one looks at the inner horizon

of the Reissner-Nordstrom black hole. Think of a maximally extended
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Reissner-Nordstrom spacetime (see Fig. 4.1). It is obvious that the causal
relationship between the regions V' and IV’ is analogous to that between
the regions I and II, respectively. Hence, as shown in the Fig. 4.1, a virtual
particle-antiparticle pair which grows very close to the inner horizon r =
r_ in the region V' can avoid annihilation if either the particle or the
antiparticle falls into the region IV’ and the other one remains in V'
Thus the pair production mechanism indicates that the inner horizon does
radiate and this radiation is directed inwards, i.e., towards the singularity.
Nevertheless, this does not provide any information about the radiation
itself. It remains unclear whether the inner horizon radiates particles or
antiparticles.

Using analytic continuation of the Klein-Gordon field, Wu and Cai
[84, 85, 86] have performed explicit calculation considering the radiation of
the inner horizons. Their analysis gives for the inner horizon the negative
temperature which seems to contradict the general attitude towards the
black hole thermodynamics [189, 190, 191, 192] and the very foundations of
thermodynamics itself. So, the true nature of the inner horizon radiation
is still somewhat unclear.

In Ref. [87] Peltola and Mikeld have found creation of virtual particle-
antiparticle pairs at the inner horizon of a maximally extended Reissner-
Nordstrom spacetime such that real particles with positive energy and
temperature are emitted towards the singularity from the inner horizon
and antiparticles with negative energy are radiated away from the singular-
ity through the inner horizon. If the backscattering effects are neglected,
these antiparticles emitted away from the singularity by the inner hori-
zon will go through the intermediate region between the horizons of the

maximally extended Reissner-Nordstrom spacetime, and finally they will
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come out of the white hole—at least when the black hole is almost ex-
treme. Thus, there is found a new effect for maximally extended Reissner-
Nordstrom spacetimes which is called “white hole radiation”. The energy
spectrum of the antiparticles leads to a positive temperature for the white
hole horizon. So, in addition to the radiation effects of black hole horizons,
the white hole horizon radiates. The quantum effect at the outer horizon
causes the black hole radiation, whereas the white hole radiation is caused
by the quantum effects at the inner horizon of the Reissner-Nordstrom
black hole.

There is still no complete knowledge of understanding the possible role
that plays the black hole’s inner horizon in the black hole thermodynamics.
As suggested by Bekenstein, the entropy of a black hole is proportional
to the area of its event horizon surface [1, 2]. The temperature of the
black hole is described by the surface gravity of the event horizon [151].
There is an open problem on black hole entropy [73, 74, 75]. The Nernst
formulation of the third law of ordinary thermodynamics (often referred to
as the Nernst theorem) demands that the entropy of a system must vanish
as its temperature goes to zero. This assertion is commonly believed to be
a fundamental law of thermodynamics. But the entropy of a black hole is
non-vanishing as its temperature goes to absolute zero [76, 77].

As studied in [78] the inner horizon can have thermal character and
the thermodynamics system of the black hole then is composed of two
subsystems: the outer horizon and the inner horizon. The work of this
chapter is to show that the tunneling effect of the inner horizon might
have to be taken into account as there exists thermal characters of the
inner horizon. Recently, Ren investigated thermodynamics properties of

the inner horizon of a Kerr-Newman black hole [81] and tunneling effect
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of two horizons from a Reissner-Nordstréom black hole [82]. The result is
in agreement with Parikh’s work and shows no loss of information.

In this chapter we calculate, following Liu’s method [71] which is based
on the Damour-Ruffini method (reviewed in section 3.4 of chapter 3), the
temperature of the inner horizon of the Reissner-Nordstrom-Taub-NUT
black hole which is the Reissner-Nordstrom black hole generalized with
the NUT parameter and prove the existence of thermal characters of the
inner horizon. Like the RN black hole [82, 87] the radiation emitted by the
inner horizon of the RNTN black hole is directed towards the singularity
r = 0 and the observer at rest with respect to the inner horizon must be
situated inside the two-sphere » = r_. Hence, the roles of the ingoing and
the outcoming modes interchange. The inner horizon emits particles inside
the inner horizon with a positive temperature. When real particles with
energy w are emitted towards the singularity from the inner horizon, it is
necessary to maintain a local energy balance that antiparticles with energy
—w are emitted away from the singularity through the inner horizon. The
process is analogous to the one which takes place at the outer horizon
according to the Hawking effect—at the outer horizon antiparticles go in
and particles come out. This is true at the inner horizon as well. The
real particle remains inside the inner horizon and finally meets with the
singularity, while the antiparticle enters the intermediate region between
the horizons. One may speculate on the possibility that it travels across
the intermediate region and finally comes out from the white hole horizon,
if the backscattering effects are neglected. However, the situation is quite
complicated because the vacuum states corresponding to a freely falling
observer near the inner horizon of the black hole and the white hole horizon

are completely different. The analysis in [87] predicts that not only does
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the black hole horizon emit thermal radiation with a black body spectrum
but thermal radiation is emitted by the white hole horizon as well. Thus
outside the black hole there exists two simultaneous radiation processes:
the normal black hole radiation, and the “white hole radiation” which is
caused by the pair creation effects at the inner horizon. The white hole
radiation contains only antiparticles with negative energy and this may be
understood as an absorption of energy by the white hole horizon. However,
this feature contradicts with the classical results in a similar way as does
the evaporation process at black hole horizons.

The RNTN spacetime is stationary and the Killing vector field (0/0t)?
is time-like in both the regions outside the outer horizon and inside the
inner horizon. Thus the surface gravity on the inner horizon can be well
defined. Further, the entropy of the inner horizon is also proportional
to its area. We calculate the inner horizon entropy by applying thin film
brick wall model [88] which is based on the brick wall model proposed by ’t
Hooft [89]. The entropy obtained for the inner horizon is also proportional
to its area and the cut-off factor is 905, which is same as in the calculation
of the entropy of the outer horizon. The entropy of the RNTN black hole
should include the contributions of both the outer and inner horizons.
The redefined entropy vanishes as the temperature of the RNTN black
hole approaches zero and thus the Nernst theorem is satisfied.

The RNTN black hole has the metric [193]

ds* = —A(dt + Qdp)? + A dr?

+(r? 4+ n?)(d6* + sin® §d¢?), (4.1.1)
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where
A r2 —2Mr + Q* — n? _ (r—ry)(r—r)
r2 + n? r2 4+ n? ’
Q = 2n coS 6 + Ql: Q2 = Zl + Qrznaga
r? —n? 2Qnr
el — 5 . o) mag — o o- 412
Qe Qr2+n2 Qg r2 4+ n? ( )
The horizons of the black hole are located at
re =M+ /M2 4 n2— Q2 (4.1.3)

The electric and magnetic potentials associated with this metric are re-
spectively given by
Qr Qn

Vi=——"— and V= ——

(4.1.4)

while the associated electromagnetic field is

2 2

rr—n
2)2

2Qnr .
Tin (dt + Qdp) A dr + S 0do N de. (4.1.5)
Here, M is the mass, () the electric charge, ()mss the magnetic charge,

/n/2

F=Q

and n the NUT (gravitational monopole) charge of the black hole. The
NUT charge plays the role of a magnetic mass by inducing a topology in
the Euclidean section at infinity that is a Hopf fibration of a circle over a 2-
sphere. In a recent work [194], the NUT parameter has been interpreted as
generating a “rotational effect”. The constant {2’ is set equal to —2n (2n)
to make the half-axis § = 0 (0 = 7) explicitly regular, leaving the other
half-axis—the Misner string—singular, since dy is not a well-behaved one-
form at # = o, w. Because changing €)' from —2n to 2n can be reproduced

by changing the time coordinate from ¢ to t' = t — 4nyp, both half-axes can



122

be made regular. This is because of closed timelike curves since it requires
that both ¢ and ¢ should be periodic with period 8mn. The spacetime
of the metric (4.1.1) is asymptotically flat and its axial-symmetry is not
caused by the rotation of the black hole.

The RNTN metric (4.1.1) is Kerr-Newman-like in regard to that it has
a crossed spacetime metric component g;, which generates gravimagnetic
effects. In the Kerr-Newman metric the cross term breaks spherical sym-
metry and produces an ergosphere and frame dragging. On the contrary,
the cross term in (4.1.1) does not generate ergosphere, but it produces
an effect analogous to the dragging of inertial frames. It is interesting
that the metric (4.1.1) represents (i) the Taub-NUT black hole for @ = 0;
(ii) the magnetically charged RN black hole [195] for n = 0, Qo = 0,
0 < Qmag < M; (iil) the generic RN black hole for n = 0, Quag = 0,
0 < Qa < M; (iv) the extremal RN black hole for Q = M, n = 0; and (v)
the Schwarzschild black hole for () = 0, n = 0. The extremely charged RN
black hole represent an extreme limit in the context of the cosmic censor-
ship hypothesis. Because the body with charge equal to higher than the
extremal value is undressed by the event horizon and produces a naked
singularity [152, 196]. If the horizon is sufficiently small, the magnetically
charged RN solution develops a classical instability in the context of spon-
taneously broken gauge theories, which has significant implications for the
evolution of a magnetically charged black hole [195]. It leads, in partic-
ular, to the possibility of evaporating a black hole completely, leaving in
its place a nonsingular magnetic monopole. The magnetic monopole hy-
pothesis was propounded by Dirac [197] relatively long ago. The ingenious
suggestion by Dirac that magnetic monopole does exist in nature, but it

was neglected due to the failure to detect such objects. In recent years, the
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development of gauge theories has shed new light on it and the string the-
ory [107] also admits the existence of such objects. The Taub-NUT black
hole plays an important role in the conceptional development of general
relativity and in the construction of brane solutions in string theory and
M-theory [198, 199, 200]. As “a counter example to almost anything” [96],
the Taub-NUT spacetime has been of particular interest in recent years.
It plays the role in furthering our understanding of the AdS/CFT corre-
spondence [44, 93, 94, 95]. The existence of the closed time-like geodesics
violates the causality condition. The half-closed time-like geodesics in
Taub area can be explored in NUT area, so the naked singularity exists.
Meanwhile, its angular velocity is zero and no super-radiation occurs at
the event horizon. Hawking radiation from the Taub-NUT black hole has
been investigated in [201] and the result is in accordance with Parikh and

Wilczek’s opinion.

4.2 Temperature of Inner Horizon

The metric (4.1.1) admits a timelike Killing vector field £#. Hence, from
the definition of the surface gravity [152]

1
K = —§(V“xb)(vaxb)

PR (,/ 8 @> , (4.2.1)
2 — 8t dr Horizon

we obtain [152, 196]
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which gives the surface gravity of the outer horizon,

ry —T-

R (4.2.2)

Ry =
Since (%)“ is a time-like Killing vector field in the region r < r_, (4.2.1)

is suitable to the surface gravity of the inner horizon x_ and we obtain

ry —T-
= ——. 4.2.3
T TR0 Y (4.2.3)

The surface gravity of the inner horizon x_ is negative, since it is directed
to the singularity, not to the horizon, opposite to k. which is directed to
the outer horizon. The outer horizon of the RNTN black hole is a future
horizon for the observer outside the hole » > r,, while the inner horizon
is a “past horizon” for the observer inside the hole r < r_. This means
that the inner horizon is a horizon of a white hole for the observer in the
region r < r_. Because the physical process near the white holes is a
time reversal of the physical process near the black holes, we can expect
“Hawking absorption” for the white hole as one expects Hawking radiation

for the black hole.

Based on the metric (4.1.1), we have

g =—(r+n)A g+ AQ%) /g, g =A,
g22 — ( 2) 1 g33 — —(T2 1+ n2)/g,
g® = (r* +nHQ/g, g=—(r*+n?)*sin?6. (4.2.4)

Substituting (4.2.4) into the Klein-Gordon equation

(O —igA,) [\/__gg/w(au - iqu/)] ¢ = ng), (4.2.5)

-
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where
Qr QQr )
r24+n2’ 777 24 n2

is the four-potential of the electromagnetic field, and ¢ and py are charge

A, =(—
and mass of the KG particle, we obtain

0* 20 0 0 0 0
00 e -~ 2 2\ 11 ¥
{g (" +n )8752 sin? 0 Ot Ay i or [(T e 87“]

1 0 0 1 9? , r2+n?0
+51r105'9 <Sm989) * sin? 0 9p? 2@ A &} ¢
= |:(7’ +n ) Q2 2] (426)

Letting ® = exp(—iwt) Yy, (6, ¢)R(r), we find

i 2 2 11i
dr [(T e dr R(r)
KQ
= [z(l+1)+(r2+n) _K} R(r), (4.2.7)
1 0 0 1 0? 2iwS) 0
— | sing— — > Y (0,
{smeae (Sm 89)+Sin20(9g02+sin2(9(990} nl0:9)
w22
= [za 1) — —— ]Yzm(@,@, (4.2.8)
sin“ 0

where K = (r? + n?)w — qQr.

Introducing the tortoise coordinate transformation

2 2
di——"T" g (4.2.9)
=) =)

1 — 1 —r_
g g (= w ("= w200
2K+ Ty 2|k_| r_
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we have
d r2 +n? d
i — 4.2.11
dr (r—ry)(r—ry)di’ ( )
& 2r(r—ry)(r—r2) =2(r*4+n®)(r— M) d
dr? (r—ry)?(r—r_)? dr
r? + n? 2 @2
+ —,
((7“ — 7y )(r — 7”+)> dr?
(4.2.12)
With these results (4.2.7) transforms into
d? 2rA  d
ﬁR(T) + (7“2—|——T7J2)%R(T)
A 2 2 o K?
Near the horizon, (4.2.13) reduces to
d’R(r
dfg ) + (w — wp)?R(r) = 0, (4.2.14)
where
o — qQr+
0 r¥ +n?

This is the standard form of wave equation on the horizons. Using this
equation Hawking radiation near the outer horizon can be derived. In this
chapter, we are interested in investigating the case near the inner horizon
(r < r_). The solution of (4.2.14) is

R = exp[ti(w — wo)7], (4.2.15)

Considering the time factor, the solutions near the inner horizon r_ are
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given by
U = exp|—iwt £ iwr], (4.2.16)
where

W —Wwo
T.

F=
w

Thus on the inner horizon surface, we have the outgoing and ingoing waves,

respectively, given by

Uu=exp|—iw(t — 7)] = exp[—iwu], (4.2.17)
Uiy =exp|—iw(t + 7))
=exp|—iwu — 2i(w — wy)7], (4.2.18)

where u = t — 7 is the retarded Eddington-Finkelstein coordinate. Since
r — r_ corresponds to 7 — —oo, and 7 — 0 as r — 0, (4.2.17) is just the
outgoing wave emitted by the inner horizon, while (4.2.18) represents the

ingoing wave to the inner horizon. Obviously, as r — r_,

1
r~—In(r_ —r). (4.2.19)

2K_

Hence, the ingoing wave is written as
Ui (r < r_) = e Wi(r_ — ) iwwo)/r- (4.2.20)

which is singular at » = r_. We take this singularity as the center of a
circle with radius |[r—r_|. By analytical continuation rotating —m along the
upper-half in the complex r-plane, into the “one-way membrane” region

between the inner and outer horizons, we have

(ro—r)=|r_—rle™ =(r—r_)e ™. (4.2.21)
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Thus, V¥;, in the region r_ < r < r, can be written as
Ui (r > 1) = W] e mwmwo)/r (4.2.22)
where

\P{nzefiwu(r . T,_)—i(w—wg)/n_

= lwug—Aiw—wo)", (4.2.23)

Using the works of Damour and Ruffini [7] and Sannan [202], it is possible
to calculate the emission rate at the inner horizon. The total ingoing wave

function can be written in the form

U=N,[Y(r- —r)Uulr<r)+Y(r—r )V (r>r)], (4.2.24)
where
1, >0,
Y(r) = (4.2.25)
0, r<0.

The normalization condition
(U, W) = N2(1 4 e w0)/T-) = 41 (4.2.26)

shows that the inner horizon absorbs thermal radiation from the region
r < r_. The thermal spectrum and temperature of this radiation are,

respectively, given by

N? = = (4.2.27)

(4.2.28)
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The temperature of the inner horizon is positive and is in agreement with
the findings of Refs. [189, 190, 191, 192]. Thus there exists some thermal
radiation from the region » < r_ to the inner horizon with temperature
T_. This thermal radiation is absorbed by the inner horizon and the
corresponding quantum effect is named “Hawking absorption” [203, 204].
Similar as the outer horizon of the black hole is in thermal equilibrium with
the thermal radiation outside the black hole, the inner horizon is in thermal
equilibrium with the thermal radiation inside the inner horizon. The inner
horizon absorbs thermal radiation at temperature 7_, and at the same time
it emits thermal radiation at temperature 7_. Thus, the inner horizon is a
thermal system with temperature 7. The radiations of the outer horizon
and the inner horizon are separate and simultaneously ongoing processes in
the spacetime, and an observer situated at the exterior region of the black
hole observes the both types of radiation. Then the most remarkable result
is that, in contrast to common beliefs, the inner horizon is not a passive
spectator but an active participant in the radiation processes [205, 206]
of the RNTN black hole. We can explain Hawking radiation as follows.
The inner horizon absorbs the positive energy particles created near the
singularity. Transiting the “one-way membrane” region r_ < r < r, these
particles arrive at the outer horizon. Being scattered by the outer horizon,
they travel to infinity as Hawking radiation.

In (4.2.27) I'_ symbolizes the tunneling rate at the inner horizon and
is given by

Unlr>r)]?
L= |2y 7 =/ — g 2m(w—wo)/m— 4.2.29
"Pin(r < 7“—)| ’ ( )

The resulting temperature (4.2.28) is in agreement with the statistical

Hawking temperature [75] computed as usual by dividing the surface grav-
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ity by 2. We suppose that the area theorem is also applicable on the inner
horizon as the same as the outer horizon. The area of outer horizon A,

and the area of inner horizon A_ are given by
Ay =+ / Vedody = +4r(ri +n?), (4.2.30)

where g = (r2 +n?)?sin? @ is the determinant of the 2-dimensional metric
on the inner and outer horizons. Since the inner horizon is like the horizon

of a white hole, A_ is defined as minus.

4.3 Inner Horizon Entropy and Bekenstein—Smarr

Formula

We calculate the entropy of the inner horizon by using the thin film brick
wall model [88] which is based on the brick wall model proposed by ’t
Hooft [89]. This model treats the entropy as being associated with the
field in the considered small region, where the local thermal equilibrium
and the statistical laws are valid [207]. Hence, the field outside the horizon
is supposed to be non-zero only in the thin film bordered by r, + ¢ and
r. 4+ e+ 0. Here, €, 6 are positive infinitesimal parameters with ¢ the
ultraviolet cut-off distance and ¢ the thickness of the thin film. One can
work out the entropy of the outer horizon by using this model. Since a
time-like Killing vector field exists in the region r < r_, the field in the
thin film
(ro—e)—(r-—e—9)

can be regarded as non-zero when we calculate the entropy of the inner

horizon.
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Rewriting R(r) as R(r) = %), we obtain from (4.2.7) the following
equation by WKB approximation

o _ (95
= (5)

(r—ry)(r—r2)

(7“2 + n2)2@2
X[w—pgw_fg‘“a”+"“—“#+wy (43.1)
where k, is wave number and
w=(w—qVa).

The constraint of semi-classical quantum condition applied on k, is

r_—e—4
nmw = / k.dr,
r_—¢

where n is a non-negative integer. The free energy F' in the theory of

canonical ensemble is given by
pF = Zln(l — e ),

Considering the states of energy as continuous and transforming summa-

tion into integration, we obtain

> = / dog(@),
0
where g(@) is the density of states, i.e.

g(w) = dz(fv ) ,




132

['(@) is the number of the microscopic states, that is,

— ;nr(@,x) = /d)\%/kr(d} \)dr

where the separation constant A is the angular quantum number which
corresponds to [ in the spherical spacetime case and is given by A = [(I41).

The expression for the free energy can be calculated as follows:

FZ%/OWd@g(w)ln(l—e‘W)
B +00 ~ P((IJ)

dw
/ efo —1
oo ky(r,@,1)
(2 - 4.3.2
/ dw/dr/l—i— 65 1 (4.3.2)

where the upper limit of the integration with respect to [ is taken so that

k2 remains positive, and the lower limit is zero. Using the expression for
k. from (4.3.1) in (4.3.2) and then integrating on [, we obtain
9 [T Ak 2, ,2\3
o2 dw /dr( (r* +n”)

3 J, e —1 r—ry)2(r—r_)?

X [{w2 _ =)= T‘)Mg}] . (4.3.3)

(r2 + n?)

The integration with respect to r is quite difficult. But the thin film brick-
wall model imposes us to take only the free energy of a thin layer near
horizon of a black hole. So, the integration with respect to r must be

limited in the region
r-—e—0<r<r_—ec.

This choice sets the coefficient of u3 to zero, and the integration of (4.3.3)
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with respect to @ results 7¢/(1534). Thus, (4.3.3) reduces to

B — o3 (T’% _|_n2 3 /7’—5—5 dr
=B - ). Gor P
L 2m (12 4?6

4584 (ry —r_)2e(e +0)

F

(4.3.4)

for an observer in » < r_. With the temperature of the inner horizon

_ T
T An(r? +n2) B

we obtain the entropy

S = 28_F
_ 5
2 2
__mretn) 4 (4.3.5)
908 e(e+9)
If we select an appropriate cut-off distance £ and thickness of thin film ¢
to satisfy
)
=90
e(e+9) B,
the entropy of the inner horizon is
1
S_ = Z%L = —7n(r® +n?). (4.3.6)

Because the inner horizon is a horizon of a white hole, the entropy con-
tributed by the inner horizon is chosen negative for the observer outside
the black hole. The entropy is also proportional to the area of the inner
horizon and cut-off is 905 which is same as that in the calculation of the

entropy of the outer horizon.
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The entropy and the temperature of the inner horizon satisfy the fa-

miliar formula % = %:
T dS_ = Ao
- \dM + Va—d@ o7
7“+ — T_
— . 4.3.7
4 (r? + n?) ( )

It implies that the temperature or the entropy of the inner horizon is neg-
ative and another is positive. In several papers before, the entropy was
positive and the temperature was negative. But, there is no clear expla-
nation why the temperature of the inner horizon is negative. Indeed, our
understanding of the essence of the black hole entropy is still incomplete.
However, the negative entropy of the inner horizon can make possible the
entropy of the black hole with two horizons to satisfy the Nernst theorem.

We regard the total entropy of the black hole as the sum of the contri-

butions of the outer and inner horizons [78]:

SBH - S_|_‘|‘S_

= W(ri +n?) —m(r* +n?) = W(Ti —r?). (4.3.8)

Evidently, the redefined entropy of the black hole Spy — 0 as its temper-

ature
7°_|_ — r_

- 4 (r2 + n?)

goes to absolute zero, and consequently, the Nernst theorem is satisfied.

We now obtain the Bekenstein-Smarr formula using the parameters of



the inner horizon. From (4.2.2), (4.2.3) and (4.2.30), we obtain

QVi —2n%ky = 1o = M F /M2 — Q2 + n2,

1
— kAL = /M2 — Q% +n2,
4
where 0
r4
V= —+""—-.
+ r3 + n?
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(4.3.9)

(4.3.10)

From (4.3.9) and (4.3.10), we obtain the Bekenstein-Smarr integral formu-

lae using the parameters of the horizons [78§]
1 2
M = :|:4—Iij:Ai + Vi@ — 2n°k4.
m

Differentiating (4.3.11), we have

1 1
oM = :E—lfi(SAi + <—Ai + 2n2> 5I§)i
47 47

+V30Q + QoVi.

Using

iA Sk — MM B Q@)
qpEE \/MQ—Q2+n2 \/MQ_QQ_l_nQ

VM? Q4 n?

0AL,

Qry 6M+Mri—2Q2+n2

\/M2—Q2+TL2 \/M2—Q2+TL25Q

(4.3.11)

(4.3.12)

(4.3.13)

(4.3.14)
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in (4.3.12), we obtain the differential equation of Bekenstein-Smarr for-

mulae adopting the parameters of the outer horizon
1
(SM = C+8—7T/Q+5A+ -+ CQ_V_F(SQ, (4315)

where

TLQT,
o= (- wtom)

TL2
C, = (1 + —2> , (4.3.16)

T+

and adopting the parameters of the inner horizon
1
oM = —0_8—/4;_(514_ +C'V_6Q, (4.3.17)
T

where

(4.3.18)

In the limit n = 0, (4.3.15) and (4.3.17) reduce to the Reissner-Nordstrém
black hole case. When the temperature and the entropy of the inner
horizon calculated in (4.2.28) and (4.3.6) are substituted in (4.3.17), with
defining " = C_T_ and V_ = C_V_, the result gives

oM =T_6S_ 4+ V_5Q. (4.3.19)

Thus, the first law of black hole thermodynamics is justified.
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4.4 Back-reaction of Radiation

We consider that the emitting particles have back-reaction on the space-
time. When a particle with energy w; and charge ¢; tunnels out of the inner
horizon and then out of the black hole, the mass M and charge () of the
black hole should be replaced by (M — w;) and (@ — ¢;), in consideration

of energy conservation and charge conservation. Then,

I'_; = e Zrwimwai)/rs (4.4.1)
where
Qi(Q - %‘)7“—@'
i z‘/e 7 — )
wo —qg;Vel— 7“24 2
re; = (M —w;) + \/(M —w;)? — (Q — q;)? + n?,
(rei —7—)
Koj = ———t
2(r?, + n?)
_ VM = wi)? = (Q—q)* +n?
(O =) = JOT = = Q= @) + n2) +
(4.4.2)

Considering emission of many particles and thinking that they radiate one

by one, we have
Hr_l = ¢ 2mwimwai) /K. (4.4.3)

If the emission is regarded as a continuous procession, the sum in (4.4.3)

should be replaced by integration

r = —27Tf (dw’ -‘rV/ /KL — 6—27‘r®_ (444)
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where

@a) [ (M —w') - VM == (Q—¢)2+n2)?+n>
O_ = — dw
/<070> { VM=) = (Q—¢) +n

_@- )M —w) — VTP —(Q ¢+ 1) dq,} |
VOI=P = Q=)+
(4.4.5)

To calculate it, we make use of the inner horizon entropy S_ derived in
(4.3.6) and obtain

AS_ = n(r? — )
(M —/M? — @+ n?)’
—((M —w) = V(M —w)? = (Q—q)*+n?)?], (44.6)

:71'[

where

AS =S (M —-—w,Q—q)—S_(M,Q)

is the difference between the entropies of the inner horizon before and after

the emission. Equation (4.4.5) can be calculated out as follow:

1 (@9 (9(AS.) ., O(AS) .,
O-~ _% (0,0) { ow' do” = 8q’ dq }
1 1
— d(AS_) = ——AS_, (4.4.7)
Cor 27

hence, the emitting rate of the inner horizon I'_ is given by

I =eb5, (4.4.8)
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Applying the same method, the emitting rate of the outer horizon is ob-
tained
I, =2, (4.4.9)

Thus, the total tunneling rate is
=T, -T_ =50 (4.4.10)

where Spy = (54 + S_) is the Bekenstein-Hawking entropy of the black
hole, defined in (4.3.8). This result is in agreement with Parikh’s work.
Evidently, the derived emission spectrum actually deviates from pure ther-
mality, and this result is consistent with an underlying unitary theory. To
compare with the thermal spectrum, we expand I' in w and ¢g. Thus, the

total tunneling rate is
[ = e Al +0wa), (4.4.11)

where the leading-order term is the Boltzman factor. The higher-order
terms of w and ¢ generate a deviation from a purely thermal spectrum.
Further, considering the modification idea of the surface gravity and tem-

perature due to one-loop back-reaction effects [58, 208, 209] according to
which

k(M) |+ a  T(M)
ko(M) M2 Ty(M)
for a Schwarzschild black hole, (4.4.11) can be put in the form,
B (w— O(w, q)
D= Plomw) g — [1 — —} , 4.4.12

where 8’ can be treated as an inverse quantum-corrected temperature.
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In quantum mechanics, the emitting rate is obtained by
L(i = f) = |4, (4.4.13)

where |A4;¢|? is the square of the amplitude for the tunneling action. The
phase space factor ¢, is derived by averaging the number n; of microstates
of the initial state and the number n; of microstates of the final state,

that is, 6, = ny/n;. Since S; ~ Inn;, i.e., n; ~e% (j =1, f), then

— %1% = RS, (4.4.14)

Obviously, equation (4.4.14) is consistent with our result. Thus, equation
(4.4.10) satisfies the underlying unitary theory in quantum mechanics and

thereby provides a might explanation to the black hole information puzzle.

4.5 Concluding Remarks

The main concern of this study is to investigate the thermal character of
the inner horizon, redefine the entropy to satisfy the Nernst theorem, and
to derive Hawking radiation via tunneling effect of both inner and outer
horizons from a Reissner-Nordstrom-Taub-NUT black hole. The study is
interesting in the context of black hole physics. We find the inner horizon
temperature as positive by Damour-Ruffini method, and the entropy, by
thin film brick wall model, proportional to the area of the inner horizon.
Since the inner horizon temperature is positive, there is no interpretative
problem concerning the thermodynamical properties of the radiation of the
inner horizon. In addition to the radiation effects of black hole horizons,

also the white hole horizon radiates. The black hole radiation is caused by
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the quantum effects at the outer horizon, whereas the white hole radiation
is caused by the quantum effects at the inner horizon of the RNTN black
hole.

The inner horizon emits particles inside the inner horizon with a posi-
tive temperature has a most important consequence. When real particles
with energy w are emitted towards the singularity from the inner horizon,
it is necessary for a local energy balance that antiparticles with energy
—w are emitted away from the singularity through the inner horizon. The
process is analogous to the one which, according to the Hawking effect,
takes place at the outer horizon of the RNTN black hole— at the outer
horizon antiparticles go in and particles come out. Thus, in contrast to
common beliefs, the inner horizon is not a passive spectator but an active
participant in the radiation processes of the black hole. The radiations
of the outer horizon (i.e., black hole horizon) and the inner horizon (i.e.,
white hole horizon) are separate and simultaneously ongoing processes in
the spacetime, and an observer situated at the exterior region of the black
hole observes the both types of radiation. The emission of antiparticles out
of the white hole, in turn, may be understood as an absorption of energy
by the white hole horizon. As no energy may be absorbed classically by
the white hole horizon, this feature contradicts with the classical results
in the same way as does the evaporation process at black hole horizons.

As (4.3.7) suggests, the temperature or the entropy of the inner horizon
is negative and another is positive. The positive temperature implies that
the inner horizon entropy is negative. It is not clear why the inner horizon
entropy is negative. In fact, our understanding of the essence of the black
hole entropy is still incomplete. However, the negative entropy of the inner

horizon can make possible the entropy of the black hole with two horizons
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to satisfy the Nernst theorem. In our study the emission process satisfies

the law of black hole thermodynamics,

dM + VadQ
- _

ds,

which is only reliable for the reversible process; for an irreversible process,

dM + Vigd
> i 1Q.

ds T

The emission process in this analyze is thus an reversible one. In this
picture, by the process of entropy flux, the two horizons and the outside
spacetime approach an thermal equilibrium. As the black hole radiates,
its entropy decreases but the total entropy of the system remains constant,
and the information is preserved. However, the existence of the negative
heat capacity makes an evaporating black hole a highly unstable system,
and the thermal equilibrium between the black hole and the outside be-
comes unstable (there will exist difference in temperature). The process
is then irreversible and the underlying unitary theory is not satisfied, i.e.,
information does not conserve during the evaporation. Further, our study
is still a semi-classical analysis in which the radiation is treated as point
particles. This type of approximation can only be valid in the low en-
ergy regime. To properly address the information loss problem, a better
understanding of physics at the Planck scale is a necessary prerequisite,
particularly that of the last stages of the endpoint of Hawking evaporation.

The study of this chapter provides in special cases the results for the
two interesting black holes: (i) the Reissner-Nordstrém black hole result
for n = 0, as obtained in [82], and (ii) the Taub-NUT black hole result
for ) = 0. Further, the procedure of this chapter could be applied to
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any black hole with two horizons to obtain Hawking radiation via tun-
neling phenomenon of both horizons. The radiation effect of the inner
horizon has much importance because it supports the idea that all hori-
zons of spacetime emit radiation. In fact, the Hawking radiation relates
the theory of general relativity with quantum field theory and statisti-
cal thermodynamics. It is generally believed that a deeper investigation
of Hawking radiation would facilitate to set up a satisfactory quantum
theory of gravity. So, the Hawking radiation demands intense efforts to
investigate in a broader context. In this regard, the work of this chapter

is interesting.



Chapter 5

Tunneling of Charged Massive

Particles from
Taub-NUT-Reissner-Nordstrom-AdS
Black Holes

In this chapter we apply the null-geodesic method to investigate tunneling
radiation of charged and magnetized massive particles from Taub-NUT-
Reissner-Nordstrom black holes endowed with electric as well as magnetic
charges in Anti-de Sitter (AdS) spaces [90]. The geodesics of charged
massive particle tunneling from the black hole is not lightlike, but can
be determined by the phase velocity. We find that the tunneling rate is
related to the difference of Bekenstein-Hawking entropies of the black hole
before and after the emission of particles. The entropy differs from just
a quarter area at the horizon of black holes with NUT parameter. The

emission spectrum is not precisely thermal anymore and the deviation from

144
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the precisely thermal spectrum can bring some information out, which can
be treated as an explanation to the information loss paradox. The result
can also be treated as a quantum-corrected radiation temperature, which
is dependent on the black hole background and the radiation particle’s
energy and charges.

The organization of this chapter is as follows. In the section 7.1, we
present an introduction relating the work of this chapter. In section 7.2,
we express the TNRN-AdS black hole spacetime in Painlevé coordinate
system, and obtain the radial geodesic equation of a charged and mag-
netized massive particle. In section 7.3, we use null geodesics method
to analyze tunneling radiation and present results for the Schwarzschild-
AdS, TN-AdS, RN-AdS, and TNRN-AdS black holes. Finally, we give our

concluding remarks in section 7.4.

5.1 Introduction

Hawking’s discovery, reviewed in chapter 3, that the collapsing black hole,
at late times, radiates particles in all modes of the quantum field, with
characteristic thermal spectrum as a strict black-body spectrum. This
finding has positive implication in understanding and investigating star
evolution. It promotes our knowledge of the black-hole thermodynamics.

When a negative energy antiparticle is absorbed, the black hole mass
decreases, while temperature and charge potential increase. Then the
black hole can spontaneously transfer an amount of heat and charge to
the positive energy particle. As a result, the black hole temperature and
charge potential further increase and further transfer. Acquiring enough

energy the positive energy particle can escape away to infinity as Hawk-



146

ing radiation. This effect results the black hole to shrink. Black hole’s
thermal radiation spectrum subsequently raises two obvious disputes: the
first is information loss. Since the black-body spectrum can provide only
a temperature parameter, the black-hole radiation as an exact black-body
spectrum will not take any information of the black hole inner matter.
Hence, all information including unitary property will be lost by a va-
porized black hole. This implies that the pure quantum state will decay
to a mixed state, violating the established unitary principle in quantum
mechanics. The second is regarding the reaction of the radiation to the
spacetime. When the black hole generates Hawking radiation, the black
holes state parameters (energy and charge) will fluctuate. But this effect
was not considered in the past. The original derivation of Hawking radi-
ation is under the condition that the spacetime is invariable and it leads
to the precisely thermal black-hole radiation spectrum. To address these
two problems, tunneling phenomenon of Hawking radiation is considered
as a more effective technique.

In 2000, Parikh and Wilczek proposed a semi-classical method of mod-
eling Hawking radiation as a tunneling effect. A review work on this
method is presented in subsection 3.5.1 of chapter 3. Recently, Qi [210]
investigated by the null-geodesic method the tunneling radiation of the
massive charged particle from the Reissner-Nordstrom-NUT black hole.
In this chapter we employ the null-geodesic method to analyze tunneling
radiation of charged and magnetized massive particles from Taub-NUT-
Reissner-Nordstrom-AdS (TNRN-AdS) black holes endowed with electric
as well as magnetic charges. The TNRN-AdS black hole is the NUT
charged RN black hole in the AdS space. It reduces in special cases to the
Taub-NUT-AdS and Taub-NUT black holes. The AdS spacetime not only
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is interesting in the context of brane-world scenarios based on the setup of
Randall and Sundrum but also plays leading role in the familiar AdS/CFT
[91] conjecture. By studying thermodynamics of the asymptotically AdS
spacetime, it is possible to get some insights into the thermodynamic be-
havior of some strong coupling CFTs from the correspondence between
the supergravity in asymptotically AdS spacetimes and CFT [92]. On the
other hand, recent developments in string/M theory have greatly stim-
ulated the study of NUT charged black hole phenomena in AdS spaces.
In particular, these black hole backgrounds are interesting in the context
of AdS/CFT conjecture [93, 94, 95] and supergravity. The Taub-NUT
metric plays an important role in the conceptual development of general
relativity. As “counter example to almost anything” [96], the Taub-NUT
spacetime has peculiar character. The entropy of various Taub-NUT black
holes is not proportional to the area of the event horizon and their free
energy can have negative value (93, 95, 97, 98, 99, 100]. The NUT charged
AdS black hole has a boundary metric that has closed timelike curves.
Quantum field theory behaves significantly different in this space. It is
of interest to understand AdS-CFT correspondence in this type of spaces
[101]. The presence of closed timelike curves in the NUT charged AdS
black hole spacetimes can be avoided, if one takes into account the uni-
versal covering of such AdS black hole backgrounds, which is not globally
hyperbolic. In view of the above considerations the TNRN-AdS black hole
deserves investigation in a broader context. The study of this chapter is
interesting in this regard.

Our concern in this chapter is to analyze the basic property of the
TNRN-AdS black hole and investigate quantum tunneling radiation. We
find that the entropy of the TNRN-AdS black hole is not proportional
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to the event horizon area. The obtained result demonstrates that the
radiation spectrum is not strictly thermal and is consistent with under-
lying unitary quantum theory. We also discuss the Schwarzschild-AdS,
Taub-NUT-AdS, and Reissner-Nordstrom-AdS black hole cases, which are
special types of the TNRN-AdS black hole.

5.2 TNRN-AdS Spacetimes in Painlevé coordinate
and Radial Geodesics

The TNRN-AdS black hole spacetime can be expressed by the metric

ds® = —A(dt + Qdp)? + A~ dr?

+(r? + n?)(d6? + sin® 0dy?), (5.2.1)
where
A 7“2—2M7“—2|—Q2+<I)2—n2+r2+5712’
r2 + n? (2
Q =2ncosf + ¢, (5.2.2)

Beside the negative cosmological parameter A = —3/¢?, the metric (5.2.1)
possesses four parameters: the mass parameter M, the NUT parameter n,
the electric charge parameter (), and the magnetic monopole parameter

®. The NUT parameter induces a topology at infinity in the Euclidean
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section that is a Hopf fibration of a circle over a 2-sphere and behaves
like a “magnetic mass.” As interpreted by Aliev [194] the NUT parameter
generates a “rotational effect.” Relatively long ago, Dirac predicted the
existence of the magnetic monopole theoretically, but it was neglected on
account of the failure to detect such object in the following years. In
recent years, however, the development of gauge theories [211, 212] has
shed new light on it and the string theory [107] also admits the existence
of this object. It is thus very interesting and necessary to deal with the
background with magnetic charge. Since dy is not a well-behaved one-
form at § = o, 7, the constant ' is set equal to —2n (2n) to make the
half-axis = 0 (6 = 7) explicitly regular, leaving the other half-axis—the
Misner string—singular. Changing €2’ from —2n to 2n can be reproduced
by changing the time coordinate from ¢ to t’ =t — 4ny; hence, both half-
axes can be made regular. This is due to closed timelike curves since it
requires that both ¢ and ¢’ should be periodic with period 8mn.

The TNRN-AdS metric (5.2.1) represents (i) the Schwarzschild-AdS
black hole for n = Q = ® = 0; (ii) the TN-AdS black hole for Q@ = & =0
and (iii) the RN-AdS black hole for n = 0. The electric potential A, and

the magnetic-like potential B, associated with the metric (5.2.1) can be

written as
Qr
A, = ——"——(dt + Qd
or
B, = — dt + Qdp). 5.2.3
s r2 4 n2( + Qdyp) ( )

The event horizon r, and inter horizon r_ of the black hole are located at
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the real roots of A = 0, which are given, following Ref. [213], as below

ry = %(a +8), (5.2.4)

where

4AM P2
OZZ\/U—€2—677J27 B:\/_u_£2_6n2+ )

07

C46n? | PME— M)
-3 7 (2N2 — M2 — M2)1/3
+HOBRN? = MY — M?)V,

u

N2 = M 4\ (M2 — M2)(M? — M2). (5.2.5)

The two critical mass parameters M. are given by

14
My = 376%(319 —(2) 13 (5.2.6)
where
n= (G0 (= (1+6—”2) ,

12

V=7

{(Q2 +®* —n?) + 5724} . (5.2.7)

Expanding the expressions in (5.2.5) in powers of 1/¢ with M /¢ < 1, we

obtain

2 2M0 _ 2_(1)2 2 1
re = rop — o Mo — @ il +0( ) (5.2.8)

902 ror — M Iz
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where

rox = M £/ M? — Q2 — ®2 + n2. (5.2.9)

It shows that the event horizon lies in the range r_ < r, < r,,. In the
limit ¢ — oo, (5.2.8) gives the horizons of the TNRN black hole. The
metric (5.2.1) describes a naked singularity for M < M, and a black
hole for M > M, where the equality corresponds to an extreme black

hole of radius

Tebh = %(U—C)m-

If we set dp = pdt with

14 dt g3 (r?+n?) sin? 6 — AQ2’

(5.2.10)

the metric (5.2.1) and electrical potential as well as magnetic potential

can be rewritten as follows:

A(r? +n?)sin® 0
2 2 ~1 7.2 2 2\ 102
ds” = (" 1 1n?) sin 0 2dt + A7 dr® + (r* +n”)dd

= Boodt” + gndr® + gapd6”, (5.2.11)
N Qr (12 + n?)sin® 0
Y24 n? (2 4 n2)sin? 0 — AQ2
[6)) 2 2Y o 2(9
B - T (r® +n?) sin (5.2.12)

r24n? (r2 +n?)sin?§ — AQ2’

In order to remove the coordinate singularity at the horizon r,, we make

general Painlevé coordinate transformation [188]

dty = dt + F(r,0)dr + G(r,0)d0, (5.2.13)
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and obtain

d82 = goodtZ + 2 goo(l — gll)dtdr + d?“2
+ [800G(r, 0) + gao] dO* + 2800G (r, 0)dtdd

+2v/800(1 = g11)G(r, 0)drdd, (5.2.14)

where we have set
g1+ 8oo{F(r,0)} =1

and G(r,0) is given by

G(r.0) = / OF(0) 10+ o)
00
with C(#) an arbitrary analytic function of . The +(—) sign in (5.2.14)
denotes the spacetime metric of the charged massive outgoing (ingoing)
particles at the horizon. Since the charged particle’s world-line is sub-
ject to Lorentz forces, it does not follow radial light-like geodesic when
it tunnels across the horizon. We consider the outgoing charged particle
as a massive charged shell which corresponds to de Broglie “s-wave” with

phase velocity v, and group velocity v, satisfying the relationship

. _dr
p—%a
dre
V=20, = d_:" (5.2.15)

where r. denotes the location of the tunneling particle. There occur si-

multaneously two events in different places during the tunneling process:
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one is the particle tunneling into the barrier, and the other is the parti-
cle tunneling out the barrier. Since the tunneling across the barrier is an
instantaneous process and the metric (5.2.14) satisfies Landau’s theory of
the coordinate clock synchronization, the difference of coordinate times of

these two events is

dt = —2%qr., (d0 =0). (5.2.16)
£00

So the phase velocity (the radial geodesics) is

A (r? + n?)sin® 0 2
]

2 ((1 — A)[(r2 + n?)sin? 0 — AQ?

(5.2.17)

In the subsequent section, we discuss the tunneling radiation characteris-

tics of a particle with electric and magnetic charges at the event horizon
of the TNRN-AdS black hole.

5.3 Tunneling Radiation of Charged and Magnetized

Massive Particles

We consider energy conservation, charge conservation, and magnetic con-
servation, when a particle with energy w, charge ¢, and magnet ¢ tunnels
out of the event horizon. Then, after emission of the particle, the mass,
charge, and magnet parameters of the black hole will be replaced by M —w,
Q@ — q, and ® — ¢, respectively. Applying the WKB approximation, the
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tunneling rate is given by
tr
I~e 28 Img = Im/ Ldt, (5.3.1)
t;

where L is the Lagrangian function of the matter-gravity system. When
a particle with electric and magnetic charge tunnels out, the effect of the
electromagnetic field outside the black hole should be taken into account.
So the matter-gravity system consists of the black hole and the electro-
magnetic field outside the black hole. Since the Lagrangian function of

the electromagnetic field corresponding to the generalized coordinates de-

scribed by (5.2.12) is

1 14
_ZF’“WFM :

we can find that the generalized coordinate is an ignorable coordinate. To
eliminate the freedoms, the imaginary part of the action should be written

as

tf
Im S — Im/ L Py Al — PB/B>d

Ty PT,PA/ PB’ d,,,, . .
~ Im / / = [rdP; — APy — BgdPBg} ,
0,0
(5.3.2)

where P,, Py, and Pp are the canonical momentum conjugate to r, A; and
Bj, respectively. The r; and 7 represent the locations of the event horizon
before and after the particle with electric and magnetic charge emission,
and they are often regarded as the two turning points of the tunneling

potential hill. The distance between them depends on the energy, charge
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and magnet of the outgoing particle. According to Hamilton’s canonical

equation of motion, we have

dH
dp,

P =

9

(T;AéaPAi ;B£7PB£)

dH‘(“AQapA%;Bé,PB;&) - d(M _ w)u

dfi

A/
" dPy

Y

(A};B},Pyyir Py)

rsin®0(Q — ¢)d(Q — q)
(12 +n?)sin? 0 — A'Q2’

dH|(a;:8;.Pyyp,) =

dH

dPB{ (Bt P AL Pyr)

rsin? §(® — ¢)d(® — ¢)
(r2 +n?)sin®0 — A/Q2’

B =

Y

AH (5505, P,y) = (5.3.3)

Substituting the above formula into (5.3.2), we have

rf (M—w,Q—q,2—¢

dr
—dH|a;p:,p Ppyir.Py) dH|p1.p,: 2, Py) ]—

(M—-w,Q—q,2—
Im/ / dtﬂ d(M — ")
r

rsin?0(Q—)dQ—q) rsin®0(® — )d(®— )
(r2 + n?)sin? 0 — A2 (r2 +n?)sin?0 — A'Q2 |
(5.3.4)
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where

A,_7“2—2(]\4—@1’)7"4—(Q—(]')Q—F((I)—qb’)z—n2+7“2—|—5n2
N r2 + n? 2

(12 +n?)sin? 0

T ((1 — AN[(r? + n?)sin? 0 — A’QQ]> ' (53.5)

The integral can be evaluated by deforming the contour around the single

pole at r = r/_. Performing the r integral, we obtain
i g g

1 [(M-wQ-q2=¢) 4
ImS:——/ 77, d(M — )
2 S0 AL (')
(Q - q/)ﬂ ! ((I) - ¢,)TQL ! ]
(=2 T d(Q —q) — —————d(P —
7“,3_ _|_ n2 (Q q ) 7”/3_ _|_ n2 ( ¢ )
1 /(qu,aﬁ) A
2 (0,0,0) A,r(ﬂ)
YA d— &y’
x [dw’ Q= %dw] . (5.36)
'+ n? '+ n?

where

A (ry) =0 A=,

and near the horizon

A=(r—ry)d,(r).
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5.3.1 Schwarzschild-AdS Black Hole Case

In this case Q = P =n =0, and

r—2oM 2

A = —
r +€2’

AM?
T+:2M(1— 62 ),

so (5.3.6) reduces to

1 (M= 4g .
ImS——E/M A771(74£r)d(J\4—w)

Y g C LA CTE

v 20—l A o M

_ on /MM_W [Q(M _W) - %M ~ W) d(M — W)

= 2 [96m(M — o) — Spu(M)] = ~3ASp, (537)

where the Bekenstein-Hawking entropy of the black hole is

2
Spy = 4 M? (1 — 8224 )

and ASpgy the difference of the entropies before and after the emission of

the particle. So, the tunneling probability is

[~ e 2ms — A5, (5.3.8)



158

This result is exactly the same as obtained in [214] by the Hamilton-Jacobi

ansatz. The Hawking temperature

A (ry) 1 16 .
Ty = — = 1+—=M 5.3.9
" 4 8t M ( (2 ( )
reduces to the Schwarzschild black hole temperature Ty = - M in the limit
{ — 0.
5.3.2 Taub-NUT-AdS Black Hole Case
In this case Q = ¢ =0, and
r2 —2Mr —n® 1?4 5n?
A= + ,
72 + n? 02
4
_ o To—i—
Ty = Tot 262(7“04_ _ M)’
0 (5.3.6) gives
]‘ /
ImS = 3/ d(M —w')
: / o++n
— w/)
2r] .+ 3n? ,
O O d M -
|- r;+—<M—w'>] e

B PR

2
7 {7"’§+(7“’3+ + 6n%) — 7n4}}

= —SlSon(M —w) — Spu(M)] = —ASpy,  (53.10)
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where

rg+:(M—w)+\/(M—w)2+n2

and ASpy is the difference of the Bekenstein-Hawking entropies of the
black hole before and after the emission of the particle. Therefore, the

tunneling probability is
[~ e 2Ims = A58, (5.3.11)

The Bekenstein-Hawking entropy of the Taub-NUT-AdS black hole is de-
fined by

_ A, Ay Lo 2
Spr = y + n°mlin <Z —n 7r> — 87T€2(A + 16n°A), (5.3.12)

where
A= 47r(7“i + n?)

is the event horizon area of the black hole. Evidently, the entropy (5.3.12)
is not just a quarter area at the horizon. In the limit £ — oo, the tunneling
rate (5.3.11) agrees with that obtained for the Taub-NUT black hole by
Chen et al. [201] using the Hamilton-Jacobi ansatz and Zhao and Li [215]
by Damour-Ruffini method. In those works the entropy was considered a
quarter area at the horizon area, but we find it for the Taub-NUT black

hole as

A A
S = 1 +n’rln (Z — n27r> )

Hence, our result is more interesting. For the Hawking temperature of the
Taub-NUT-AdS black hole, we find

A(ry) Tor — M ( 2ro T2, + 3n2>
— ) 1 _|_ ,

T — _
" 4 2m(r2, + n? 2 roe — M

(5.3.13)
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which reduces to the Schwarzschild-AdS black hole temperature (5.3.9) in
the limit n = 0.

5.3.3 Reissner-Nordstrom-AdS Black Hole Case

For this case, n = 0 and

AZTQ—QMT—FQQ-I—@QJFT_Q

r2 02 ’

4
ro—i—

T T 0y, — M)

and then (5.3.6) yields

05 [ B[O
S aq -y - E M - )]
B /<M—ch—qzq>—¢'> 2,
~ " Jew — (M = w)
(- m e ()
<o - <1+262[rg+ Wi(Mwn)
<SR- - (HZWM T%Mw)])
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where

oy = (M —w) + V(M —w) = (Q — q)* — (¢ — ¢)~

In order to calculate more simply, we make use of the entropy S = A/4 =
wri and obtain the difference between the entropies of the horizon before

and after the emission:

AS =zl —r?]

1 3 1
12 o+ 2 o+
= - 2 (1— o Tor )|
W[TO+( 527“2+—(M—w)) TO+< f27“o+—M>]

(5.3.15)
Then, we obtain
J(AS) _ 2’2, [1 B o,
DM —w) = (M=) | Erp = (M —w)
3ri, —4(M —w)
Qo)
89) _ Q0]
0Q—-q) rop—(M—-w)| Ll — (M —w)]
2r, —3(M —w)
L o)
AAS) _ —2m(— )i, [1 B Yor
0P —9¢) 1o —(M-w) Clroy — (M —w)]
2r, —3(M —w)
x{1+ (=) ] (5.3.16)
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With (5.3.16), (5.3.14) gives

(M-uw',Q—q',2—¢")
mg:_lf Pﬁg@_ﬂM_d)
2 ), 0

Q) (M — o)
J(AS) ) J(AS) ,
+——=d(Q — ¢) + d(d —
aQ-0"? "D g
1 1
= ——/d(AS) = ——AS. (5.3.17)
2 2
Hence, the tunneling rate is
[~ e 2Ims = A58, (5.3.18)

Replacing ¢ by —¢? yields the result for the RN-dS black hole, which
agrees with the result obtained in [216] using Damour-Ruffini method. In
the limit /> — oo the result goes for the RN black hole that agrees with
the result obtained in Refs. [52, 70] by Hamilton-Jacobi ansatz and Ref.
[217] by Damour-Ruffini method. Different from those works our result

contains contribution from the magnetic charge parameter. The Hawking
temperature of the RN-AdS black hole

A(ry)
47

_ T0+—M 1 Tg’+(57’0+—6M)
2mr2, 202(ror — M)?

(5.3.19)

reduces to the Schwarzschild-AdS black hole temperature (5.3.9) in the
limit @ = & = 0.



5.3.4 TNRN-AdS black hole case

In the TNRN-AdS black hole case, (5.3.6) gives

1 [(M-'Q=¢2=¢) 4
ImS:——/ —”[d(M—w’)
(

2 Jimgo) A ()
(Q—q)rl N (=) ]
— Q) — (@
7"/3_ _’_ n2 (Q q ) _|_ n2 ( ¢ )
/ S S o
= —7
(M,Q.9) Toy — (M — W)

o' '+ 3n2
1_ o+ o+ dM— /
<(1-% r;+—<M—w'>>[< “)

- (1 - %%r’il(n?ﬂ +n ZA?— wf)})

(Q—q)r,

X—_i_n;er(Q Q)

_(1_ 7"/3 (’3+—|—n —2)
! 252(7°/<2)+ +n?)[ro; — (M — Wl)]>
((I) le) 0+

RSN,

1 1
_é[SBH(M — w) — SBH(M)] = —EASBH,

where

roe = (M —w)+ /(M —w)—(Q—q)* — (& — ¢)> +n>.
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(5.3.20)
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The Bekenstein-Hawking entropy of the TNRN-AdS black hole has been
defined by

A A
Spr = 3Z +n’rln (Z — n%) — Z—2F + const., (5.3.21)

where

9/ A 210 A 3/2
F=2=_ 2 M= = 2
2(477 ”) 3 (47r ”)

+(5M? 4+ 4(Q* + @) + 24n* — 2) <4£ — n2>
T

A 1/2
+2M (5M?* + 12n* — 2) (4— — n2>
™

L AMRE (A 1/2+ ' A2
—— tan — — I —+ —
M? + n? 4An2m M24n2 4n M2+ n?

x (5M* 4+ 17M?*n? — 2M? + 12n*)

A 1/2
xln{(4——n2> —M}+4(Q2+<I>2+2n2)
T

A A 1/2
x In {2 (E — n2> —2M (E - n2> } : (5.3.22)

A = 47 (r% + n?) is the event horizon area of the black hole. Evidently, it

is not proportional to the event horizon area of the black hole. In fact, if
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we bear in mind that 7" = %, we easily get
1
ﬁ(dM’ — AldQ' — B!dd') = dS'. (5.3.23)

[t implies, the result in (5.3.20) is a natural consequence of the first law
of black hole thermodynamics. Thus, the emission rate of the tunneling
particle is

[~ e 2 — ASsr (5.3.24)

where ASgpy is the difference of the Bekenstein-Hawking entropies of the
black hole before and after the emission of the particle. This is consis-
tent with the result obtained in Ref. [210] for the RN-NUT black hole
with considering the entropy a quarter area at the horizon. In our work,
however, we have taken the entropy defined in (5.3.21), which gives the
TNRN black hole entropy in the limit ¢ — oo. Our result is therefore
more interesting. For the Hawking temperature of the TNRN-AdS black
hole, we find

Tor — M
Ty=p"=—2 (1+

- 2m(r2, 4 n?)

2) ! 12 3 2
Tor __Top + 00 ) (5.3.25)

2 .- (M —w)
which reduces to the Schwarzschild-AdS black hole temperature (5.3.9) in
the limit ) = ® =n = 0.

Evidently, when the emission rate I' in (5.3.24) is expanded in w, g, ¢,

it gives
I' = exp[-B(w — A'.q — B\.¢) + O(w, q,8), (5.3.26)

where the leading-order term gives the Boltzman factor and the higher-

order terms in w, ¢, ¢ generate a deviation from a precisely thermal spec-
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trum. Following the modified surface gravity and temperature due to
one-loop back-reaction effects [58, 208, 209], (5.3.26) can be put in the

form
I = expl—8(w — A\ q — B,9)] (5.3.27)

with
O(w, q, $)?
Blw—Alq—Bio)|’

where 3’ can be treated as an inverse quantum-corrected temperature.

B =81~

In quantum mechanics, the number of microstates of the initial and final
states are the exponent of the initial and final entropies, which results the
emitting rate as I' ~ e5//% = ¢25 Manifestly, this is consistent with our
result. Thus, satisfying the underlying unitary theory our result yields a

might explanation to the black hole information puzzle.

5.4 Concluding Remarks

Our concern in this study is the Hawking radiation of charged and magne-
tized massive particles via tunneling effect from a Taub-NUT-Reissner-
Nordstréom-AdS black hole endowed with electric as well as magnetic
charges. We use the null geodesic method and find the emission rate with
treating the background spacetime as dynamical. Taking into account the
particle’s self-gravitation and the conservation of energy, electric charge
and magnetic charge, we obtain that the emission rate is connected with
the change in Bekenstein-Hawking entropy and depended on the emitted
particle’s energy, electric charge and magnetic charge. The result shows
that the Hawking thermal radiation actually deviates from perfect ther-

mality and is consistent with an underlying unitary theory. We discuss as
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well the cases for the Schwarzschild-AdS, Taub-NUT-AdS, and Reissner-
Nordstrém-AdS black holes. The result is fully in accordance with the
previous literature. We derive the expected Hawking temperature and
find, in contrast to a common black hole, that the entropy is not just a
quarter area at the horizon of NUT charged black holes, which is consis-
tent with the finding of Refs. [93, 95, 97, 98, 99, 100]. The result can also
be treated as a quantum-corrected radiation temperature and it depends
not only on the black hole background but also on the radiation particle’s
energy and charges. The result of this chapter agrees with that of chapter
4 obtained by Liu’s method [71] which is based on the Damour-Ruffini
method (section 3.4 of chapter 3).



Chapter 6

Tunneling and Temperature of

Demianski-Newman Black Holes

In this chapter we present the work of Ref. [102] in which we investigate
Hawking radiation of charged and magnetized (scalar/fermion) particles
from Demianski-Newman black holes by using Hamilton-Jacobi ansatz.
Taking into account conservation of energy and the back-reaction of par-
ticles to the spacetime, we calculate the emission rate and find it pro-
portional to the change of Bekenstein-Hawking entropy. The radiation
spectrum deviates from the precisely thermal one and is accordant with
that obtained by the null geodesic method, but its physical picture is more
clear. The investigation specifies a quantum-corrected radiation tempera-
ture dependent on the black hole background and the radiation particle’s
energy, angular momentum, and charges.

This chapter is arranged as follows. The proceeding section is an intro-
duction to the work of this chapter. In section 6.2 we study tunneling radi-
ation of electrically charged scalar magnetic particles from the Demianski-

Newman black holes. Utilizing WKB approximation and Hamilton-Jacobi
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ansatz, we derive the tunneling rate of the radiant particle. In section
6.3 we investigate charged and magnetic fermions tunneling from the
Demianski-Newman black hole. We also construct an exact form of the
action for massless and massive Dirac particles. Finally, section 6.4 is for

conclusion.

6.1 Introduction

Black holes, the most significant prediction of Einstein’s field equations,
are very subtle and mysterious objects in the universe. They always play
the significant role in physics and astronomy due to the people’s views
on the space and time, matters and gravity. Classically, they are per-
fect absorbers and do not emit any type of radiations. Entry of matter,
which has its own entropy, into the black hole, results in the decrease of
the total entropy of the universe, and this contradicts the second law of
thermodynamics. Bekenstein [1] first conjectured the relation between the
properties of black holes and the laws of thermodynamics and showed that
the black hole possesses entropy similar to its surface area. As the black
hole absorbs matter, its entropy increases and the decrease of the exterior
entropy is then balanced, preserving the second law of thermodynamics.
The surface gravity, which is the gravitational acceleration experienced at
the surface of the black hole or any object, is related with temperature
of the body in thermal equilibrium. Soon after the significant work of
Bekenstein, Hawking showed that quantum mechanically black holes emit
precisely thermal radiations (chapter 3). The origin of this radiation can
be understood by considering spontaneous creation of particle-antiparticle

pairs at or near the event horizon of the black hole by vacuum fluctuations.
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Usually, such a pair annihilates itself very rapidly; but it is possible that
one of them—particle or antiparticle—enters into the black hole before the
annihilation so that the other one is free to escape away from the black
hole. In particular, when a negative energy antiparticle is absorbed, the
black hole mass decreases, and it results in increase of the black hole tem-
perature, charge potentials and angular velocity. Then the black hole can
spontaneously transfer an amount of heat, charges and angular momentum
to the positive energy particle. As a result, the black hole temperature,
charge potentials and angular velocity further increase and further trans-
fer. Acquiring enough energy the positive energy particle can escape away
to infinity. If as a net effect more antiparticles than particles are pulled
into the black hole, an observer outside the black hole observes a particle
flux which appears to come out from the black hole as Hawking radiation.
This induces the black hole to shrink.

The Hawking radiation phenomenon reveals a significant correlation
among thermodynamics, quantum mechanics, and gravity. The study of
black hole radiation thus has been a subject of intensive and extensive
research. However, the precisely thermal Hawking radiation leads to two
obvious disputes: the “information loss” and violation of the underlying
quantum “unitary theory” [218, 219, 220, 221]. Indeed, a moot question
arises concerning the reaction of the radiation to the spacetime. When the
black hole generates Hawking radiation, the black hole parameters (energy,
charge, and angular momentum) fluctuate. This effect was not considered
in the past. Hawking derived the black-hole radiation as precisely thermal
spectrum only under the assumption that the spacetime is invariant. There
have been many attempts to resolve these problems by applying semi-

classical tunneling methods, such as the Parikh-Wilczek (or null-geodesic)
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method reviewed in chapter 3 (subsection 3.5.1).

There has been proposed another method by Srinivasan et al. [26,
27, 28], following Landau’s [222] complex paths method, in which Hawk-
ing radiation is derived as tunneling across the singularity with the wave

functions as semi-classical approximation modes

erl (rt),
where [ is the classical action which can be expanded in powers of h/i.
This is called the Hamilton-Jacobi method reviewed in subsection 3.5.2 of
chapter 3 for the simplest case (to model scalar particles). The action [

satisfies the relativistic Hamilton-Jacobi equation with the solution
L. = —wt+ R(r) + J(z")

to the the lowest order, where the upper (lower) sign denotes outgoing
(incoming) particles. A pole occurs at the horizon point r, in I and the
probabilities of the particles are given by I'y ~ e 2™+ Angheben et al.
[35] and Kerner and Mann [44, 60] further developed this complex-path
method by using the boundary conditions for incoming particles which fall

behind the horizon along classically permitted trajectories, i.e.
I =—wt+R(r)+J@'") + K,
where K is a complex normalizing constant. The total probability is then
[ =T, ~ ¢ 20ml—Iml)

In this method, however, the back-reaction effect of the emitted parti-

cle was not taken into account. In consideration of the self-gravitational
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interaction and unfixed background spacetime, one can find
2(Im I, —ImI_) = Bw + O(w?),

which yields at linear order the regular Boltzmann factor I' ~ =% where
w is the particle energy and 3 is the inverse Hawking temperature. It also

leads to a quantum-corrected inverse temperature [72]

)

One can draw from this method the same conclusion as the null geodesic

5’:5<1+

method. There have been studies of Hawking radiation by the Hamilton-
Jacobi method in Refs. [52, 223, 224, 225, 226, 227, 228].

Recently, Ding [70] investigated Hawking radiation of charged (rotat-
ing) black holes by dividing the emission time into a series of infinite small
pieces. In each of small segments the process can be treated as a quasi-
static one with the background spacetime as fixed. There exists equilib-
rium temperature in each piece and the Hamilton-Jacobi method can be
applied there. In different piece the instantaneous event horizon is differ-
ent. If I; be the action in the i-th tiny time piece after the particle tunneled
across the instantaneous horizon and AI; = I, — I;_;, the last action is
found as I = > Al ~ [dI. Interest in the Hamilton-Jacobi method is
due to the covariant treatment of the horizon singularity through the use
of the proper spatial distance. On the contrary, the null geodesic method
strongly relies on a very specific choice of (regular-across-horizon) coordi-
nates and turns upside down the relationship between Hawking radiation
and back-reaction [229]. These unpleasant features can be dealt with the

Hamilton-Jacobi method successfully. As indicated in Ref. [230], the null
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geodesic method is only suitable for the reversible process, but the factual
emission process is irreversible; so there is possible to lose information.
However, the Hamilton-Jacobi method can be suitable for the irreversible
process and there are very few information lost in the emitting process.
In this chapter, we apply Ding’s [70] approach to investigate the Hawk-
ing radiation of electrically charged magnetic scalar and Dirac particles
from the Demianski-Newman black hole [103], which is a five-parameter
stationary axisymmetric solution of the Einstein-Maxwell equations. The
Demianski-Newman black hole background is interesting in that it general-
izes the well-known Kerr-Newman spacetime with two intriguing parame-
ters the gravitomagnetic and magnetic monopoles. In the stationary pure
vacuum limit, the Demianski-Newman metric reduces to the combined
Kerr-NUT and Taub-NUT solutions. It is interesting that the spacetimes
with the NUT charge are not asymptotically flat but asymptotically locally
flat [93, 100, 101] and they possess several special properties. As discussed
in [44], tunneling and temperature of Taub-NUT black holes can be for-
mally carried out and the physical interpretation is less problematic in the
context of the Hamilton-Jacobi ansatz than the null-geodesic method. The
Taub-NUT space has played an important role in the conceptional devel-
opment of general relativity and in the construction of brane solutions in
string theory and M-theory. The singularities of the NUT charged space-
time, the Misner strings [96], can be avoided by periodic time coordinate.
One of the interesting properties of NUT charged spaces is the existence
of closed timelike curves which violates the causality condition. The half-
closed timelike geodesics in Taub area can be explored in NUT area, so the
naked singularity exists. The NUT charged black holes have been of par-
ticular interest in AdS/CFT conjecture [93, 94, 95]. In AdS backgrounds,
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Lorentzian sector of these spacetimes’ boundary metric is similar with the
Godel metric [104]. In recent years the thermodynamics of various Taub-
NUT spacetimes has become a subject of intense study. Entropy of these
spacetimes is not just a quarter area at the horizon and their free energy
can sometimes be negative [93, 97, 98, 99, 100, 101, 105, 106]. It was inge-
niously suggested by Dirac relatively long ago that the magnetic monopole
does exist in nature, but it was neglected due to the failure to detect such
an object. However, in recent years, the development of gauge theories has
shed new light on it. Several recent extensions of the standard model of
particle physics predict existence of magnetic monopoles and it has grown
interests in the possibility of magnetically charged black holes. The string
theory [107] also admits the existence of such objects. The importance of
the Demianski-Newman solution lies in that it gives a single constituent
with the whole set of parameters which may have a physical sense in ax-
isymmetric many-body systems of aligned sources [108, 109]. In view of
the above considerations, the research on the Demianski-Newman black

hole is necessary and meaningful.

6.2 Tunneling of Electrically Charged Magnetic Scalar

Particles

The metric of the Demianski-Newman black hole in Boyer-Lindquist co-

ordinates is [103]
ds? = = N ldr2 + d6? ) + Asin® §dy?
N F

.9 2
_% [dt + <2n(1 — cosf) + W+m9> dgp} (6.2.1)
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and the associated electromagnetic potential is

A - (At7 07 07 Agﬂ)a

where
Qr + P(n — acosf)
At - - y
by
asin® 6 + 2n(cosf — 1)
A, = 5

x[Qr + P(n —acosf)] + (1 — cos )P,

F=r*—2Mr—n>+a+Q*+ P,

Y =7r?+ (acosf —n)?,

W =% +a*sin’0 — F,

N = F — a*sin®#. (6.2.2)

In the absence of the NUT (magnetic mass) parameter n, the Demianiski-
Newman metric is asymptotically flat and represents a dyonic Kerr-Newman
black hole spacetime with M, a, (), P respectively being the mass, the spe-
cific angular momentum, the electric charge and the magnetic monopole

parameters. The Demianski-Newman metric represents the Kerr-NUT so-
lution for ) = P = 0 and the Taub-NUT solution for Q = P = a = 0.
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The metric determinant is
g = det.g,, = —¥2%sin%0

and the non-vanishing elements of the inverse metric are

Py NU? F 1
o0_ = n_ 22 _ 1
& T TN SFaZe 8 T 8 TW
¥ — N o = NU
YFsin%6’ YFsin?6’
W sin? 6
U= {2n(1—c059)+%}. (6.2.3)

The energy of a particle changes sign as it crosses the black hole horizon.
So, a pair created just inside or just outside the horizon can materialize
with zero total energy, after one member of the pair has tunneled to the
opposite side. When the black hole absorbs a negative energy virtual par-
ticle, its mass decreases but its temperature, electric potential, magnetic
potential and angular velocity increase. The zero energy particle can gain
enough energy from absorbing black hole’s amount of heat Q" and escape
away to infinity. We consider the black hole and its radiation as an isolated
systems. When a particle with energy w, charge ¢, magnet p and angular
momentum j tunnels out of the event horizon, the mass, electric charge,
magnetic charge and angular momentum of the black hole should be re-
placed by M —w, Q —q, P—p, and J — j if conservation of energy, charge,
magnet and angular momentum are taken into account. Let us divide the

emission process of the particle into many infinite small segments. In the



177
first segment, the black hole temperature rises from
T(M,Q,P,J) to T'(M—w,Q—q,,P—7p,,J—j1)
and the horizon shrinks from
ri(M,Q,Pa) to 1 (M—w,Q—q,P—pi,J—j).
This instantaneously results in increasing the black hole’s electric potential
Vor (M, Q,J) to Vo (M —w,Q—q,J —jy),
magnetic potential
Vo (M,P,J) to Vh,(M—uw,,P—p,,J—j)
and angular velocity
QL (M, Q,P,J) to QL (M—w,Q—q,P—pi,J—71)

There then occurs a spontaneous transfer of heat, electric charge, magnetic
charge and angular momentum from the black hole to the particle. This
process will lead to another further increase and then further transfer
of the black hole temperature, electric potential, magnetic potential and
angular velocity to the particle. Thus, in the i-th segment, the particle
obtains energy

Aw;, = w; — wi—1 < w,

charge

Aq@/' = q; - qg—l?
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magnet

Ap; = p; = Di1,
and angular momentum

Aji = ji = Ji1;

where
Aw; = —T'(M — w;)AS] + Vi), A} + Vi, Ap} + Y, Ajl.

Treating these tiny segments as many quasi-static processes, we make use
of the Hamilton-Jacobi ansatz. We divide tunneling time ¢, rotating angle
@ into infinite small pieces t;, ;. A particle of instantaneous energy wj,
charge ¢/, magnet p, and angular momentum j! will effectively view the

metric tensor
gMV(T(M7Q7P7 J)) as gMV(T(M_wUQ_q;7P_p;7‘]_]z/))
The charged Klein-Gordon equation is
1 i)
—— (9 —Zig
N < Y oh ”)
oy m?
X [\/—g gt (@ — #AV) \If] — ﬁ\ll =0, (6.2.4)

where

g =g"(r(M — w;,Q — ¢\, P — pl, J — j})),
AM:AM(T(M — Wi, Q - qg7 P — p;7 J — .72,))7
¢i=3(pi, 4;)

and m is the mass of the particle. In order to apply the WKB approxi-
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mation, we assume the wave function

\IJ(ti,r, 9, QOZ) = exp [%I,-(ti,r, 9, QDZ) + ]{(ti,r, 9, QOZ) + O(h)] . (625)

Then from (6.2.4), to leading order in A, we get the following relativistic
Hamilton-Jacobi equation

F <8IZ->2+ 1 <8Ii)2+F—dzsin29 (8& A )2
z\or) n\o0 SFsin’0 \0pi "7
_[ )Y _F—d251n29
F—a’sin®0  YFsin’0

S 2
X{Qn(l — cos ) —&sin29(1 N F—d2sin29)} ]

i>2_2F—d281n29

i > Fsin’ 0
x$2n(1 — cos @) —asin®f( 1 — 2
F — a%sin® 0
oI, oI,
(2 an) (Bosa) e n 20

where
F=r?—2(M—w)r—n*+a;+(Q—q¢)*+ (P —p)?

a (Q—q)r+ (P —p.)(n—a;cosb)
t, = — S ;
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a; sin® 6 + 2n(cosd — 1)
A%‘ = i

x[(Q — q)r + (P —p)(n — a;cosf)] + (1 — cos0)(P — p}),

_J—ii
_M—wi’

a;

> =124 (d;cos6 — n). (6.2.7)

Its solution can be put in the form

where K; is a complex constant normalizing the action function. The

Hamilton-Jacobi equation (6.2.6) gives

()
r

Ji + {2n(1 — cos )

2

)
~ .9 ~ o
—a; sin” 0 (1 — 7 a2 Sin29> }wi +FA=0, (6.2.9)
where
- 32 dO:\ 2 1
A=Ym? - 2 '
TR &?sinZQWZ i ( db ) i sin” 6

X

i+ {Qn(l — cosf) — a;sin® 0

x |1 2 "
F — a?sin*0

Gi = wi+ G A, J=Ji— $iAg. (6.2.10)

2

9
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Solving for R; yields
Ryi(r) =+ dr (a2
+i(r) = r Ia a;
x |1 2 i
F — a%sin® 0

Performing the integration in (6.2.11) around the pole, the imaginary parts

ji+ {271(1 — cosf) — a;sin® 0

2 1/2
— FA) : (6.2.11)

of the action function are found as

/2

L+ (n—a)? [ 7
Im I = 71— Qiy — ax + Im Kj,
+ 2(r'. — M + w;) ( * r’i + (n — a;)?

_ A a) (@ — a)r’s
=T Wi — —3 —
2(r'. — M + w;) 'L+ (n — a;)

n—&i /-P— f /ELZ
(/2 )P ~§J ; Ji )k,
L+ (n— ) L+ (n— )

r’i+(n—di)
2(r, — M + w;)
x (wi — ¢V, — PV, — i) + Im K, (6.2.12)

2
=T

where

= (M =) + /(M —w)? =@ 2 — (@ — g)? — (P — pl)?

is the instantaneous event horizon and (' is its instantaneous angular
velocity. This is same as the case of the massless particle (m = 0), because
the extra contributions with mass vanish at the horizon. The Vé L and Vi,
are respectively the instantaneous electric and magnetic potentials on the

event horizon.
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For the particle tunneled across the ¢-th instantaneous horizon, the
imaginary part of the action is (6.2.12), and the change between the i-th

and (7 — 1)-th instantaneous imaginary parts of the action is

T/i + (n — &2)2

Alm Iy =
i WQ(TZF—M—I—CUZ')

—AqVy, — ApiVp,) + ATm K;. (6.2.13)

As the energy, charges and angular momentum of the particle gradually

approaches to w, ¢, p, 7, the imaginary part of its action becomes

Im /[ = melﬂ

0000 20y — M +w)

X(dw = Vi, dq = Vp,dp' — Q' dj') + Im K. (6.2.14)

We calculate the value of this integration by using the entropy of the event
horizon. Spacetimes with nonzero NUT charge generically do not respect
the usual relationship between area and entropy. However, there exists
also a different viewpoint (for example, [231]) that the entropy of a Taub-
NUT spacetime is still equal to one quarter of the event horizon area.
Considering the difference AS of the entropy S = A/4 = w[r2 + (n — a)?]
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of the event horizon before and after the emission, the imaginary parts of

the action of tunneled particle are obtained from (6.2.14) as follows:

(w,q,p,5)
Tm [, ~ if/ [a(AS)dw
(

2 0,0,0,0) Ow
+—8(AS) dq’ + 9(A5) dp’ + _8(45) dji'| +ITm K
aq’ oy’ dj'
T w
B ia{” (-3) -

1 1 -
+§q2—Pp+§p2+na—(M—w)

X/ (M —w)?2—a2+n2—(Q—q)?— (P —p)?
M/ M2 —a2+n2—Q%— P2 —na| +ImK, (6.2.15)

where
J—J
M—w

The total emission probability (same for massive and massless particles)

a =

is then
[~ e 2mb—tmlo) — oASen (6.2.16)
and the Hawking temperature is

o 1 T+—M
212 4 (n—a)?

(6.2.17)

where ASgpy is the difference of the Bekenstein-Hawking entropies of the
black hole. Indeed, (6.2.16) is a natural result if one considers the first

law of black hole thermodynamics:

1

o (dw = Vi, dg = Vi, dp — @ dj') = dS'.
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Manifestly, the derived radiation spectrum deviates from precisely thermal
one and is in agreement with the Parikh’s work.

We now examine the total entropy change of the system comprising the
black hole and radiating particles. We consider the many infinite small
segments of the particle emission process. In the first segment, particle’s

energy increases from 0 to €; with
e =w — Vo, d — Vepy — Qi

and it results in decreasing the black hole entropy by

Q!
AS) = ——
1 T/(M — wl)
The increase in particle entropy is
Q!
A iz —
)

and as a result, the entropy of the system increases by

AS, = AS! + AS]

Q! Q!

=700~ 0 —oy (6.2.18)

showing that the radiating process is irreversible, and ¢ is
AEl = €1 — 0= —T/(M - wl)ASi
In the i-th segment (i > 2), particle energy increases from €; 1 to ¢; with

6 = w;i — Voud; — Vpur; — U j;
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by absorbing heat

€;=6€ — €1

:—T/(M - wz)AS;
So, the increase of the system entropy in the ¢-th segment is
AS; = AS! + AS]

AEZ‘ AGZ'
= — : 6.2.19
T/(M — wi_l) T/(M - wi) ( )

As the energy of the particle approaches to w, the black hole temperature

tends to T7"(M — w) and the total increase of the system entropy becomes

AS = ZASZ-

= — < (6.2.20)
with
Aep=Ae = =Ae=Aw -V ), Aq— Vi, Ap — Q' Aj.

Since Ae < €, the total increase of the system entropy is very small
(but nonzero) and can be ignored. This agrees with Refs. [232, 233]
but has some difference from [19] in which AS = 0. This implies that
the radiation process is an irreversible one and the probing of radiating

particles is related to the entropy change of the black hole.
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6.3 Tunneling of Fermions with Electric and Mag-

netic Charges

We apply the Hamilton-Jacobi ansatz in Dirac field described by the

charged Dirac equation in covariant form [234]

- 1/
iyl (Du - Z—hiAu> v — %\IJ =0, (6.3.1)

where e/ is the vierbein (tetrad) and D, is the covariant derivative for

fermionic fields, defined by
D, =0,+Q,, (6.3.2)

where
O = ¢ ab ab __ L a b
w = _Zwabﬂo_ y O _Eh/ 77]
with
v
Wabp = €qCov;p

the spin connection components. The Dirac matrices 7* = e!!v* satisty
{777} = 28" x 1.

We choose a representation in which the y*’s are the following chiral +’s

for Minkowski space

0 ot 0 o2
2 3
— 7 — , 6.3.3
7 \—01 0 ) K (—02 0 ) ( )
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where o’s are the Pauli matrices

) <0 1) , (0 z) ; (1 0)
o= , oo =1 , 0% = : (6.3.4)
1 0 1 0 0 —1

When a particle of instantaneous energy w;, charges ¢'(¢}, p}) and angular
momentum j; tunnels out of the black hole, one can find from the metric

(6.2.1) the nonzero vierbein elements as follows:

, F
61 — 57
1
-,
p
. 1 F — a2sin®60
ey’ = — = :
sin 6 N4

X

: F —a?sin® 4
63 —- — = . 9
Y F sin® 60

2n(1 — cos ) — a;sin® 0 (1 — > - 9) } , (6.3.5)

F— EL? sin
where

F=r® = 2(M —w))r —n* + & + (Q — ¢))* + (P — 1})*,
N=r? + (@ cos§ — n)?,
_J =
a;— .
M — Wq
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We denote &) for the eigenvectors of o3. The spinor wave function ¥
has two spin states: spin-up (in +ve r-direction) and spin-down (in —ve

r-direction). For the spin-up and spin-down particle’s solution, we assume

(A<tla r, 97 %)fT
Uy = el @/ M) Ly (ti,r,0,03)]

\B(tlu r, 07 @Z)&T

/A(tlu r, 07 QOZ)

B 0 L/ Wi (tir0.0)] (6.3.6)

B(th r, 97 907)

\ 0

and

C(tl7 r, 67 gpl)ﬁi

Wy = el @/M Ly (tir0,0:)]
D(tla r, 97 tpz)fi
0
_ C(tz‘, T, 0, @z‘) ol/B) L (t5,10.00)] (6.3.7)
0
D(th T, 97 SOZ)

We analyze only the spin-up case because the spin-down case proceeds
in a manner fully analogous to the spin-up case. The equations for the
spin-down case are of the same form as the spin-up case except than

some changes of sign. Inserting the ansatz (6.3.6) into the Dirac Equation
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(6.3.1), we obtain, to leading order in £, the follow equations:

Ae (0, Iiy — #LAL) + Bel0,Iiy +mA =0, (6.3.8)
iBek (0 I — @A) + Behglin
+iBe§ (0,1 — ¢ A,,) =0, (6.3.9)
—Bep (0, Iiy — ¢LA) — Aed. Iy +mB = 0, (6.3.10)
—iAek (04, Iy — PLA;,) — Aehdplin
—iAe$ (0,,Tiy — ¢ A,,) = 0, (6.3.11)

where the components €2, and derivatives of A, B have been neglected,
because they are all of order O(h). Equations (6.3.8) and (6.3.10) couple

(or decouple) according as m # 0 (or m = 0). We employ the ansatz
(6.2.8):
Iz’T = —w;t; + RZ<7”) + ]Z/QOZ + 92(9) + K,

and obtain

i F
_A LB A) + By =R, A=0, (6.3.12

iB\/FN a2 sin® 0
Y F sin? 6
X {2n(1 — cos ) — a;sin® 0 (1 — > ) } (w; + & A;)
F —a?sin® 0 o
B—L@w)wB¢FT@$ﬁ%ﬂ—¢A)o (6.3.13)
\/E ! Y Fsin?6 v ’

asm@

B\/F > (w; + O A;,) — A\/gR;(r) +mB =0, (6.3.14)
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A F~— &%sinQH
Y F sin? 6

X {Qn(l — cosf) — a;sin®f (1 — ~Z ) } (w; + A,

F — a?sin*0

1 F —aZsin® 0
—A——=0(0) —iA — i — @A, ) =0, 6.3.15
\/g z( ) \/ EFSiHQQ (]z ¢z %) ( )
where only the positive frequency contributions are considered without
loss of generality. These four equations lead to
= )
V=0, 6.3.16
F — @2 sin? g ( )

F —a?sin?6 | -
— % 81211 J'i + < 2n(1 — cos0)
Y F'sin“ 6

2
—a;sin?0| 1 — s Q| =0, (6.3.17)
F —assin® 6

Mp

S N

from which we derive

. N2
F*R(r)+ F (2m2 — et @’?(9))
F —a?sin®6 |-,
Y Ji + < 2n(1 — cosd)
)

[\)

2
—a;sin” 0 (1 Ry 9) }w] = 0.

This is exactly the same as the equation (6.2.9) and hence, the Hawking

)

radiation is retrieved again. Since the extra contributions with mass vanish

at the horizon, the result of integrating around the pole for R; in the
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massive case is the same as the massless case. We thus find the interesting
result that the black hole radiates different spin weight of particles, massive
or massless, at the same expression (6.2.17) for temperature. In the limit
q = p = 0, the study provides result for the fermion tunneling radiation
of neutral particles with mass (neutrinos) from the Demianski-Newman
black hole.

We now obtain the explicit expression for the action I;; in the spin-up

case by solving (6.3.12)—(6.3.15) near the horizon at
= (M —w) + {(M —w)? —a} +n* = (Q - q))° = (P —p))*}'2.
For outgoing particles, (6.3.12) gives on integration, with iA = B,

Ri(T’) = R_H‘(T)

_ / mAy/ 5(r')) . 25 ) /1 — 7y

By/(r—r)(r'. — M + w;) N a;sinf/r’. — M + w;

< L . (6.3.18)

X [w‘ _ i(Q — q)r’y ~ pi(P = pi)(n—a;cosb)
Z x(rh) B(r,)

while for the incoming particles, (6.3.14) yields, with iB = A,

- / mBy/3(r)) ] 25(r! ) /r =1,

r —
A/ (r =), — (M +w) a;sinf/r'. — M + w;

o d@=d)rl  pi(P —p)(n — dicosd)

STER SR (63.19)
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Equations (6.3.13) and (6.3.15) imply that

o - =@’ (- dQ-ar,
a;V/2 — v+ vcos 20 't 4+ (n— a;)?
_(n—ai)pi(P —p) JiGi

't 4+ (n— a;)? '+ (n— a;)?

X [\/5\/ csc2f — V{ — tanh™! < V2cos )

V2 — v+ vcos?26

+vvIn[v2vcosf 4+ V2 — v + v cos 29]} sin 9] . (6.3.20)

where
aj
2 =) = M+ )
Equations (6.3.18) and (6.3.20) with the ansatz (6.2.8) then evaluate the

action in the i-th segment for the outgoing massive Dirac particles and it

UV =

reduces to the massless Dirac particles’ action for m = 0. Likewise, one
can determine the action in the i-th segment for the ingoing Dirac particle

either massive or massless.

6.4 Concluding Remarks

The study of Hawking radiation as a process of quantum tunneling pro-
vides physical insight into the classically forbidden phenomenon. Our
concern in this chapter is to investigate by the tunneling method the ra-
diation spectrum of electrically charged magnetic (scalar/fermion) parti-
cles from dually charged Demianski-Newman black holes. The tunneling
method involves calculating the imaginary part of the action for the (clas-

sically forbidden) process of s-wave emission across the horizon, which
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in turn is related to the Boltzmann factor for emission at the Hawking
temperature. We use the Hamilton-Jacobi ansatz and take into account
self-gravitation interaction and unfixed background spacetime. The result
derived in (6.2.16) shows that the spectrum is not accurately thermal.
For a comparison with the purely thermal spectrum, we expand ASgy by

Taylor series in w, ¢, p, j and obtain

T~ g B0 +0wan))? — = (w—wo) (6.4.1)
where
O(w, q,p, j)?
f— |1 — » DI 6.4.2

can be treated as an inverse quantum-corrected temperature. Evidently,
the leading-order term in (6.4.1) gives the Boltzman factor, and the higher-
order terms of w, ¢, p, 7 are a deviation from a purely thermal spectrum.
The quantum-corrected inverse Hawking temperature 5 in (6.4.2) depends
not only on the black hole background but also on the radiation particle’s
energy, charges and angular momentum. We also observe that the black

hole temperature T'(M, @, P, J) increases after emission of a particle to
T/(M—W,Q—Q,P—p,J—j)

given by

1 ry—M
T/ o — + .
(M —w) = -y f(w,q,p,J)

— T(M) + T(e), (6.4.3)
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where
2a{Ma+n(ry — M)}
EREICETEE

x[<1_1> I ri(riw — Qq — Pp)

M J a{Ma+n(ry — M)}
_Mw—Qq—Pp—FaQ(% — %)
(re = M)[r} + (n —a)?]

flw,q,p,j) =

+O(w,q,p,7)>

(6.4.4)

In particular,

1 w
TM — w) o — (1 —)
(M —w)m e r (L 37

for the Schwarzschild case. This causes the black hole to emit further.
Our study shows that the black hole emits tunneling radiation spectrum of
massive and massless (scalar or fermion) particles at the same temperature
(6.2.17) in the semi-classical limit in which the WKB approximation is
applicable. However, when dealing with the Hawking radiation of fermions
tunneling, there is a subtle technical issue in selecting an appropriate
ansatz for the Dirac field consistent with the choice of matrices y*, and
failure to make such a choice results to a breakdown in the method. We
also calculate the change of total entropy of the system including black
hole and radiating particles. The result shows that the change in total
entropy is AS > 0 (indicating the process as irreversible) but very small
and can be neglected. This has some difference from Parikh’s work [19] in
which AS = 0. It also suggests that the probing of radiating particles of
the black hole is connected with the change of the black hole entropy.
The result of this work using Hamilton-Jacobi method is in agreement

with that obtained by the null geodesic method. However, the physical pic-
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ture in Hamilton-Jacobi method is more clear. There are some differences
between the two methods. Although the null geodesic method strongly
relies on a very specific choice of (regular-across-horizon) coordinates, the
Hamilton-Jacobi method can directly be applied to rotating black holes
without converting the metric to the corotating frame. Moreover, the fac-
tual emission process is irreversible and the null geodesic method is only
suitable for the reversible process. The Hamilton-Jacobi method, on the
contrary, can be suitable for the irreversible process as well and there is
very few information lost in the emitting process. Further, to conserve the
symmetry of the spacetime in null geodesic method, the particle should be
an ellipsoid shell during the tunneling process. It implies that a should be
chosen as a constant. However, this assumption needs not be considered
in the Hamilton-Jacobi method and a can be substituted with a = A‘g;_]w
In fact, being a semi-classical one the tunneling radiation is treated as
point particles. The validity of such an approximation can only exist in the
low energy regime. To properly address the black hole radiation, a better
understanding of physics at the Planck scale is a necessary prerequisite,
especially that of the last stages or the endpoint of Hawking evaporation.
However, our study might be reliable semi-classically. The study gives
results for (i) the Kerr-Newman black hole when n = P = 0 [230], (ii) the
Kerr-NUT black hole when @ = P = 0, (iii) the Kerr black hole when
n = =P =0, (iv) the Taub-NUT black hole when a = Q = P = 0,
(v) the Reissner-Nordstrom black hole when n = a = 0 and (vi) the
Schwarzschild black hole when n = a =@ = P = 0. Settingqg=p =20
in our work one can obtain the tunneling radiation spectrum of neutrinos

from the Demianski-Newman black hole. The result of this chapter is

accordant with that of chapters 4 and 5 obtained respectively by using
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Damour-Ruffini method and null-geodesic method.

Black holes are playing a major role in relativistic astrophysics by pro-
viding mechanisms to fuel the most powerful engines in the cosmos. In-
deed, the black hole is an excellent system to combine the quantization of
a matter field with a curved background spacetime. It demands consid-
erable efforts to studying the quantum thermal properties of black holes.
Along this line, the study of this chapter is interesting and well justified.
There will be some interest in further research to perform tunneling cal-
culations to higher order in WKB (in both the scalar field and fermionic
cases) in order to calculate grey body effects and work in this area is in

progress.



Chapter 7

Charged Dirac Particles’ Hawking
Radiation via Tunneling of Both
Horizons and Thermodynamics

Properties of Kerr-Newman-Kasuya-
Taub-NUT-AdS Black Holes

This chapter present the work of Ref. [111] in which we investigate Hawk-
ing radiation of electrically and magnetically charged Dirac particles from
a dyonic Kerr-Newman-Kasuya-Taub-NUT-Anti-de Sitter (KNKTN-AdS)
black hole by considering thermal characters of both the outer and inner
horizons. The work of this chapter is a generalization of the work of chap-
ter 4 in which our study concerns analysis of charged scalar particles in the
background of the Reissner-Nordstrom-Taub-NUT black hole. We apply

Damour-Ruffini method and membrane method to calculate the tempera-

197



198

ture and the entropy of the inner horizon of the KNKTN-AdS black hole.
The inner horizon admits thermal character with positive temperature and
entropy proportional to its area. The inner horizon entropy contributes
to the total entropy of the black hole in the context of Nernst theorem.
Considering conservation of energy, charges, angular momentum, and the
back-reaction of emitting particles to the spacetime, we obtain the emis-
sion spectra for both the inner and outer horizons. The total emission
rate is obtained as the product of the emission rates of the inner and
outer horizons. It deviates from the purely thermal spectrum with the
leading term exactly the Boltzman factor and can bring some information
out. The result thus can be treated as an explanation to the information
loss paradox.

The work of this chapter is organized as follows. section 7.1 is an in-
troduction to the work. In section 7.2, we obtain the Decoupled Dirac
equations of a charged particle’s dynamics using Newman-Penrose formal-
ism for the KNKTN-AdS black hole and derive the radial outgoing wave
equation. In section 7.3, we solve the radial wave equation and calculate
the temperature and tunneling rate of the inner horizon for the KNKTN-
AdS black hole. In section 7.4, we calculate the statistical entropy of the
inner and outer horizons, redefine the entropy of the black hole and show
that the redefined entropy satisfies the Nernst theorem. We obtain a new
Bekenstein-Smarr (BS) formula considering contributions of both the in-
ner and outer horizons. The result shows that the first law of black hole
thermodynamics is also tenable at the inner horizon. In section 7.5, con-
sidering conservation of energy and charges and taking into account the
particles’ back-reaction, we investigate tunneling rates of the inner and
outer horizons of the KNKTN-AdS black hole. The result demonstrates



199

that the total tunneling rate is in agreement with the Parikh’s standard
result and there is no loss of information. Finally, we give our concluding

remarks in section 7.6.

7.1 Introduction

Quantum phenomena in gravity theories, discussed in chapter 3, predict
a picture of black holes that emit radiations and can evaporate [2, 3, 4].
The origin of the radiation can be understood by considering spontaneous
creation of particle-antiparticle pairs near the event horizon of a black
hole. Usually, such a pair annihilates itself very rapidly; but it is possible
that one of them—particle or antiparticle—is swallowed by the hole before
the annihilation so that the other one is free to escape away from the hole.
If as a net effect more antiparticles than particles fall through the horizon
towards the singularity, an observer outside the hole observes a particle
flux which appears to come out from the black hole. The familiar concept
is that the outer horizon of a black hole with two horizons radiates in a
similar fashion like that of the Schwarzschild event horizon. The effect
of the inner horizon in the radiation process is yet not clear. There have
been various derivations of the Hawking radiation with different physical
assumptions [235]. Very little is known about the radiation of the inner
horizon of the black hole with two horizons. It is interesting to investigate
the phenomena predicted by the virtual pair production mechanism at the
inner horizon of the black hole.

As the pair creation mechanism indicates, the inner horizon does ra-

diate in the inward direction, i.e., towards the singularity. However, this
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provides no information about the radiation itself. In particular, it remains
unclear whether the inner horizon radiates particles or antiparticles. With
the analytic continuation of the Klein-Gordon field, Wu and Cai [84, 85, 86]
have carried out explicit calculation considering the inner horizon radia-
tion. Their investigation found that the temperature of the inner horizon
is negative. This appears to contradict not only the general attitude to-
wards the black hole thermodynamics [189, 190, 191, 192] but the very
foundations of thermodynamics itself as well. Therefore, the true nature
of the radiation of the inner horizon is still fairly indistinct. Contrary to
general believe that only the outer horizon emits Hawking radiation, if one
is able to show that both of the horizons radiate, then the result would
support the idea that all horizons of spacetime emit radiation. This idea
then may provide effective indications in the search for quantum gravity.

Peltola and Mékeld [87] have found, in contrast to Wu and Cai, that
the effective temperature for particles radiating from the inner horizon
(of a maximally extended Reissner-Nordstrom (RN) spacetime) towards
the singularity is not negative but positive. Their analysis indicates that
real particles with positive energy and temperature are emitted towards
the singularity from the inner horizon. It is therefore necessary to main-
tain the local energy balance that antiparticles with negative energy are
radiated in the direction away from the singularity through the inner hori-
zon. These antiparticles, if the backscattering effects are neglected, go
through the intermediate region between the horizons, and indeed come
out of the white hole—at least when the black hole is nearly extreme.
This effect for maximally extended RN spacetimes is called “white hole
radiation”. Correspondingly as the black hole radiation is a consequence

of the quantum effects at the outer horizon, the white hole radiation is
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a consequence of the quantum effects at the inner horizon of the black
hole. These two type radiations are separate and simultaneously ongoing
processes in spacetimes containing a black hole with two horizons like the
RN black hole. An observer from the exterior region of the RN black hole
discovers the both types of radiation. These results are qualitatively the
same for the more realistic Kerr black hole solution, because the causal
structures of the RN and the Kerr spacetimes are very similar. The main
result of Peltola and Mékeld [87] is the existence of the white hole radia-
tion, and it appears that the same result holds for the KN black holes as
well. Nevertheless, there is still no complete knowledge of understanding
the possible role that plays the black hole’s inner horizon in the black hole
thermodynamics.

Hawking radiation of black hole as an exact thermal spectrum [4] raises
two obvious disputes: the information loss paradox and the violation of
the underlying quantum unitary theory [218, 219, 220, 221]. Several meth-
ods have been proposed to resolve these two problems, one of which is the
semi-classical approach proposed by Parikh and Wilczek [16, 17, 19, 24, 25]
(reviewed in subsection 3.5.1 of chapter 3 and used in chapter 5). In this
method the emission rate is calculated by treating Hawking radiation as a
tunneling process and using WKB approximation. The outgoing particles
themselves create the barrier. Considering self-gravitation of particles, a
corrected spectrum is obtained. This method was extended to more gen-
eral circumstances [38, 39, 236, 237, 238] and all of them supported the
conclusion that the black hole Hawking radiation spectrum is not exactly
thermal. As a result, some information can be taken out of the black
hole. This leads to a possible explanation for information loss paradox

and the loss of quantum unitary theory. Another method was proposed
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by Angheben et al. to investigate Hawking radiation [33, 35, 44] in which
the classical action I of emitting particles satisfy the relativistic Hamilton-
Jacobi equation (reviewed in subsection 3.5.2 of chapter 3 and used in
chapter 6). The same conclusion as the first method can be drawn from
this method. In calculating the particles’ emitting rate, Damour-Ruffini
[7] analytically extended the outgoing wave from outside of horizon to
inside (reviewed in section 3.4 of chapter 3). Using the Damour-Ruffini
method Liu has proposed a new method [71] to investigate Hawking ra-
diation of massive Klein-Gordon particles from a RN black hole. When
conservation of energy and the particles’ back-reaction are considered, the
same terminations can be obtained as the previous works. Recently, ex-
tending Liu’s work to charged Dirac particles’” Hawking radiation from a
KN black hole, Zhou and Liu [72] found that the emission spectrum is not
accurately thermal.

There is still an open problem on black hole entropy [73, 74, 75]. Beken-
stein suggested that the entropy of a black hole is proportional to its event
horizon surface [1, 2], while the surface gravity of the event horizon de-
scribes the temperature of the black hole [151]. The Nernst theorem de-
mands that the entropy of a system must vanish as its temperature goes
to zero. If this assertion is applied to black holes, one finds that the en-
tropy of the black hole with two horizons, like the Kerr black hole, does
not vanish as its temperature approaches absolute zero [76, 77]. However,
if the black hole with two horizons is considered as a thermodynamics
system composed of two subsystems: the outer horizon and inner horizon,
the Nernst theorem is found to be satisfied. This is because the entropy
of the black hole then contains contributions of both the outer and inner
horizons [78].
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Recently, thermodynamics properties of the inner horizon of a KN black
hole [81] and tunneling effect of two horizons from a RN black hole [82]
have been investigated by Jun Ren. Our previous work in Ref. [83] is a
study of charged particles’ Hawking radiation via tunneling of both hori-
zons from the Reissner-Nordstréom-Taub-NUT (RNTN) black holes. All
these works are in agreement with Parikh’s work and show no loss of in-
formation. In this chapter we calculate, following Zhou and Liu [72], the
temperature of the inner horizon of the dyonic KNKTN-AdS black hole,
which is a rotating RNTN black hole in AdS space and prove the existence
of thermal characters of the inner horizon. Like as in the RNTN black hole
case [83], the inner horizon of the KNKTN-AdS black hole emits positive
energy particles inside the inner horizon (towards the singularity) with a
positive temperature. In order to maintain a local energy balance, antipar-
ticles with negative energy are emitted away from the singularity through
the inner horizon. This is a process analogous to that takes place at the
outer horizon according to the Hawking effect—at the outer horizon an-
tiparticles go in and particles come out. The real particle remains inside
the inner horizon and finally meets with the singularity. But the antipar-
ticle enters the intermediate region between the horizons. Traveling across
the intermediate region this antiparticle finally comes out from the white
hole horizon, if the backscattering effects are neglected. The situation
is, however, quite complicated because the vacuum states corresponding
to a freely falling observer near the inner horizon of the black hole and
the white hole horizon are entirely different. Since the white hole horizon
emits thermal radiation [87], outside the KNKTN-AdS black hole two si-
multaneous radiation processes could be found—one is the normal black

hole radiation and the other one is “white hole radiation,” caused by the
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pair creation effects at the inner horizon. The white hole radiation may
be thought of as absorption of energy, since it radiates only antiparticles
with negative energy. Because the white hole horizon absorbs no energy
classically, this feature contradicts with the classical result in a similar
way as does the evaporation process at the outer horizon of black holes.

The KNKTN-AdS spacetime is stationary and the Killing vector field
(0/0t)* is time-like in the regions both outside the outer horizon and
inside the inner horizon. Hence, the surface gravity can be well-defined
on the inner horizon. We calculate the inner horizon entropy proportional
to its area by membrane model [112, 113], which is the modified form
of the brick-wall model, proposed by 't Hooft [89]. So, the entropy of
the KNKTN-AdS black hole might include the contributions of both the
outer and inner horizons. The redefined entropy then satisfies the Nernst
theorem.

The KNKTN-AdS black hole metric in Boyer-Lindquist coordinates has
the form

A ho\? % »
2 = o 2 2
ds* = ol (dt Edg@) —l——rdr +_f9d9

Ay s 2 ) 2
+%M <adt — %d@) : (7.1.1)

where

Y =%Y Y =r—i(n+acosh),

1
A, = &2 {1 + E_2(T2 + 5n2)] — 2(Mr +n?) + 2%,
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2
P=Q1 QY Ng=1- 2 cos? 0,

02
a2
&=r’+a’ +n?, E:1—€—2,
h=asin® § — 2n cos . (7.1.2)
Beside the negative cosmological constant A = —3/¢?  the metric (7.1.1)

possesses five parameters. These are the mass M, the specific angular mo-
mentum a (= J/M), the NUT (magnetic mass) parameter n, the electric
charge ()., and the magnetic monopole parameter ¢),,,. The electrical and

magnetic potentials can be written as
A, =(A,0,0,A,), B,=(B0,0,B,), (7.1.3)

respectively, where

Qer Q.rh
A=—T p, =
t y ' YT En
Qmr Qmrh
B=—— B = . 1.4
t Y Y =% (7.14)

The dragged angular velocity of the black hole

0= _8%

By
instead of vanishing at spatial infinity, has the expression

a

Qoo — _6_2’

implying that the KNKTN-AdS metric (7.1.1) is rotating at spatial infin-
ity. At the event horizon, r — r, (A, = 0), the angular velocity €2 tends
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to its constant value

_aE
_?,

Obviously, with respect to a frame that is static at infinity, one can also

0, (7.1.5)

define the angular velocity of the black hole

~ a r?

This coincides with the angular velocity of the rotating Einstein universe
at infinity [91] and provides the relevant basis for a CFT dual of the bulk
KNKTN-AdS black hole. This angular velocity turns out to be the most
important characteristic of the KNKTN-AdS black hole in the sense that
it enters their consistent thermodynamics [92].

The horizon equation:
1 *
A, = ﬁ(r—r+)(r—7"_)(7“—7“1)(7"—7"1) =0, (7.1.7)

yields two real and a pair of complex conjugate roots. The largest of the
real roots r, gives the radius of the black holes outer event horizon and
the other real root r_ represents the radius of the inner Cauchy horizon.

The real solutions of (7.1.7) can be written as follows:

1 4M 02
ri§<0z:|:\/oz2—2u—|— E), (7.1.8)
o

where the real root u of the resolvent cubic equation and « are given by

_Cra+bn’ | OPME - M2
3 (2NZ — M2 — M2)1/3
+HPRNT = ME - M),

U
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N2 = M 4 /(M2 — M2)(M? — M2),

a=vu—02—a—6n (7.1.9)

Here, ML are the two critical mass parameters defined by

14
My = 376%(377—@) (¢4 )2, (7.1.10)
6n* + a*
2
n:%{(a2+z2—n2)+%(a2+n2)}. (7.1.11)

Expanding the expressions in (7.1.8) in powers of 1/¢ with M /¢ < 1, we

obtain
2 2 2
’roj: ZMTOZ}: —Z + n ]-
— — O — 7.1.12
= ro 202 To+ — M * <€4> ’ ( )
where
rox = M+ /M2 — a2 — 2% + n2, (7.1.13)

Evidently, r_ < r. < rg; and the two horizons r. represent the horizons
of the KN-AdS black hole [213] for n = 0 and @, = 0. As the cosmological

constant vanishes (i.e., £ — 00),

/\/li—>a2+22—n2

and M2 — —o0. So, only the mass parameter M has a definite physical



208

meaning. The metric (7.1.1) describes a black hole for a® < 2, M > M,
but a naked singularity for M < M. The case M = M, yields an

extreme black hole with the radius, rep, = 1y = r_, given by

1/2
rebhzf\/g<,/l+%—1> . (7.1.14)

In recent years, several extensions of the standard model of particle
physics predict existence of magnetic monopoles and it has grown inter-
ests in the possibility of dyonic black holes. Furthermore, recent develop-
ments in string/M-theory have greatly stimulated the study of black hole
solutions in AdS space. Especially, asymptotically AdS black hole back-
grounds are interesting for the familiar relevance of the AdS backgrounds
in the AdS/CFT conjecture and in supergravity. There exists correspon-
dence between a weakly coupled gravity system in an AdS background and
a strongly coupled conformal field theory (CFT) living on its boundary
[239, 240, 241]. The AdS black hole has peculiar thermodynamical proper-
ties, according to which the canonical ensemble is well-defined [242]. The
presence of closed time-like curves can be avoided, if one takes into ac-
count the universal covering of such an AdS black hole background, which
is not globally hyperbolic. The singularities of the metric of NUT charged
spacetime, which are called Misner strings [243], can be avoided by peri-
odic time coordinate. In the Euclidean section this induces a periodicity
proportional to the NUT charge that needs to be matched with the usual
periodicity requirement following the elimination of conical singularities
in the (r,t) section. Hence, the NUT charge and the rotation parame-

ter must be analytically continued. Some works have done in this regard
[93, 95, 99, 100, 244, 245]. However, it is not clear that the vanishing of
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the metric function at the horizon in a spacetime involving rotation yields

the same physics as its non-Wick rotated version.

7.2 Dirac Equations in KNKTN-AdS Spacetime

Dirac equations of a charged particle’s dynamics in the curved spacetime

are described in terms of the Newman-Penrose formalism as follows [246]:

(D +e—p+igA-DF
_ g

V2

+(0" + 7 — a+igA - m*)F G,
(A + pp—y +igA - i) Fy
L+ BT+ igd- MR :%Gg,
(A + " — " +igA-7)Gy |
—M&+Bﬂwﬁ+mﬁ%%xéz%%ﬂ,
(D + ¢ — p* +igA-1)Gy

—(6+7r*—oc*—|—z'q/f~ﬁi)G1:w—q

V2

where 11, ¢ are rest mass and charge of the particle with

F. (7.2.1)

¢ =q + g,

respectively. The functions F, F5, G1, and G are the four components of

the wave functions, D, A, §, 0* are usual differential operators, a, 3, 7, €,
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p, T, i, T are spin coefficients, and o*, 5*, etc, are the complex conjugates

of a, B, etc. The null-vectors of the Newman-Penrose formalism are

1 [ —hA,
lH:A_T _Ara _2707 = ] )
1 [ —hA
= |A,.. 2 !
nu 25" i ) 707 = ] )
1 —iApE2 si
m,== [iAgaSine,O,—E, ! 95 Sm@] :
Y20y =
1 ApE2sin
m,==——= [—z’Aga sind, 0, -, ﬂ] : (7.2.2)
3*v/20g =
and their contravariant forms are
" = L[g A, 0,aZ]
Ar ) ) ) )
1 1h =
F= = 0. Ay, ——
" YV2A, [sin@’ 20 Siﬂ@] ’
1
P— &2 A =
n 22 [S ) T7O7a ]7
1 —1h —i=
= - 0.Ayp, ——| . 7.2.3
m Yy /20 [sin@’ ’ H’Sinel ( )

The electrical potential and magnetic potential has the tetrad components

T 7 Qe/r g — Qe’r
A l=— A==
l A "= Ty
A-m=A-m =0,
5 1 er 5 - er
B.l=— B-ii=—
A, " 2y’

B-m=B-m" =0. (7.2.4)
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The spin coefficients are as follows:

v Agasin 0
V28

— * 14
W:_nﬂ;ym Ml -

1
€E§(lﬂ;yn“l” — my,m™*”) =0,
“A,
Nz_nu;um*MmV - =)
2300

—iv/Agasin 6
V28

N 14
T=l,,m'n” =

1
@E§(lu;yn“m*” — my,mtm*™) =m— 3",
. —1
p=lyymm = S
1 Lo 1dA
yzé(lu;yn“n” — my,m™n”) = ) dT’T + K

1
ﬁzé (Lynfm” — my,m™m”)

1 d
- Y AL sing). 795
2\/§2sin9d0( osinf) (7:25)

Considering the azimuthal and time dependence of the fields in the

form
exp[—i{wt - (m — Qe — mem)Q@}],

the directional derivatives are found as follows:

DEZ”@M = .@0,
—A,
A=nl', = —< 9,
N/
d=m"d, = =L}

V2%
—VAFD%,
V25

F*=m*d, = (7.2.6)
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where
1=K n dA,
= Ot R
=H n d
L, =0 —(/Aysinb),
0t A, T Tasmgas Y Ao
F 5 =K idAr
I e N
gi—g = " LR i),
" Ay +/Apsin6db
62
K =am — —w — QeQe” — qm@QmT,
m h
H = — . 2.
sin 0 Esin@w (7.2.7)

The four Dirac equations in (7.2.1), with (7.2.4)-(7.2.6), reduce to

(% + %) )+ ggfg = +%G1,
(% n %) Gy — %XJQ - +%Fg,
%@gGl + g <.$; - i;hw) Gy = —%Fl (7.2.8)



213
These equations simplify, if one chooses

= EXp[—i{Wt - (m — Qe — QQO)Qp}]
x{r —i(n+acosf)} ' fi(r,0),

Fy = eXp[_i{Wt - (m - que - QQO)QP}]fQ(ﬁ 9)7
G = eXp[_i{Wt - (m - QeQe - QQO)W}]gl (T7 '9)7
Gy = eXp[—i{Wt - (m — qeQe — mem)@}]
x{r +i(n+ acosf)} ga(r,0), (7.2.9)
to the form

NG Ay 2 Tan,
1

= E[Zﬂqr + /JJq(n + acos 9)]917
=K 1 dA,
A (a’”_ A 9, dr )f2

=H t 0 1 dA
—\/§ (89— —|—CO 6) fl

=K 1 =H cotd 1 dA
<&+—ZA )f1+—<8e+ © 9>f2

Ny 2 T4 df
—V2[ipgr + prg(n + acos 6)]ga,

8+ZEK _L 5 _EH+COt9+ 1 dAy
A )T B\ T A, T T2 Tan, e )
1

— ﬁ[wqr — tg(n 4+ acos0)] fa,
=K 1 dA,
Ar (ar - AT + QAT d?“ > g1

=H coté 1 dAg
+\/§(89+A9+ > T iA d0)92

—\/E[qu — pg(n+acosb)]fi,

(7.2.10)
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The decoupled Dirac equations can be obtained from (7.2.10) by assuming

(fl; Ja, 91, 92) = (R—1/2(7“)S—1/2(9), R1/2(7“)S1/2(9),

Rijo(r)S_1/2(0), R_12(r)S12(0)),  (7.2.11)

where R_j9(r), ie., R(r) and Ry/y(r) represent outgoing and ingoing

waves, respectively. The radial outgoing wave equation can be found as

d AR\ inD, dR
VAL (x/AT%> ity dR

A Lhgr dr

1 oo . dA, ,
+[2A7' (2_ K —i=K el 20T

: ~ g < 2.2 ol p
_ZQeQe - ZQQO + m — ,uqr — A :|R = 0. (7212)

In the limit n = 0, Q@ = 0, £ — oo, the radial equation (7.2.12) reduces
to the KN black hole case, as obtained in [72, 247].

7.3 Temperature and Tunneling Rate of the Inner

Horizon

We introduce the tortoise coordinate transformation

d A, d
—_—=—— 7.3.1
dr & dr ( )
Near the horizons,
. 1
7 = —In(|r — r4|) + const., (7.3.2)

2I€i
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where the surface gravity of the horizons are given by

(ry —r)(re —r1)(re —17)
202(r3 + a® + n?) '

Ky =+ (7.3.3)

The surface gravity of the inner horizon k_ is negative, since its direct is
towards the singularity, not the horizon. This is opposite to x, which is
directed towards the outer horizon. The outer horizon of the KNKTN-
AdS black hole is a future horizon for the observer outside the hole r > r_,
but the inner horizon is a “past horizon” for the observer inside the hole
r < r_. Hence, the inner horizon is a horizon of a white hole for the
observer in the region r < r_. Since the physical process near the white
hole is a time reversal of the physical process near the black hole, we can
expect “Hawking absorption” for the white hole as one expects Hawking
radiation for the black hole.
The radial equation (7.2.12) with (7.3.1) reduces to the form

PR pdA pgr +iA ] dR
2 r q
2rA, — S—— — r -
r R A WS st N
(=2 (2 U ANK — ip2Kr
A, A2 22 q q
oA, Ml T T

| =KdAN T
» (w F0Qet @+ ) ] R=0. (734)

Near the horizons, (7.3.4) takes the form

PR =K’
dr? + p2

R=0, (7.3.5)

which is the standard form of wave equation on the horizons. Solving
this equation one can derive Hawking radiation near the outer horizon. In

this chapter, we are interested in probing the case near the inner horizon
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(r < r_). The solution of (7.3.5) is the radial wave function given by

U, = exp[—iwt £ iwr|, T = T, (7.3.6)

where

wo = J2 + qeV_0e + qmV-om
_ =aj ZqeQer— = Qmr—
r2+a2+n? r24+a2+n? r2+4a2+n?

(7.3.7)

Thus on the inner horizon surface, the ingoing and outgoing waves are

respectively represented by

UM = exp(—iwu), (7.3.8)
U = exp|—iwu — 2i(w — wp)7], (7.3.9)

where u = t —7 is the retarded Eddington-Finkelstein coordinate. Because
r — r_ corresponds to 7 — —oo and 7 — 0 as r — 0, (7.3.8) and (7.3.9)
are respectively the outgoing wave emitted by the inner horizon and the
ingoing wave to the inner horizon. Since 7 ~ z—In(r_ —r) when r — r_,

the ingoing wave can be written as
Wi (r < r_) = e @4 (p_ — p)Tiwmwo)/r (7.3.10)

Due to the singularity on the inner horizon, the ingoing wave (7.3.10) can-
not be extended straightforwardly to the region » > r_. Considering this
singularity as the center of a circle with radius |r — r_| and by analytical
continuation rotating — along the upper-half in the complex r-plane, into
the “one-way membrane” region between the inner and outer horizons, we

have (r_ —7r) — |r_ —rle™™ = (r —r_)e ™. Then, ¥" in the region
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r_ <r <ry can be written as
\P;n(r >r_) =e Wi(r — 7“_)*i(“*WO)/H‘e*”(”*WO)/“—. (7.3.11)

Thinking of Sannan’s work [202], it is possible to calculate the emission
rate at the inner horizon. The total ingoing wave function can be put in

the form
U=NJY(r_—n)Ur<r )+ Y(r—r )Ur>r)], (7.3.12)

where Y is the Heaviside step function and N, represents the normaliza-
tion factor. The normalization condition (¥, ¥) = +1 indicates that the
inner horizon absorbs thermal radiation from the region r < r_ whose

thermal spectrum and temperature are respectively given by

F_ _ _1
R e [exp (“ T“’“) + 1] , (7.3.13)
T = _2”‘. (7.3.14)
s

The temperature of the inner horizon is found positive, which agrees with
the findings of Refs. [189, 190, 191, 192]. The thermal radiation from the
region < r_ to the inner horizon with temperature 7" is absorbed by the
inner horizon and the corresponding quantum effect is named “Hawking
absorption” [203, 204]. The inner horizon remains in thermal equilibrium
with the thermal radiation inside the inner horizon similar as the outer
horizon of the black hole is in thermal equilibrium with the thermal ra-
diation outside the black hole. Thus the inner horizon not only absorbs
thermal radiation at temperature 7T but emits as well thermal radiation

at the same time at temperature 7. This leads to interpret the inner
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horizon as a thermal system with temperature 7°. The outer horizon
and the inner horizon radiations are separate and simultaneously ongo-
ing processes in the KNKTN-AdS spacetime. From the exterior region of
the black hole, an observer might detect the both types of radiation. In
contrast to common beliefs, the most remarkable result is that the inner
horizon is not a passive spectator but an active participant in the radiation
processes [205, 206] of the KNKTN-AdS black hole. Hawking radiation
then can be explained as follows: The inner horizon absorbs the positive
energy particles created near the singularity, which transiting the “one-
way membrane” region (r_ < r < r) arrive at the outer horizon and being
scattered by the outer horizon, travel to infinity as Hawking radiation.

The tunneling rate at the inner horizon, represented by I'_ in (7.3.13),
is given by

Yin(r > ) ?

I'. = |W| = exp[—27(w — wy)/K_]. (7.3.15)

The ensuing temperature (7.3.14) is computed as usual by dividing the
surface gravity by 27, in accordance with the statistical Hawking temper-
ature [74]. We assume the area theorem to be applicable on the inner

horizon in the similar manner as on the outer horizon and obtain

A==+ / \geogw}fzrid%w

Ao (72 2 2
. W(riJrHa +n )

(7.3.16)

The inner horizon area A_ is negative because it is like the horizon of a
white hole.
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7.4 Inner Horizon Entropy and Bekenstein—Smarr

Formula

In order to have a deep insight into the nature of spacetime and quantum
theory, the mysterious relation between the gravity and entropy needs to
be revealed. The statistical origin of the black hole entropy can be ana-
lyzed by exploiting the brick-wall model, which was initially proposed by
't Hooft [89]. But this model has some drawbacks. In this section, follow-
ing Ref. [248], we compute the inner horizon entropy of the KNKTN-AdS
black hole by using the improved brick-wall model, called the membrane
model [112, 113]. We also calculate the BS formula in terms of the inner
horizon parameters and find that the first law of black hole thermodynam-
ics is tenable at the inner horizon. We derive a new BS formula for the
KNKTN-AdS black hole.

7.4.1 Statistical Entropy

Substituting R = ¢*) into (7.2.12) and using WKB approximation, we

Ablg Allg T4
A RO (R o N I 0
N+ pzr? \/()\2 + par? * A,

=2K72 A
= + 3 qu2 2
A, A+ pgr

obtain

kizl
2

r

, (7.4.1)

where

K—,uérQ — )\2) :

and the sign ambiguity of the square root is related to the “out-going” (k)

or “in-going” (k) particles, respectively. Averaging the radial momentum,

kt— ko 1 A 1
q r




220

where the minus before the k. is caused by a different direction.
According to (7.3.13), the number of particles in the [-th energy level

is given by
wy

exp[f_(w —wp)] £ 1

where w; is the degeneracy of the I-th energy level, 3_ = T~!, and

— )

wo = MmO 4+ ¢V_0e + ¢mV-_0m;

as in (7.3.7). As Mann [98] illustrated, the Euclidean time variable should
be periodic; hence, the Lorentzian time variable is periodic with period
8mn. Thus, periodicity of the solutions to the wave equation (7.3.4) is
desirable and we can set the system energy ' = w—wy. The wave numbers

referring to the inner horizon can be written as

k, = AL [54{E —+ m(Q_ — Q) + Qe(V—Oe - %e)

Fm(Voom — Vo) }> — (uir® + XA, (7.4.3)

where we have neglected the contributions of the terms with the factor

AMtg(A2 + /Lg?“2)_1 for simplicity. The constraint of semi-classical quantum

r_—2¢
nmw = / k.dr,
r_—e&

condition applied on k, is

where n is a non-negative integer.

The free energy f in the theory of canonical ensemble is given by

Bf==> In(l+e ")
E
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where “+” corresponds to a fermion field and “—” corresponds to a boson
field.

According to semi-classical quantum theory, we get

d = /OOO dEg(E

where g(F) is the density of states, i.e.

W' is the degeneracy of the fields (for scalar field and neutrino field, ' = 1;
for Maxwell field, w’ = 2). The state number is

1
— %nr(E,A,m) = /dm/dk;/kr(lﬂ,)\)dr

Applying the quantum statistical mechanics, the expression for the free

energy can be expressed by

. r_—2¢ max
1/dE/ dr/ dl/dm— L R

x [EHE +m(Q- — Q) + ge(Voge — Vie)
g (Voom — Vo) Y — or? Ay — A(1+ 1)

o=

7 3 54(7“2_—|—a2—|—n2)3 €
180 B (ro = )2 (e — )2 (ro =) Y

(7.4.4)

where the separation constant A = [(I 4+ 1), with [ the angular quantum
number. The extreme of integration with respect to [ is performed so that
k. > 0 (the [ reaches its maximum for k. = 0). The ¢ is the ultraviolet

regulator and satisfies 0 < ¢ < r_. This shows that the integral over
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the quantum number m does not diverge. Moreover, according to the
membrane model, the black-hole entropy mainly comes from the vicinity
of the horizon. So, we have considered lim,_,, € = Q_ in the m and r
integrations. In evaluating the r-integration the median theorem have also
been used ; so, € < n < 2¢. With the standard formula, S = 622—1;, we
find the one componential entropy of the inner horizon as

7 7 2 (r? + a® +n?)3

£
S A oy ey o LA

We choose an appropriate cut-off distance € to satisfy

905_

1_
— =

(1]

Because € and 7 in (7.4.4) are of the same order, we find that

905

€ 1_
n” e

(1]

Since the wavefunction is of four components, the entropy of the inner
horizon is found to be -
S, == 4817 — é.Af, (746)

where A_ is the area of the black-hole inner horizon, defined in (7.3.16).
Thus, the inner horizon entropy is also proportional to the area of the inner
horizon and cut-off factor 904_/= is analogous to that in the calculation
of the entropy of the outer horizon. Carrying out similar calculation, the
entropy of the outer horizon is obtained as S, = %.A+ for the KNKTN-
AdS black hole, where A, is the area of the outer horizon. The result
agrees with that obtained in [248] for the NUT-KN black hole.

In the proceeding subsection we find that together with the inner
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horizon temperature 7, the entropy S_ satisfies the familiar formula
T-! = %, that is,

dS_ -1 K_
T = = —— 4.
(dM —Q_dJ —V_dQ —V'dn — @_dA) o’ (7.4.7)

which suggests that the temperature or the entropy of the inner horizon is
negative and another is positive. In several previous papers, the entropy
was positive and the temperature was negative. However, there is no clear
explanation in favor of negative temperature of the inner horizon. In fact,
our understanding of the essence of the black hole entropy is still somewhat
incomplete. Nevertheless, the negative entropy of the inner horizon can
make possible the entropy of the black hole with two horizons to satisfy the
Nernst theorem. In particular, if the entropy of the black hole is redefined

as the sum of the contributions of the outer and inner horizons:

Spi = Si + S_

7

it is obvious that the black hole entropy approaches zero as its temperature

(ry —r_)(re —r)(ry —17)
4l2(r: + a2 + n?)

T+:

goes to absolute zero, r, = r_. Thus the entropy defined now obeys the

third law of thermodynamics and hence is a Planck absolute entropy.
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7.4.2 New Form of Bekenstein-Smarr Formula

The inner horizon can have thermal character and the thermodynamic
system of the black hole then is composed of two subsystems: the outer
horizon and the inner horizon [78]. This is indeed suggested by (7.4.8),
which demonstrates that the extensive quantity entropy is determined by
the area of both the inner and outer horizons. We define the parameters
M, J, z, n related to the mass, angular momentum, electric and magnetic

charges, and NUT charge by the Komar integrals [92]

M alM

M/ = 5’ J = E’ Q = , Tl,/ = (749)

[11]
(1] 3

The cosmological constant A can be regarded as a thermodynamical vari-
able parameter ([249] and references therein). Then, from A, (r_) = 0 we
obtain by simple algebraic manipulations a generalized Smarr formula in

terms of classical entropy S_ = A_/4 for the KNKTN-AdS black hole’s

inner horizon (with omitting dashes in M’ and n') as follows:

S_ T 1
2 P— 2 2 0 021 L L2 o2
M* = . 45_{4J +(Q 2n)}—|—2(Q 2n°)

2
_ _ 4
s s

2 2l S_

1 /S%2 45, A

=== - — : 4.1
—|—€2 <27r2 7Tn+8n)} (7.4.10)

Considering the black hole thermodynamical fundamental relation for the
inner horizon: M = M(S_,J,Q,n, ), we obtain the BS differential for-

mula

dM =T-dS_ +Q_dJ +V_dQ + V'dn + ©_dA, (7.4.11)
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where

oM

T — 7
0S_

JOnA

—1 m 2 2 212
_&T—M{1+S—2{4J +(Q? — 2027

2 o oo 250 1/35 85 , _,
W{Q””‘Tw—z<z—ﬁ2‘—”+8” ’

™

(7.4.12)
oM

- 9J S_QnA

—J S_
-/ (1 _ W) | (7.4.13)

o
aQ S_JnA

I A P R S S e - R

= 515 [Q 2n - + e ( dn ; (7.4.14)
_ oM
- on

Q_

V_

Vl

S_JQA

S_ S (S
2_ 2 )= 2
= 75 [2n Q4+ — + { 20

202 29- () 0 S
+8QM" + 5 (4n® — = , (7.4.15)

S_JQn
_ —1] s S- 2 o S Am 2\ 2
= 7 J 27T{Q +2n (Q° —2n*)n

T S_

A [S2 85
+S6_ (_; _ ﬁrﬂ + 16714) ] , (7.4.16)
T 7 T
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This shows that the first law of black hole thermodynamics is also plausible
at the inner horizon. Regarding M as a function of S_, J, Q2 n and A,
one finds that it is a homogeneous function of degree 1/2. Euler’s theorem

then gives
1 1 ,
§M =175 +Q_J+ §V_Q +Vin—0_A, (7.4.17)

called the BS integral formula for the inner horizon. One can verify that
the relations (7.4.12), (7.4.13) and (7.4.14) for temperature, angular ve-
locity and electric potential respectively, coincide with equations (7.3.14),
(7.1.6) and (7.1.4) for the inner horizon case.

The above calculation with the outer horizon parameters yields for the
outer horizon the following equations, analogous to (7.4.10), (7.4.11) and
(7.4.17):

1
M?* = & b {4J? 4 (Q2 — 20%)%) + =(Q* — 212)
45 2
J2 2 S+ Am o 2,2
2n® + — 4+ — -2
to {Q +2n° + — + S, (@ n-)n
1 (S%2 45, 2
+£—2 (ﬁ +— - + 8n* (7.4.18)
dM = T,dS; +QdJ 4V, dQ + Vidn + O, dA, (7.4.19)
1 1 ,

These expressions reduce to the corresponding KN-AdS expressions in the

limit n — 0 [92].
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Thus the new BS formulae that receive contributions from both the

inner and outer horizons are given as follows:

1
M = T+S_A,_ + Q+J + §V_|_Q + V_(_TL — @+A

1
+T_S_+Q_J+ 5V_Q +V/n —O_A, (7.4.21)
1 1 1 1, 1
dM = STydSy + 5Qd] + 5VidQ + SVidn + 50, dA
1 1 1 1 1
~T.dS_ + =Q_ ~V_ ~V! ~0_dA.
+5T-dS- + 5Q-dJ + 5V.dQ + 5Vidn + 56.d
(7.4.22)

In the limit ¢ — 0, (7.4.21) and (7.4.22) reduce to the NUT-KN black hole
case [250].

7.5 Back-reaction of Radiation

We consider that the emitting particles have back-reaction on the space-
time and assume the energy conservation, charge conservation, magnetic
conservation, and angular momentum conservation, when a particle with
energy wj, charge ¢;., magnet ¢;,, and angular momentum j; tunnels out
of the inner horizon and then out of the black hole. Then, after emission
of the particle, the mass, charge, magnet parameters of the black hole will
be replaced by M — w;, Q¢ — Gie, @m — ¢im, and a will be replaced by
Ma—j

a' = 57—. So, we obtain the emission rate
K3

I = exp|—27(w; — wp;i) /K], (7.5.1)
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where, with replacing Za, Z¢e, Z¢m by a, e, Gm,

woi = Jid=i 4+ QeiV_0ei + qmi V_omi

a/jz' QGi(Qe - Qez')T—z‘ Qmi(Qm — (sz')T—i
r2;+a?+n? 2 4 a? +n? r, 4+ a? + n?

9

rei = (M —w;) £ /(M —w;)? — a? — 22 + n?
(M —w;) £ /(M —w;)? —a? — 2% + n?)?
202\ /(M — w;)? — a? — 22 + n?
X [(M — w;) £ /(M — w;)? — a2 — 22 +n2)* + d%],

:F

Z, = (Qe - Qei)2 + (Qm - qmi>27

(rys —7r—i)(r—i —r1)(r— —77)
" 202(r%, + a”* 4+ n?) (7.5.2)

If we consider emission of many particles and think that they radiate one

by one, the result gives

I_=]]Ti=exp [Z(—Zﬂ(wi — woi)/k—i) | - (7.5.3)
Considering the emission as a continuous procession, the sum in (7.5.3)

could be replaced by integration

I'_ = eXp[—QW /(dwl - Q/dj/ - e/OdQ(le - folodq;n)/’il)]

= exp|—2mx_], (7.5.4)
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where

dq.. | . (7.5.5)

In the limit /2 — oo, (7.5.5) reduces to the case of KNKTN black hole

and is given by

(wvjv(Jean) T/_2 _|_ (MCL_—.]//)Q + n2 M(I_—j//
(Qe — qu)r” (Qm — )"
+—r’+ — ;',_ dq, + E— dq. | (7.5.6)

To calculate it, we make use of the inner horizon (classical) entropy S_ =
A_ /4 and obtain

AS_ = r[(r? 4 d”?) = (r’ + a)]
= 7|2(M = w)* = (Qe — ¢o)* = (Qm — m)* = 2(M — w)
XV (M = w)? = (Qc = ¢)? = (Qu — qu)? — a +1n?
—2M? + QF + Qn + 2M /M — Q= Q% — a? + 12,
(7.5.7)

in which AS_ =S (M —w, Qe — G, Qs — G, @') — S_ (M, Qe, Qm, a) is the

difference between the entropies of the inner horizon before and after the
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emission. Then we obtain

O(AS-) An(r” +a”)

ow ro—rl
O(AS_)  drd
dj o — ol
I(AS-)  Am(Qe — go)r’
0 rlo—rl
A — 4 m - Ym /—
AAS) _Am(Qu = du)r” (7.5.8)
O rl—rl
Using (7.5.8) in (7.5.6), we get
1 (wajaQean) [a(AS_) ,
X N —— dw
21 (0,0,0,0) 8&)’
I(AS-) ., O(AS-)  , OJ(AS.)
——dj + ——=d d
+ T + g, e + g
1 1
=5 d(AS_) = —%AS_. (7.5.9)

We now consider that ¢2 is a finite constant. In this case computing the
integration (7.5.5) with above procedure is cumbersome. However, to make
the calculation more simple, we do not need to perform the integration
directly. Instead we work on it in the following way: making use of the

inner horizon temperature of the black hole

1 _ (ks - _ AnP(? 4 a” +n?) (7.5.10)
o\ 2 (=) =) =)’ o
we get .
7 (' = " = Voedg, = Voudar,) = A5, (7.5.11)

which brings (7.5.5) in the form (7.5.9). This means, (7.5.9) is a natural
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result of the first law of black hole thermodynamics. Therefore, we obtain

the inner horizon emission rate
I =2 (7.5.12)

Applying analogous procedure, the emission rate of the outer horizon is

found as
I, = e (7.5.13)

Thus, the total emitting rate is given by
=T, -T_ =%n (7.5.14)
where

ASpy = SBH<M — W, Qe — (e, Qm — 4m, G/) - SBH(Ma Qe, Qma a)

is the change of Bekenstein-Hawking entropy. The result supports the
Parikh’s work. Manifestly, the derived radiation spectrum deviates from
purely thermal one, and is connected with the change of Bekenstein-
Hawking entropy. Expanding the emission rate I' in w, ¢., gm, and j,

one can find
I = e—B(w—wg)—i—O(w,qe,qm,j)2 _ 6—5/(w—o.)o)’ (7515)

where the leading-order term is the Boltzman factor and ' is the inverse
quantum-corrected temperature. The higher-order terms in w, @e, Qm,
and j generate a deviation from a purely thermal spectrum. Moreover,
in quantum mechanics the number of microstates of the initial and final
states are the exponent of the initial and final entropies. So, the emitting

rate is I' = (€% /e%) = 2% and it is consistent with our result. There-
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fore, satisfying the underlying unitary theory our result provides a might

explanation to the black hole information puzzle.

7.6 Conclusions

In this chapter we have investigated the thermal character of the inner
horizon of the KNKTN-AdS black hole and derived Hawking radiation
via tunneling effect of both the inner and outer horizons. We have found
that outside the black hole there occurs two simultaneous radiation pro-
cesses which are caused by the pair creation effects at the both horizons
of the hole. Thus the study gives the most remarkable result that the
inner horizon (i.e., white hole horizon) is not a passive observer but an
active participant in the radiation processes. Hawking radiation then can
be explained as that the inner horizon absorbs the positive energy parti-
cles created near the singularity, which traveling the one-way intermediate
horizon region reaches the outer horizon and being scattered by the outer
horizon travels to infinity as Hawking radiation. In this study we have
calculated the inner horizon temperature as positive (7- > 0) and the
statistical inner horizon entropy as S_ = 0A_/8 with ¢ = 7. Although
the Euler characteristic is greater than two (o > 2), the entropy satisfies
the Bekenstein-Hawking area law as is found for the outer horizon of the
NUT-KN black hole [248], if the cut-off factor is chosen properly. Be-
cause of the positive inner horizon temperature, there is no interpretative
problem regarding the thermodynamical properties of the inner horizon
radiation. The positive inner horizon temperature implies that the inner
horizon entropy is negative, as explained in (7.4.7). The reason behind

the negative inner horizon entropy is not clear and it is an open question.
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Indeed, the essence of the black hole entropy is still not completely under-
stood. Nevertheless, the negative entropy of the inner horizon makes the
redefined entropy of the black hole to satisfy the Nernst theorem.

Our work suggests the inner horizon as an thermodynamic system and
the KNKTN-AdS black hole’s thermodynamics then is composed of two
subsystems, the outer horizon and inner horizon. The corresponding BS
formulae are obtained in (7.4.21) and (7.4.22). The black hole entropy
decreases as it radiates but the total entropy of the system comprising
the black hole and its surroundings remains constant. That means, the
information is preserved.

The validity of our analysis lies in the fact that exactly the same
method, which was used in the analysis of the radiation of the inner hori-
zon, produces the well-known results for the radiation emitted by the outer
horizon. The radiation effect of the inner horizon has much importance in
its own right because it supports the idea that all horizons of spacetime
emit radiation. The result of this chapter goes for the RNTN black hole
case presented in chapter 4, when one sets a = 0 = A. If in addition
n = 0, the result reduces to the RN black hole case [82]. The KN black
hole result [81] is found for n = 0 = A. The study of this chapter agrees
with the works of chapters 4, 5 and 6.

Hawking radiation connects classical general relativity, statistical physics,
and quantum field theory in quantum black hole physics. So, a satisfactory
quantum theory of gravity demands an intense investigation of black hole
physics. In this regard, tunneling process of Hawking radiation deserves

more attentions in a wider context.



Chapter 8

Discussion and Concluding Remark

Black holes are perhaps the most perfectly thermal objects in the universe,
even though they are very cold for stellar mass black holes. Their thermal
properties are not yet fully understood. They are described very accurately
by a small number of macroscopic parameters (e.g., mass, angular momen-
tum and charge), but the microscopic degrees of freedom that lead to their
thermal behaviour have not yet been adequately identified. Although we
have acquired an enormous amount of information about black holes and
their thermal properties in the past 4 decades, it seems that there is even
much more that we have yet to learn. In this thesis, we have investigated
quantum effect, i.e. radiation of black holes which is commonly called
Hawking radiation. We use semi-classical tunneling method such as null-
geodesic method, Hamilton-Jacobi ansatz, and Damour-Ruffini method.
Hawking radiation is one of very interesting phenomena where both of
general relativity and quantum theory play a role at the same instant. It
is derived by taking into account the quantum effects in the framework of
general relativity. Hawking radiation is widely accepted by now because
the same result is obtained by several different methods. There remain

several aspects which have yet to be clarified. In this thesis, we have at-
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tempted to clarify some arguments in previous works and present more
satisfactory derivations of Hawking radiation.

In chapter 2, we have reviewed basic facts and various properties of
black holes. These are necessary preparation to discuss Hawking radia-
tion. We have demonstrated the black hole solutions and their types as a
result of general relativity, and Penrose diagrams which are useful to un-
derstand the global structure of black hole spacetime. A part of energy can
be extracted from a rotating black hole by the Penrose process. We also
have discussed analogies between black hole physics and thermodynamics,
and explained a method to derive the black hole entropy which was sug-
gested by Bekenstein. In order to understand the properties of black holes,
it is very useful to consider black hole physics in terms of well-known ther-
modynamics. However, the corresponding relationships are no more than
analogies in classical theory. If we would like to establish the complete
correspondence between black hole physics and thermodynamics, namely,
to demonstrate that black holes actually have entropy and temperature,
we need to explain black hole radiation. Although Bekenstein suggested
that black holes can have entropy, the complete corresponding relation-
ships was not established because the mechanism of black hole radiation
was not explained exclusively.

In chapter 3, we have discussed several previous works on Hawking ra-
diation derived by using quantum effects in black hole physics. Following
Hawking’s original derivation, we have computed the expectation value
of the particle number by using the Bogoliubov transformations. As is
well known, the result corresponds with the black body spectrum with a
certain temperature. By defining the temperature as the black hole tem-

perature, it is demonstrated that a black hole behaves as a black body and



236

we can thus explain the black hole radiation. The existence of black hole
radiation suggests that the Hawking area theorem is violated. However,
the second law of black hole physics holds in a suitably generalized form.
These considerations lead to understand the complete corresponding re-
lationships between black hole physics and thermodynamics, and suggest
that the radiation-dominated tiny black hole will eventually evaporate at
some point. We also have briefly studied some representative derivations
of Hawking radiation and reviewed the tunneling method as an alterna-
tive description of the quantum radiation from black holes. The method is
first formulated and considered for the case of stationary black holes, and
then a foundation is furnished in terms of analytic continuation through-
out complex spacetime. The two main implementations of the tunneling
approach, which are the null geodesic method and the Hamilton-Jacobi
method, are reviewed. They provide equivalent result in the investigation
of black hole evaporation.

Since the discovery of quantum black hole thermal radiance by Hawk-
ing [2, 3], it became pretty clear that something remarkable concerning the
interface of gravity, quantum theory and thermodynamics was at work. In
the usual picture, a radiating black hole loses energy and therefore shrinks,
evaporating away to a fate which is still debated. From the recognition
that quantum field theory implied a thermal spectrum, many new con-
cepts came out. Among these concepts the most impressive probably is 't
Hooft’s idea of a dimensional reduction in quantum gravity and the associ-
ated holographic description [251, 252, 253], and the principle of black hole
complementarity aimed to reconcile the apparent loss of unitarity implied
by the Hawking process with the rest of physics as seen by external ob-

servers [254]. There were also other issues more practical regarding these
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matters, and some of them bewildered scientists since the very beginning
and that have been only partly resolved. A key issue is that the original
derivation of Hawking’s radiation has application only to stationary black
holes, but the picture above uses quasi-stationary arguments. In actual
fact, an evaporating black hole is non-stationary. However, a surpris-
ing aspect of the semi-classical result is that the radiation induced by the
changing metric of the collapsing star approaches a steady outgoing flux at
large times, which implies a drastic violation of energy conservation. This
indeed signifies that one cannot neglect the back-reaction problem, which
has not been solved yet in a satisfactory way. The other key issues are to
deal with the final state of the evaporation process, the thermal nature and
the related information loss paradox, the Bekenstein-Hawking entropy and
the associated micro-states counting, the trans-Planckian problem, and so
on. In order to address some of these questions, there had begun to ap-
pear some alternative derivations and descriptions of Hawking’s emission
process over the years [235, 255, 256, 257, 258, 259, 260, 261, 262], and
one of these being the so-called tunneling method.

The original tunneling method, introduced by Parikh and Wilczek to
study the black hole radiance, is the null geodesic method, which is subse-
quently applied to verify the thermal properties of a static, spherically
symmetric Schwarzschild black hole in the scalar sector. Despite the
merits of the seminal work by Parikh and Wilczek, there is a couple of
unpleasant features of their null geodesic method: (i) it strongly relies
on a very specific choice of (regular-across-the-horizon) coordinates, and
(ii) it turns upside down the relationship between Hawking’s radiation
and back-reaction. In the spirit of general relativity, it should be clear

how irrelevant is the choice of coordinates (according to point (i)): phys-
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ical observables being invariant with respect to the group of diffeomor-
phisms (the hole temperature is such an observable), there is no reason
why Painlevé-Gullstrand coordinates [188] should be favourable with re-
spect to other (equally well-behaved) coordinates. Regarding the latter
point, we note that apparently there cannot be Hawking’s radiation with-
out back-reaction in the null geodesic description. However, careful watch-
ing shows that the discovery of Hawking’s radiation justifies back-reaction
and makes the treatment of Hawking radiation’s self-gravity commend-
able. The so-called Hamilton-Jacobi method can cope with both issues.
The null geodesic method is only suitable for the reversible process, but
the factual emission process is irreversible; so there is possible to lose in-
formation. However, the Hamilton-Jacobi method can be suitable for the
irreversible process and there are very few information lost in the emit-
ting process. There is proposed another method by Liu [71], based on
the Damour-Ruffini method [7], to model Hawking radiation as a tunnel-
ing process. When energy conservation and the particles’ back-reaction
are taken into account, the same conclusion as the previous works can be
derived from it.

In some recent derivations thermal characters of the inner horizon have
been employed; however, the understanding of possible role that may play
the inner horizons of black holes in black hole thermodynamics is still
somewhat incomplete. Motivated by this problem we investigate Hawking
radiation of the Reissner-Nordstrom-Taub-NUT black hole in chapter 4
by considering thermal characters of both the outer and inner horizons
[83]. We apply Damour-Ruffini method and the thin film brick wall model
to calculate the temperature and the entropy of the inner horizon of the

RNTN black hole. The inner horizon admits thermal character with pos-
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itive temperature and entropy proportional to its area, and it thus may
contribute to the total entropy of the black hole in the context of Nernst
theorem. Considering conservations of energy and charge and the back-
reaction of emitting particles to the spacetime, the emission spectra are
obtained for both the inner and outer horizons. The total emission rate is
the product of the emission rates of the inner and outer horizons. It de-
viates from the purely thermal spectrum and can bring some information
out. Thus, the result may be treated as an explanation to the information
loss paradox.

The radiation emitted by the inner horizon of the RNTN black hole is
directed towards the singularity » = 0 and the observer at rest with re-
spect to the inner horizon must be situated inside the two-sphere r = r_.
Hence, the roles of the ingoing and the outcoming modes interchange.
The inner horizon emits particles inside the inner horizon with a posi-
tive temperature. When real particles with energy w are emitted towards
the singularity from the inner horizon, it is necessary to maintain a local
energy balance that antiparticles with energy —w are emitted away from
the singularity through the inner horizon. The process is analogous to
the one which takes place at the outer horizon according to the Hawking
effect—at the outer horizon antiparticles go in and particles come out.
This is true at the inner horizon as well. The real particle remains inside
the inner horizon and finally meets with the singularity, while the an-
tiparticle enters the intermediate region between the horizons. One may
speculate on the possibility that it travels across the intermediate region
and finally comes out from the white hole horizon, if the backscattering
effects are neglected. However, the situation is quite complicated because

the vacuum states corresponding to a freely falling observer near the in-
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ner horizon of the black hole and the white hole horizon are completely
different. The analysis in [87] predicts that not only does the black hole
horizon emit thermal radiation with a black body spectrum but thermal
radiation is emitted by the white hole horizon as well. Thus outside the
black hole there exists two simultaneous radiation processes: the normal
black hole radiation, and the “white hole radiation” which is caused by
the pair creation effects at the inner horizon. The white hole radiation
contains only antiparticles with negative energy and this may be under-
stood as an absorption of energy by the white hole horizon. However, this
feature contradicts with the classical results in a similar way as does the
evaporation process at black hole horizons.

The surface gravity of the inner horizon k_ is negative, since it is di-
rected to the singularity, not to the horizon, opposite to x, which is di-
rected to the outer horizon. The outer horizon of the RNTN black hole is
a future horizon for the observer outside the hole r > r,, while the inner
horizon is a “past horizon” for the observer inside the hole r < r_. This
means that the inner horizon is a horizon of a white hole for the observer
in the region r < r_. Because the physical process near the white hole is
a time reversal of the physical process near the black hole, we can expect
“Hawking absorption” for the white hole as one expects Hawking radiation
for the black hole.

We find that the temperature of the inner horizon is T_ =

—K_
2

(positive). Thus there exists some thermal radiation from the region

> 0

r < r_ to the inner horizon with temperature 7"_. This thermal radi-
ation is absorbed by the inner horizon and the corresponding quantum
effect is termed “Hawking absorption.” Similar as the outer horizon of the

black hole is in thermal equilibrium with the thermal radiation outside
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the black hole, the inner horizon is in thermal equilibrium with the ther-
mal radiation inside the inner horizon. The inner horizon absorbs thermal
radiation at temperature 7", and at the same time it emits thermal radia-
tion at temperature 7. Thus, the inner horizon is a thermal system with
temperature 7. The radiations of the outer horizon and the inner hori-
zon are separate and simultaneously ongoing processes in the spacetime,
and an observer situated at the exterior region of the black hole observes
the both types of radiation. Then the most remarkable result is that, in
contrast to common beliefs, the inner horizon is not a passive spectator
but an active participant in the radiation processes [205, 206] of the black
hole. We can explain Hawking radiation as follows. The inner horizon ab-
sorbs the positive energy particles created near the singularity. Transiting
the “one-way membrane” region r_ < r < ry, these particles arrive at the
outer horizon. Being scattered by the outer horizon, they travel to infinity
as Hawking radiation.

The temperature or the entropy of the inner horizon is negative and an-
other is positive. The positive temperature implies that the inner horizon
entropy is negative. It is not clear why the inner horizon entropy is nega-
tive. In fact, our understanding of the essence of the black hole entropy is
still incomplete. However, the negative entropy of the inner horizon can
make possible the entropy of the black hole with two horizons to satisfy
the Nernst theorem. The emission process in this analyze is an reversible
one. In this picture, by the process of entropy flux, the two horizons and
the outside spacetime approach an thermal equilibrium. As the black hole
radiates, its entropy decreases but the total entropy of the system remains
constant, and the information is preserved. However, the existence of the

negative heat capacity makes an evaporating black hole a highly unstable
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system, and the thermal equilibrium between the black hole and the out-
side becomes unstable (there will exist difference in temperature). The
process is then irreversible and the underlying unitary theory is not satis-
fied, i.e., information does not conserve during the evaporation. Further,
our study is still a semi-classical analysis in which the radiation is treated
as point particles. This type of approximation can only be valid in the low
energy regime. To properly address the information loss problem, a better
understanding of physics at the Planck scale is a necessary prerequisite,
particularly that of the last stages of the endpoint of Hawking evaporation.
The procedure of this chapter could be applied to any black hole with two
horizons to obtain Hawking radiation via tunneling phenomenon of both
horizons. The radiation effect of the inner horizon has much importance
because it supports the idea that all horizons of spacetime emit radiation.

In chapter 5 we apply the null-geodesic method to the Taub-NUT-
Reissner-Nordstrom-AdS spacetime [90], which contains a wider range of
spacetimes. We also discuss in particular the cases for the Schwarzschild-
AdS, Taub-NUT-AdS, Reissner-Nordstrom-AdS, and Taub-NUT-Reissner-
Nordstrom-AdS black hole spacetimes. In this study we investigate the
Hawking radiation of charged and magnetized massive particles via tun-
neling effect with treating the background spacetime as dynamical. To
describe across-horizon phenomena in the null-geodesic method, it is nec-
essary to choose coordinates which, unlike Schwarzschild coordinates, are
not singular at the horizon. General Painlevé coordinate transformations
[188] are used to eliminate the coordinate singularity from the metric. The
crucial features of these coordinates are that they are stationary and non-
singular through the horizon. Hence, it is possible to define an effective

“vacuum” state of a quantum field by requiring that it annihilate modes
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which carry negative frequency with respect to time. A state of this type
will look essentially empty (in any case, nonsingular) to a freely falling
observer as the observer passes through the horizon. This vacuum differs
strictly from the standard Unruh vacuum, defined by requiring positive
frequency with respect to the Kruskal coordinate [9]. However, the differ-
ence is only in transients, and does not affect the late-time radiation.
Taking into account the particle’s self-gravitation and the conservation
of energy, electric charge and magnetic charge, we obtain that the emis-
sion rate is connected with the change in Bekenstein-Hawking entropy and
depended on the emitted particle’s energy, electric charge and magnetic
charge. The result shows that the Hawking thermal radiation actually
deviates from perfect thermality and is consistent with an underlying uni-
tary theory. The result is fully in accordance with the previous literature.
We derive the expected Hawking temperature and find, in contrast to a
common black hole, that the entropy is not just a quarter area at the
horizon of NUT charged black holes, which is consistent with the find-
ing of Refs. [93, 95, 97, 98, 99, 100]. The result can also be treated as
a quantum-corrected radiation temperature and it depends not only on
the black hole background but also on the radiation particle’s energy and
charges. The result of this chapter agrees with that of chapter 4 obtained
by Liu’s method [71] which is based on the Damour-Ruffini method [7].
In chapter 6 we apply Hamilton-Jacobi ansatz in the background of
Demianski-Newman black holes to investigate Hawking radiation of charged
and magnetized scalar as well as fermion particles [102]. We divide the
emission time into a series of infinite small pieces. In each of small seg-
ments the process can be treated as a quasi-static one with the background

spacetime as fixed. There exists equilibrium temperature in each piece and
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the Hamilton-Jacobi method can be applied there. In different piece the
instantaneous event horizon is different. If I, be the action in the ¢-th
tiny time piece after the particle tunneled across the instantaneous hori-
zon and AI; = I; — I;_q, the last action is found as I = Y AL ~ [dI.
The Demianski-Newman black hole [103] is a five-parameter stationary
axisymmetric solution of the Einstein-Maxwell equations, which is inter-
esting in that it generalizes the well-known Kerr-Newman spacetime with
two intriguing parameters the gravitomagnetic and magnetic monopoles.
In the stationary pure vacuum limit, the Demianski-Newman metric re-
duces to the combined Kerr-NUT and Taub-NUT solutions. It is inter-
esting that the spacetimes with the NUT charge are not asymptotically
flat but asymptotically locally flat [93, 100, 101] and they possess sev-
eral special properties. As discussed in [44], tunneling and temperature
of Taub-NUT black holes can be formally carried out and the physical
interpretation is less problematic in the context of the Hamilton-Jacobi
ansatz than the null-geodesic method. The NUT charged black holes
have been of particular interest in AdS/CFT conjecture [93, 94, 95]. In
AdS backgrounds, Lorentzian sector of these spacetimes’ boundary met-
ric is similar with the Godel metric [104]. In recent years the thermo-
dynamics of various Taub-NUT spacetimes has become a subject of in-
tense study. Entropy of these spacetimes is not just a quarter area at
the horizon and their free energy can sometimes be negative [93, 97, 98,
99, 100, 101, 105, 106]. Taking into account self-gravitation interaction
and unfixed background spacetime, we find the spectrum of radiation
not accurately thermal. The calculation gives an emission probability
of I' ~ %84 with ASpy = —27% 4+ O(w, q, p,j)?. Then from compari-

T
son with the purely thermal spectrum, a quantum-corrected temperature
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found as 7" =T(M,Q, P, J) + %f(w, q,p,J), where f(w,q,p,7), given by
(6.4.4), is dependent not only on the black hole background but also on
the radiation particle’s energy, charges and angular momentum. In par-
—7(1 + %) for the Schwarzschild case. Thus the black hole

temperature increases after emission of a particle. This causes the black

ticular, T ~

hole to emit further. Our study shows that the black hole emits tunneling
radiation spectrum of massive and massless (scalar or fermion) particles
at the same temperature in the semi-classical limit in which the WKB
approximation is applicable. However, when dealing with the Hawking
radiation of fermions tunneling, there is a subtle technical issue in select-
ing an appropriate ansatz for the Dirac field consistent with the choice of
matrices v*, and failure to make such a choice results to a breakdown in
the method. We also calculate the change of total entropy of the system
including black hole and radiating particles. The result shows that the
change in total entropy is AS > 0 (indicating the process as irreversible)
but very small and can be neglected. This has some difference from null-
geodesic method [19] in which AS = 0. It also suggests that the probing
of radiating particles of the black hole is connected with the change of the
black hole entropy.

We find that the result obtained by using Hamilton-Jacobi method is
in agreement with that obtained in chapter 4 by Damour-Ruffini method
and in chapter 5 by the null geodesic method. However, the physical
picture in Hamilton-Jacobi method is more clear. There are some differ-
ences between the two methods, as mentioned earlier. Although the null
geodesic method strongly relies on a very specific choice of coordinates, the
Hamilton-Jacobi method can directly be applied to rotating black holes

without converting the metric to the corotating frame. Moreover, the fac-
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tual emission process is irreversible and the null geodesic method is only
suitable for the reversible process. The Hamilton-Jacobi method, on the
contrary, can be suitable for the irreversible process as well and there is
very few information lost in the emitting process. Further, to conserve the
symmetry of the spacetime in null geodesic method, the particle should be
an ellipsoid shell during the tunneling process. It implies that a should be
chosen as a constant. However, this assumption needs not be considered
in the Hamilton-Jacobi method and a can be substituted with a = %
The work of this chapter might not only be theoretically interesting in
Hawking radiation, but also meaningful to study the dynamical process of
black hole physics.

In chapter 7 we investigate by Hawking radiation of electrically and
magnetically charged Dirac particles from a more general black hole called
dyonic Kerr-Newman-Kasuya-Taub-NUT-Anti-de Sitter black hole. We
consider thermal characters of both the outer and inner horizons. The
work of this chapter is a generalization of the work of chapter 4 in which
our study is concerned with analysis of charged scalar particles’ Hawk-
ing radiation by the Klein-Gordon equation in the background of the
Reissner-Nordstrom-Taub-NUT black hole. In the present chapter charged
fermions’ dynamics in the KNKTN-AdS spacetime are described by Dirac
equations with using the Newman-Penrose formalism [246]. We apply
Damour-Ruffini method [7] and membrane method [112, 113], which is
the modified form of the brick-wall model, proposed by 't Hooft [89]. As
in the case of the RNTN black hole in chapter 4, the inner horizon of
the KNKTN-AdS black hole admits thermal character with positive tem-
perature and entropy proportional to its area. The inner horizon entropy

contributes to the total entropy of the black hole in the context of Nernst
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theorem. We have found that outside the black hole there occurs two si-
multaneous radiation processes which are caused by pair creation effects at
both horizons of the hole. Thus the study gives the most remarkable result
that the inner horizon (i.e., white hole horizon) is not a passive observer
but an active participant in the radiation processes. Hawking radiation
then can be explained as that the inner horizon absorbs the positive en-
ergy particles created near the singularity, which traveling the one-way
intermediate horizon region reaches the outer horizon and being scattered
by the outer horizon travels to infinity as Hawking radiation.

In this study we have calculated the inner horizon temperature as pos-
itive (T_ > 0) and the statistical inner horizon entropy as S_ = 0. A4_/8
with ¢ = 7. Although the Euler characteristic is greater than two (o > 2),
the entropy satisfies the Bekenstein-Hawking area law as is found for the
outer horizon of the NUT-KN black hole [248], if the cut-off factor is cho-
sen properly. Because of the positive inner horizon temperature, there
is no interpretative problem regarding the thermodynamical properties of
the inner horizon radiation. The positive inner horizon temperature im-
plies that the inner horizon entropy is negative, as explained in (7.4.7).
The reason behind the negative inner horizon entropy is not clear and
it is an open question. Indeed, the essence of the black hole entropy is
still not completely understood. Nevertheless, the negative entropy of
the inner horizon makes the redefined entropy of the black hole to sat-
isfy the Nernst theorem. The KNKTN-AdS black hole’s thermodynamics
then is composed of two subsystems, the outer horizon and inner horizon.
The corresponding Bekenstein-Smarr formulae are obtained in (7.4.21)
and (7.4.22). The black hole entropy decreases as it radiates but the to-

tal entropy of the system comprising the black hole and its surroundings
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remains constant. That means, the information is preserved. The total
emission rate is obtained as the product of the emission rates of the in-
ner and outer horizons. It deviates from the purely thermal spectrum
with the leading term exactly the Boltzman factor and can bring some
information out. The result thus can be treated as an explanation to the
information loss paradox. The validity of our analysis lies in the fact that
exactly the same method, which was used in the analysis of the radiation
of the inner horizon, produces the well-known results for the radiation
emitted by the outer horizon. The radiation effect of the inner horizon
has much importance in its own right because it supports the idea that all
horizons of spacetime emit radiation. The result of this chapter goes for
the Reissner-Nordstrom-Taub-NUT black hole case presented in chapter
4, when one sets a = 0 = A. The study of this chapter agrees with the
works of chapters 4, 5 and 6.

In this thesis we have investigated the black hole tunneling radiation
and black hole thermodynamics. We have exploited three different tech-
niques to calculate tunneling radiation from different black hole back-
grounds: the null-geodesic method, the Hamilton-Jacobi ansatz, and the
Damour-Ruffini method. The results indicate that the tunneling method
can be seen to be robust in the sense that it works effectively with an exten-
sive range of horizons. Among the three methods, however, the physical
picture in Hamilton-Jacobi ansatz is more clear. The Hamilton-Jacobi
ansatz is a result of complex path analysis and it ignores self gravitation
effects but it can model massive particle emission. Kerner and Mann ex-
tended the Hamilton-Jacobi method to model spin-1/2 fermions tunneling
from the black hole [60], which was further improved by viewing the Hawk-

ing radiation as a series of infinite small quasi-static emission process [70].
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The future areas of research would be to consider higher order calculations
in WKB in both the scalar as well as fermionic fields (in order to calculate
grey body effects). Particularly, it would be worth to investigate fermion
emission from rotating spacetimes beyond lowest order to observe whether
a coupling term between angular velocity of the black hole and the spin of
the fermions can be found. Unfortunately such a coupling term was not
seen to the lowest order of WKB. If such a coupling term could be found
then it would be a discovery of new physics and would show how fermion
emission varies from scalar particle emission. The method can also be
applied to other types of particles by using various wave equations. It
would also be interesting to investigate the possibility of calculating a
density matrix for the emitted particles from a tunneling approach in or-
der to compute correlations between particles. Another interesting case
is to extend the tunneling method to model other types of fermions (e.g.
fermions’ with spin-3/2).

In the null geodesic method the s-wave is massless and follows null
geodesics of the Painlevé form of the black hole metric. This method
does not model fermion emissions from the black hole. With this method
it is possible to calculate the self interaction effect resulting from energy
conservation of the system. However, it is possible to ignore the self inter-
action by doing a perturbative expansion in terms of the particle’s energy
as long as this energy is much smaller than the energy of the system
(i.e. ADM mass). The third technique proposed by Liu [71] is based on
Damour-Ruffini method and it can be applied to model scalar particles’
tunneling as well as fermions’ tunneling. When energy conservation and
the particles’ back-reaction are taken into account, the same conclusion as

the previous works can be obtained from it.



Chapter 9

Appendix

A. Conformal transformations

In this appendix we introduce the notion of conformal transformations
(following Ref. [263]). We use the notation:

e ds : The metric, ds = g, dx" ® dx”;

e g, : The (components of) metric tensor;

e g : The determinant of the metric tensor, g= det(g,,);
e ds(u,v) =guu"v’ =u-v=v-u

Consider two manifolds M and N with metrics ds and ds respectively.
Then, a smooth function f : M — N is defined as a conformal transfor-

mation if, for some nonzero function (2,
Q0 2ds = f*ds, (A.1)

where f* is a pull-back. If such a map exists, then manifolds M and N

are said to be conformally equivalent.
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For a local set of coordinates a’ so that 2’ = f#(zx), or for short,

x' = 2'(x), the pull-back f* is defined on a function h by

(f*h)(x) = (ho f)(x) = h(a'(x)), (4.2)

i.e. the composition of h with f, and on a one-form o = o, dx"" by

(ffe)(v) = a(fiv) (4.3)

for all vectors v. Here f, is the push-forward. In terms of the local

coordinates and v = v“%,u, we have

fov =" gxx/; 83’“ (A.4)
i.e., f, can be considered as the linear map, with the Jacobian
(fo) = %IZ, (A.5)
hence,
(fa)(v) = (awdx") (M (Zgg afw) =P gﬁgau. (A.6)

Since this is valid for any v, we see that f*a is the one-form on M given

by
. ox'"
Ja= 0P

Thus, the one-form, a, on N is pulled back to a one-form on M. This is

a, dx”. (A.7)

why f* is called a pull-back. For a@ = dx’” the pull-back is only the chain
rule

frdx" = Ox”

— B
57 dx"”. (A.8)
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Conformal transformations rescale the metric and relate manifolds where

the metric is the same up to a rescaling. If 2 =1 and f(x) = 2/, then

ox' 9z'"

ds = f*ds =
s=/fds oxV Oxt

gapdx! @ dx”. (A.9)

This is just the metric at f(x) instead of at x, pulled back to x. If this

metric happens to be equal to the original one, i.e.
ds = ds, (A.10)

then f(x) is called an isometry. That is, isometries are conformal trans-
formations with 2 = 1.
Consider two vectors v and u. The lengths and the angles of these vec-

tors will be preserved under isometries. Using conformal transformations,

we get
ds(v,v) = Q2ds(v,v), (A.11)
and also find that
Zv,u)= B0
\/ds(v, v)ds(u, u)
dsviw)  _ ), (A.12)

B \/ds(v, v)ds(u,u)

that is, angles are preserved under conformal transformations.
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B. Killing Vectors and Null Hypersurfaces

The total energy-momentum vector P* on a 3-dimensional spacelike hy-

persurface X is defined by
Pt :/T“”dEV, (B.1)
)

where T),, is the energy-momentum tensor. This definition, however, loses
a physical meaning in the curved space. The global energy or momentum
conservation laws cannot be maintained in general. Nevertheless, when
there exist particular vectors, the corresponding conservation laws can be
maintained.

In order to find these laws, we consider a quantity given by

Pi(S) = /Z TS, (B.2)

where £/ is an arbitrary vector. This is a scalar quantity. We consider the
volume V enclosed by two surfaces ¥ and ¥’ (see Fig. 3.2 in section 3.2).

Applying the Gauss theorem, we find

PUS) = B(®) = | V(g T)av
_ /V (V)T + £,(V, T")|dV

1
=3 /V(Vyéﬂ +V,6,)T"dV, (B.3)

where we have used the local conservation law of the energy-momentum

tensor, V, 7" = 0, and the fact that T"" is a symmetric tensor. It is
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obvious that the quantity P¢(X) is conserved, if the vector ¢, satisfies
V&, +V,.& =0, (B.4)

and there is thus a corresponding symmetry in the system. The particular
vector £/ and the corresponding equation (B.4) are respectively called the
“Killing vector” and the “Killing equation.” Equivalently, when there
are symmetries in the system, there exist the corresponding conserved
quantities (Noether’s theorem) and the corresponding Killing vectors. The
conserved quantities are identified at asymptotic infinity.

We now discuss hypersurfaces and for this purpose define . (x) as a
smooth function of the spacetime coordinates z#. Consider a family of

hypersurfaces
. = constant. (B.5)

The vector normal to the hypersurface is given by

n= )0, ) (B.6)

where F'(x) is an arbitrary nonzero function. Then the hypersurface .7 is

called a “null hypersurface,” if the relation

n* =0 (B.7)
is satisfied. For example, let us consider the case of a Schwarzschild back-
ground, described by the metric

2M oM\
ds® = — <1 — —) dt* + <1 — —) dr® + r?d?, (B.8)

T r

where r2d6? + r?sin® 0de?. In the ingoing Eddington-Finkelstein coordi-
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nates (v,7,0,¢), it is rewritten as

2M
ds® = — <1 — —) dv? + 2drdv + r?dQ?, (B.9)
r

where v =t + r, is the advanced time. Then for the surface defined by

S =r—2M, (B.10)
we obtain, from (B.6),
2M\ 0 0
and
2 v 2 2M\
n” =g"0,70,SF(r) = 1—7 F=(r), (B.12)

which shows that r = 2M is a null hypersurface. Then relation (B.11)
becomes

N |pmonr= F(r)(% (B.13)
We therefore define .4 as a null hypersurface with a normal vector n, if
(B.7) is satisfied for (B.6) with ./ = 4. A vector ty is tangent to .4
when n -ty = 0. However, the relation n -ty = 0 is satisfied because A4~

is null. Thus, the vector n is itself a tangent vector, i.e., we have

dxt
= — B.14

where x#(\) is geodesic. Further, it is known from the definition that a

Killing horizon is a null hypersurface .#* with a Killing vector & normal

to A .
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C. The First Integral by Carter

In this appendix, we present the first integral, derived by Carter [161], for

the Kerr-Newman metric given by

A — a%sin’6
>

A — (r* + a?)

ds* = — dt* + 2 asin® fdtdy

(r? +a?®)? — Aa®sin® 4

> sin fdp?, (C.1)

»
+Zdr2 + 2d6* +

where notations are the same as in section 2.2. We write the metric as

follows:

ds* = ¥.d6? — 2asin’ Odrdp

1
+2drdu + i[(TQ + a?)* — Aa’sin? 0] sin® 0dp*

2
—%L(ZMT — Q%) sin® Odpdu — <1 — w> du?, (C.2)

where u is the retarded time. This metric agrees with the Kerr-Newman

metric (C.1) under the transformations given by

du = dt + £ dr,
dp = dp + Ldr. (C.3)
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In the background with the metric (C.2), Carter considered the behavior
of a particle of mass p and electrical charge e. For this case, the general
form of the Hamilton-Jacobi equation is described by

83 1 > n aS aS
— gl , ,
3 2g < - eAZ> < r eA]) , (C.4)

where A is an affine parameter must be related to the proper time 7 by
T = A, (C.5)

A, is the gauge field (the electrical potential) and S is the Jacobi action.
If there exists a separable solution, we can write S in terms of the

already known constants of the motion as follows:

1
S = —§M2>\—EU+J¢+SQ+ST, (C.6)

where E and J are given by
pu=—E, ps=1J, (C.7)

where p,, is the momentum component in the direction of each coordinate
variable. Here, Sy and S, are respectively functions of # and r only. In

this case, the first integral can be given by

2
) +a’p’cos? 0 = A, (C.8)

Ap? = 2[(r* + a®)E — aJ + eQrlp, + p*r* = =, (C.9)

r

where J# is a constant.

We now write the relations (C.8) and (C.9) by using the Kerr-Newman
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metric (C.1) [264]. For an electrically neutral particle, we have e = 0.

Differentiating (C.6), we find

1, .05 05,
dS——ﬁ,u d)\—Edu+Jdgp+Wd8+ B

Using the transformations (C.3) into (C.10), we obtain

1, r? + a?
=—= —F
dsS S d\ (dt+ A dr)

) 0Sy a5S,

+ ——db + dr

00 or

+J (dgp + %dr

1, 0S5y
= ——u“d)\ — Edt d —df
2,u + Jdyp + 20

2 2
+(—T ¢ E+EJ+6ST) dr

A A or
The momenta conjugate to € and r are respectively

os 05,
pﬁ_aea pr_ar-

Using (C.12) into the relation (C.11), we obtain

1
ds = —§u2d>\ — Edt + Jdy + pedf

r? + a? a
- E - r d.
—|—< A +AJ+p) r

dr.

(C.10)

(C.11)

(C.12)

(C.13)

Comparison between (C.10) and (C.13) results in a new radial momentum

pl. given by
2, 2
r“+a a
AN

(C.14)
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from which we can also write
pr =D, + % [(r* +a*)E — aJ]. (C.15)
Defining a new constant ¢ related to the others by
q=H —(J—aE)’ (C.16)
we obtain from (C.8)

2
Py + (aE sin § — p—@@) + a*p? cos’ 0 = q + (p, — aE)?, (C.17)
sin

which gives
2

q = cos> 0 [aQ(,u2 — E% + Pe

2, C.18
sin @ R ( )

This Carter’s kinetic constant is used in (2.6.20) in section 2.6. Substitut-

ing the value of % from (C.16) into (C.9), we obtain

p:—2 [(7"2 +a*)E — aJ] pr + pr?

=—q— pi +2aEp, — a’E*. (C.19)
Inserting (C.15) into (C.19), one can find

E? [7“4 +a*(r* + 2Mr — Q%)] — 2E(2Mr — Q*)ap,

—(r* —2Mr+ Q")p — (1 + ) A = (pA)°, (C.20)
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D. Bogoliubov Transformations

In this appendix, we show that the inverse transformations of (3.2.18) and
(3.2.19):

a; = Z (biaij + b;ﬁ;}) ; (D.1)

J
af =3 (0B +blay;) (D.2)
J
give the Bogoliubov transformations (3.2.20) and (3.2.21):

b= (ajja; — Byal)., (D:3)

J
b} = Z (oz” @]aj) (D.4)
J
Inserting both (D.1) and (D.2) into the right-hand side of (D.3), we obtain
> (i = )
j
=y :a;'kj (%‘kbk + %@) — B <ﬁjkbk + 042}@52)}
gk

— Z Z (awozjk szﬁjk bk + Z Q;; jk ;}Odjk,) b;i] . (D5)

kE Ly

Then the orthonormal condition (3.2.6) for {f;} and {f/}:

pUnf}) =51 [ (9l = V) a =65 (D)
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yields the following relations:

p(f7, [;) = —dij, (D.7)

The orthonormal condition (3.2.12) is also satisfied for {p;} and {p!},
giving
p (pip}) = bij. (D.9)

Substituting in (D.9) the relations between {p;} and {f;}, which are

pi = zk: (qinfu + Birf7) (D.10)
;=Y (auff + B3h), (C.11)
we obtain |
p(pi.pj) =» (Z (v + B i) D (afi + B;flfz)>
=> [Zika;flmfk, 1)+ amz;;lp(fk, fi)
’ +Bicip(fis 17) + BuBio(fis )] - (D.12)

With (D.6)—(D.8), we obtain from (D.12) that

P(pz‘ap}k-) = Z [@ika;fl(skl + @kﬁﬁ(—%)]
k,l

- Z (aika;k - @kﬁj*k) : (D.13)
k
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Hence, from (D.9), we find that
Z(O‘ik@;k — BikBir) = 0ij- (D.14)
k
In the similar we consider the case of p(p;,p;) = 0 and obtain
> (Biagy — afiBi) = 0. (D.15)
k

Inserting (D.14) and (D.15) into (D.5), we obtain

> Z (aj;cm — B3 Bin) b + Z (B3 — Biyaisi) by

k 7 J

= Siby = b;. (D.12)
k

We can thus reproduce b; from the right-hand side of (D.3). Similarly b!
can be reproduced from the right-hand side of (D.4). This confirms that
the relations (D.3) and (D.4) are the inverse transforms of (D.1) and (D.2).

E. Klein-Gordon Equation in Schwarzschild
Background

In this appendix, we present the solutions of the Klein-Gordon equation
(3.2.5),
g""Vv,V,® = 0. (E.1)

Since V,® = 0, for a scalar field ®, the equation (E.1) becomes

V,.(g"9,) = 0. (E.2)
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where 9, and V, respectively stand for an ordinary derivative and a co-

variant derivative. Also, for a vector field A*,
Vv, Af =09,A" + T A",

where [ is the Christoffel symbol and

1
T = §g“p(8ugp,, + 0u8pu — OpBup)

1
— §(g“”8ﬂgpy + g"0,8,, — g"0,8,,)

1

=3 g 0,8,

since g"’0,g,, = g'?0,8, (exchanging ;1 and p).
We are now to calculate d,g,,. Defining g by

g = det(g,,) =exp(Indet g,,)
=exp(Tring,,),

the small variation of g is given by

0g = exp [Tr{ln(gup + 5gup)}] — exp [Tr(In guﬂ)]

~exp [Tr(Ing,, + g"dg,,)] —exp [Tr(Ing,,)]

=exp [TI‘(]H gup)] exp [Tr(glw(sgup)] — €xXp [Tr(ln gup)] )

(E.3)

(E.4)

(E.5)

(E.6)
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where we have used the Taylor expansion for a matrix X
(X +0X)~InX+ X 16X (E.7)

Performing the Taylor expansion for exp[Tr(g/”dg,,)] and retaining the

first order of terms, we find

0g ~ exp[Tr(Ing,,)](1 + Trg" dg,,) — exp[Tr(Ing,,)]
=exp[Tr(Ing,,)| Tr(g" dg.,)
=g Tr(g"dgy,)
=g - g"gu, (E.8)

Replacing v with p in the last equality of (E.8), we obtain
0g =g - &gy (E.9)
Hence, we find
0g=g-8"08u & gy =(g-¢") "0 (E.10)

We substitute (E.10) into (E.4)and obtain

1 1
fo_ = up
FW—Qg o - git v
1
=9,
2g &
1
=——0,(v/—g), (E.11)
vV—E
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From (E.3) and (E.11), we obtain

1
VvV, A" =0,A" + —0,(v/—g)A”
H I \/__g ( )
1
= ——0,(v/—gA"), E.12
replacing v by p. So, the Klein-Gordon equation (E.2) is written as
1
—,(v—g-g"0,P) =0. E.13
From the metric (2.2.1) of the Schwarzschild background, we have
—(1- 21 0 0 0
0 1-2"" o9 o
) = r , E.14
(8uv) 0 0 2 (E.14)
0 0 0 r%sin?6
and
g = —r'sin®4. (E.15)

The Klein-Gordon equation (E.13) with (E.14) and (E.15) takes the form

o # 10f,(ro2 0
r—2MO%*t  r2o0r " r or

1/ 9 . 9 1 &
L (AN HY A A | E.1
7“2( 705 59 sin2(9(9g02)] 0 (E.16)

Defining a quadratic angular momentum by

2
I? = —gsiHQQ— L 9

—_— E.1
00 90 sin? 0 0p?’ (£.17)
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the equation (E.16) can be written as

ro 9% 10 (,(r—2M\ 0 1., B

We write ® as

d = (Ae ™ + A*“)R(r)S(0, ) (£.19)

and substitute it into (E.18). The result is

. r . \2 ig 9 r—2M g _lAZ
[ 7"—2M<W) +7’28r{r ( r or TQL}

x (Ae ™ + AN R(r)S(0,¢) = 0 (E£.16)

Dividing both sides by (Ae ™! + A*e™!) and then separating variables,

equation (E.16) can be put in the following form

f£0L—ZM”“7%%{Q(TZ?W>§}lMM
1

=509 L2S(6, ) = A, (E.17)

where A is a separation constant. Setting A = (] 4+ 1), we obtain
L2S(0,9) = (1 +1)S(0, ¢), (£.18)
1 —2M 1
r_ 24 ld {72 (7" )3}—“” )] R(r)=0. (E.19)

r—2M r2or r
We expand S(6, ¢) as follows:

where By, is an integration constant and Y;,,(6, ) is the spherical har-
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monics. In equation (E.19), we put

R(T*) - TR(T)a (E21)
where r, is the tortoise coordinate defined by

r« =1+ 2MIn —1‘. (E.22)

7"
2M
( )7 g

1, r 0

With (E.21)—(E.23), equation (E.19) becomes

1 r 5 r 0% oM 1 . B
. [T_QMW + (T_2M> 5 —ﬁzuﬂ)] R(r.) =0. (E.24)

Dividing both sides of (E.24) by 1 (-—53;), we find

9 Rir)+ [w2 L {ﬂ L+ 1)} (1 _ %M R(r.) = 0. (E.25)

or? r2 | r r

~~

In the asymptotic region, r — oo, equation (E.25) becomes

2

arzé(r*) + wzé(r*) = 0. (E.26)

Its solution is given by

R(r,) = Cye ™" + C* e, (E.27)
where C; is an integration constant. Substituting (E.21) into (E.27), we
obtain

1 . .
R(r) = ~(Cue™™" + Clye"), (E.28)

w
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Using (E.20) and (E.28) in (E.19), we find

1 —ww(t+r * _—iw(t—r
@ = Y [ACLe ) A e

w,l,m
FA*Ce ) 4 A C )| B Yim (0, 9). (E.29)
We define
v="14r,, (E.30)
u=1t-—r, (£.31)
where v and u are respectively called the advanced time and the retarded
time. If one puts together the integration constants in (E.29) except for
the normalization constant \/#7’ one can write the partial waves as

Fortm = "Y1 (0, ), (E.32)

ol = ey, (6, ). E.33
Pul 7“\/% l ( 90) ( )

Here F,,(r) and P, (r) are not integration constants but rather “integration
variables” which depend on r, because we want to take into account the

small effect of r arising from the approximation by setting » — oo.

F. Calculation of Bogoliubov Coefficients

The Bogoliubov coefficients a,,, and (., as given in (3.2.34) and (3.2.35),

are respectively

AN, 00 o
O = Ve dve " p,,, (F.1)
V 27TFw/ —00




rvw'
vV 27TFw/

Bow = dve™ p,,. (F.2)

If the partial wave function p, be such that pff) ~ 0 for v > v, and
P vy — U
(2) £ ex {—z—ln ( 0 )] for (v<w F.3

as represented in (3.2.41), we find that the corresponding a( ), and /3
are given by (3.2.42) and (3.2.43), i.e

1 1w - ! ! ' 1w
a?, ~ P, (CD)Fe ( ﬁ) r (1 - @> (—iw!) M2, (F4)
T

K

B ~ —ialy) ). (F.5)

Using (F.3) in (F.1),

2) Yo —V —iw'v
) e —z—ln e ., (F.6
e \/27TF r\/271' Xp[ ( CD )] (F:6)

where integration variables F,,(r) and P,(r), which take the small effect
of r into account, are collectively rewritten as P, (r). Near the horizon
r=2M we use P, = P,(2M). So, the relation (F.6) becomes

1 5 /[ o
C%(i)/ = %POJ_(CD)ZE\/ % /_OO dv(vg — v) 'we Y. (F.7)

Integrating over the variable defined as v, — v = x, we find

ww/_ P, CD \/ _“’”’0/ doy e~ (T
_ L pepysy[Lenr (122 i), (F8)
o W K ’ '
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where we have used the formula of the gamma function,
I(e)t = = / dss* e s, (F.9)
0

We can show in the similar way the relation (F.5) for 553,

G. The Unruh Temperature

In this appendix we utilize the ideas of Hawking’s original work of deriving
black hole radiation (described in section 3.2) in Rindler spacetime and
obtain the temperature of Unruh radiation by simply comparing the solu-
tions to the Klein-Gordon equation for massless particles from the points
of views of inertial and uniformly accelerated observers [87].

Let us consider the thermal radiation of the Rindler horizon found by
Unruh in 1976 [9]. Rindler horizons are such horizons of spacetime which
appear in the rest frame of a uniformly accelerated observer.

Suppose an observer in flat two-dimensional Minkowski spacetime ex-

periences a constant positive proper acceleration a in the X direction.

Then ) )
d’X d>T
<—d72) — a2 (W) =0, (G.1)

where X and T', respectively, are the minkowskian space and time coordi-

nates. The scalar product of proper velocities and accelerations are given

by ) ,
G- e

E2x\° (TN
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These equations are solved by

CZZ_T = cosh(ar), X = sinh(a7). (G4)

T dr

Integrating (G.4) the world line of the observer may be written in the
parametrized form:

T(r) = %sinh(cw), X(r) = %cosh(aT). (G.5)

We define the Rindler coordinates ¢t and x such that
Loy (G.6)
T = — = ar. )
a’ g

Then the metric of two-dimensional Minkowski spacetime can be written

as
ds® = —2*dt* + da’. (G.7)

In Fig. 9.1 below the world line of a uniformly accelerated observer has
been shown. The figure also show the Rindler horizon of the acceler-
ated observer. The Rindler spacetime has four regions, labelled as I, II,
IIT and IV. Because this diagram is very similar to the Kruskal diagram
of Schwarzschild spacetime, one would expect Rindler spacetime to have
physical properties similar to those of Schwarzschild spacetime. In fact, it
is obvious that the causal features of the regions II and IV are, respectively,
analogous to those of a black and a white hole.

Consider massless particles in the rest frame of an accelerated observer.

In general, the Klein-Gordon equation may be written as in (3.2.5):

gV, V,® = 0. (G.8)
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Rindler horizon

Figure 9.1: Rindler spacetime. The curve C' describes the wordline of a uniformly accel-
erated observer.

When spacetime metric is that of Eq.(G.7), Eq. (G.8) takes the form

1 02 9 10
(—P@—F@ﬁ‘ga—x) o = 0. (G9)
Defining
¥ =1Inx, (G.10)

we obtain from (G.9)

0? 0?

which has orthonormal solutions

u, = Nye Y, (G.12)
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where N, is an appropriate normalization constant and
U=t—a" (G.13)

From the point of view of an accelerated observer in the region I, these
solutions represent particles with energy w propagating to the positive X-
direction. On the contrary, the corresponding solutions to the massless
Klein-Gordon equation

0?0
(‘W + W) o =0, (G.14)

written from the point of view of an inertial observer at rest with respect
to the Minkoski coordinates T" and X, can be given by

u, = Nye ™ a=T-X. (G.15)

These solutions also represent particles with energy w propagating to the

positive X-direction.
From (G.5) and (G.13),

U= —In(—a), (G.16)
and hence the Bogoliubov transformation

uy = Y (ALl + Blul) (G.17)

wl

between the orthonormal solutions u,, and u;, may be written as

eiwln(—ﬂ) _ Z <A;w/6_iw/a + Bi;w’eiwla> : (G18)

w/
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where the Bogoliubov coefficients A/, , and B! , are expressible as Fourier

integrals:
A = i ! daeiwln(—ﬂ)eiw'ﬁ (Glg)
ww' o . )
B - L O die’ =0 =i, (G.20)
ww'’ I .

The limit of integration is from —oo to 0, since we are considering particles
in the region-I where u < 0.

In Fig. 9.2 v, and _ are respectively closed contours circulating the
shaded regions in the upper and the lower half of the complex plane. The
value of the integral in (G.19) is zero along the arcs of the contour v, in
the limit where R — oo and r — 0. Therefore the integral from —oo to
0 along the real axis may be transformed into an integral from 400 to
0 along the imaginary axis. Analogous result holds also for the integral
in (G.20) along the path ~_, except that now the integral from —oo to 0
along the real axis may be transformed to an integral from —oo to 0 along

the imaginary axis. The integrals along the imaginary axis lead directly

to
ALl = €| B, . (G.21)
From the well-known relation between the Bogoliubov coefficients,
> (AL —1BLP) =1, (G.22)

(JJ/

one can find that when the field is in vacuum from the point of view of an

inertial observer, the number of particles with energy w, from the point of
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Figure 9.2: Integration contours in the complex plane.

view of an accelerated observer, is
(G.23)

1
_ ro2
Ny = %:|wa" — 627“*) _ 1

L and it is related

2

This is the Planck spectrum at the temperature 7y =
to the temperature experienced by an observer located at a given point in
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space by the Tolman relation [265]:

Ty
v/ 800 '

Thus a uniformly accelerated observer detects particles coming out from

T = (G.24)

the Rindler horizon with the black-body spectrum corresponding to the

characteristic temperature

1
Ty=— =— (G.25)

T onz  on

even when the field is in vacuum from the point of view of an inertial
observer. This result is known as the Unruh effect. It is one of the most

remarkable outcomes of quantum field theory.
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