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Introduction 

The idea of a I'-ring as the generalization of a ring was introduced by 

N. Nobusawa [16] and obtained analogues of the Wedderburn 

Theorem for I'-rings with minimum condition on left ideals. W.E. 

Barnes [4] improved the idea ofN. Nobusawa and gave the definition 

of I'-rings which are more general than that ofN. Nobusawa [16]. The 

notion of I'-homomorphism, prime and primary ideals, m-systems, the 

radical of an ideal were introduced by him. 

The notion of Jacobson radical, nil radical and strongly nilpotent 

radical for I'-rings were introduced by Coppape and Luh [7] and they 

developed some radical properties. 

Regular rings were invented and named by von Neumann and he 

obtained a necessary and sufficient condition for regular rings. Brown 

and McCoy developed the concept of a regular ideal. Warfield, 

Bergman, Kaplansky, Auslander and some other -renounce 

mathematicians made deeper studies on regular rings. 

The general radical theory for rings had been introduced by A. 

Kurosh [ 11] and S. A. Amitsur[ I]. They studied the characterizations 

of a general radical. Divinsky [8] studied the general radical theory, 

the upper radical and the lower radical. Various kinds of radicals were 

studied here and he had also shown that these radicals are equal by 

minimum condition. He also characterized special class of rings and 

special radicals. 



Shoji KYUNO, Nobuo NOBUSA WA and Mi-Soo B. Smith 

[ 14] introduced regular I'N -rings and they developed various 

properties of regular I'N -rings. They obtained a couple of necessary 

and sufficient conditions that I'N -rings are regular and then 

characterized a commutative regular I'N -rings as a subdirect sum of 

gamma fields. 

Strongly regular rings were invented and named by Arens and 

Kaplansky, while the term "abelian' came into use later via operator 

algebras and Bear rings. Arens and Kaplansky proved that every 

strongly regular ring is regular, and that, in a strongly regular ring, 

every one-sided ideal is two-sided. Forsythe and McCoy showed that 

a regular ring is strongly regular if and only if it has no nonzero 

nilpotent elements, and that m a ring with no nonzero nilpotent 

elements, all idempotents are central. Most of the basic 

characterizations of abelian regular rings have been re-proved in a 

number of papers, along with innumerable variations and alternative 

characterizations. 

Unit-regular rings were invented by G. Ehrlich [9] and he saw that 

this unit-regularity was equivalent to various properties for direct 

sums of finitely generated projective modules. K. R. Goodearl [1 O] 

developed a number of equivalent characterizations of the unit

regularity of a regular ring and also developed a lattice-theoretic 

characterization. 

In our work, we have obtained the general radical theory for 

various type of T-rings. We have studied some of the 

characterizations of general radicals for J-I'-rings, regular I'-rings, 
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unit-regular I'-rings and abelian regular I'-rings. In this connection we 

have also discussed particular radicals such as Jacobson radicals. 

The main body of this thesis is divided into eight chapters. 

The first chapter is the fundamental concepts relevant to our 

works. Here we have given some basics concepts of I'-rings, I'-rings 

M-modules, radical classes and other concepts that are needed to our 

research works. 

In the second chapter, we have studied p-rings and developed 

some basic properties. We have proved that the class of all p-rings is 

a radical class. We have also developed a number of equivalent 

characterizations of p-rings. 

We have studied J-rings and developed some properties in 

chapter three. We have showed that the class of all J-rings is a radical 

class. We have also proved that the Jacobson radical of J-ring is zero. 

The concepts of p-I'-rings have given in the third chapter. Here we 

have proved the analogous properties of p-rings for p-I'-rings. We 

have proved that the class of all p-I'-rings is a radical class. We have 

also developed some other properties of this ring. 

The purpose of chapter five is to introduce the notion of J-T

rings and obtain the analogous properties of J-rings for J-I'-rings. We 

also develop some other properties for J-I'-rings. 

In chapter six, we have defined a regular I'-ring that is more 

general than that of S. Kyuno [14]. Here we have developed a few of 

their most basic properties. The main emphasis is on developing 

sufficient conditions for T-rings to be regular. We also have proved 

that the class of all regular I'-rings is a radical class. 
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Chapter seven is one of several in which we have developed the 

basic properties of a class of regular I'-rings of some "classical" type. 

Those considered in the present chapter are somewhat commutative, 

in that all idempotents are central, and also closely connected to 

division I'-rings. Abelian regular I'-rings are also known as strongly 

regular I'-rings, which is, however, a more indirect concept. In that a 

nontrivial theorem is required to show that strongly regular I'-rings 

are actually regular. For this reason, we view abelianness as the more 

general property. We have first developed a number of equivalent 

characterizations of abelian regular I'-rings before proving that 

"abelian regular" is equivalent to "strongly regular". 

The last chapter eight is concerned with unit-regular I'-rings. We 

have developed a number of equivalent characterizations of the unit 

regularity of regular I'-rings, mostly in the form of cancellation 

properties, either internal (within the lattice L(MR)) or external (for 

finitely generated projective M-modules). These cancellation 

properties are then used to derive further properties of finitely 

generated projective M-modules over unit-regular I'-rings. We have 

also developed a lattice theoretic characterization of the unit-· 

regularity of M, namely transitivity of the relation of perspectivity in 

the lattice L(2MR) 
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Chapter-One Preliminaries 

If/ and J are both left (respectively right or two-sided) ideals of 

M, then I+ J = {a+ b I aE/, beJ} is clearly a left (respectively right 

or two-sided) ideal, called the sum of/ and J. We can say every finite 

sum of left (respectively right or two-sided) ideal of a I'-ring is also a 

left (respectively right or two-sided) ideal. 

It is clear that the intersection of any number of left (respectively 

right or two-sided) ideal of Mis also a left (respectively right or two

sided) ideal of M. 

If A is a left ideal of M, B is a right ideal of Mand Sis any non 

n 
empty subset of M, then the set A rs= { L a;}';S; I a;EA, }';EI', s;ES, 

i=I 

n is a positive integer} is a left ideal ofM and SrB is a right ideal of 

M. A rB is a two-sided ideal of M. 

If aeM, then the principal ideal generated by a denoted by (a) 

is the intersection of all ideals containing a and is the set of all finite 

sum of elements of the form na + xaa + af)y + uyaµv, where n is an 

integer, x, y, u, v are elements of Mand a, f), y, µ are elements of r. 
This is the smallest ideal generated by a. Let aeM. The smallest right 

ideal containing a is called the principal right ideal generated by a is 

denoted by I a). We similarly define (a I and (a), the principal left 

and two-sided ideal generated by a respectively. We have I a) = Za + 

arM, (a I= Za + MI'a, and (a)= Za + arM + MI'a + MI'aI'M, where 

Za = { na: n is an integer}. The smallest left (right) ideal generated by 

a is called the principal left (right) ideal and is denoted by (al (I a)). 
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Chapter-One Preliminaries 

Completely prime ideal in a I'-ring: A completely prime ideal 

m a I'-ring M is a proper two-sided ideal P such that Ml P is an 

integral domain (not necessarily commutative). 

Division I'-ring: A I'-ring M is called division I'-ring if for 

every xeM there exists yeM such that xyy = yyx = ] . 

I'-Field: A commutative division I'-ring is called a I'-field. 

Semi-hereditary: A I'-ring M is said fo be semi-hereditary if 

every finitely generated right ideal of Mis projective M-module. 

Non-singular I'-ring: An ideal / of a I'-ring M is called 

essential if for every nonzero ideal A in M, In A i- 0. Let cp(M) be the 

class of all essential ideals in Mand Zr(M) = {xeM I xn = 0 for some 

/ ecp(M)}. M is called a non-singular I'-ring if Zr(M) = 0. For the 

case of a classical ring R, we define Zr(R) = {xeR I xi= 0 for some 

I ecp(R). Then R is called a non-singular if Z,(R) = 0. 

m-system: A subset Sofa I'-ring Mis an m-system if S = <I> or 

if a, beS implies (a)I'(a) n S -:t:- <I>. A subset N of Mis said to be 

n-system in M if N = <l> or if aeN implies (a) n N -:t:- <l>. 

Radical Class: A class of rings (I'-rings)fll is called a radical 

class if 

a) fll is homomorphically closed, i.e. if Re !ll and / is an ideal 

of R, then RI IE f!l. 

ii) 91 is closed under extension, 1.e. if RI/ and /e .W, then 

Re 91. Here l is an idea] of R. 
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Chapter-One Preliminaries 

iii) If / 1 c /2 c '3 c ........... -1s an ascending chain of 

91-ideals, then Uala E !ll. 

Let A be any ring (I'-ring) and let 9l be a radical class. Then there is a 

unique largest 9l -ideal R(A) such that Al R(A) has no non-zero 

.W-ideals. This R(A) is called a radical of A. If R(A) = A, then A is 

called an !Jl-radical ring (I'-ring). If R(A) = 0, then A is called 

9l-semisimpl~ . . 

Jacobson radical: Let M be a commutative I'-ring with I. Then 

Jacobson radical of the I'-ring M is the intersection of all maximal 

ideals of M. 

M-module: Let M be a I'-ring and let (E, +) be an abelian 

group. Then E is called a M-module if there exists a I'-mapping 

(I'-composition) from MxI'xE to E sending (m, a, p) to map such that 

i) (m, + m2)ap = m1 ap + m2ap 

ii) ma(p, + P2) = map1 + map2 

iii) (m,am2)/Jp = m1a(m2/Jp), 

for all p, p,, p2EE, m, m,, m2eM, a, /JeI'. 

If in addition, M has an identity 1 and 1 yp = p for all peE and some 

yer, then Eis called a unital M-module. 

Sub module: Let M be a I'-ring. Let E be a M-module. Let (Q, +) 

be a subgroup of (E, +). We call Q, a sub module of E if myqeQ for 

all meM, qeQ and yer. 
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Chapter-One Preliminaries 

Quotient module: Let Q be submodule of a M-module E. If for 

each a + Q, b + Q are in the factor group EIQ = {p + QI peE} and 

each yeI', we define mr(p + Q) = myp + Q for all meM, peP and 

yeI', and (p, + Q) + (p2 + Q) = (pi + P2) + Q for all Pt, p2eP, then 

EIQ is a M-module which we call the quotient module of M with 

respect to Q. 

Irreducible module: An M-module is said to be irreducible if it 

has exactly two submodules. These must be itself and O; the module 0 

is not irreducible according to this definition. 

Annihilator: Annihilator of a subset S of an M-module E is 

defined as 

Ann(S) = { aeE I ayx = 0 for all xeS, ye I'}. 

It is a left ideal of E. If S is submodule of E, then Ann(S) is a two

sided ideal of E. 

If S = E, then Ann(S) = Ann(E) = 0 

lf Ann(E) = 0, then Eis called a faithful module. 

Indecomposable Submodules: Submodules that are not the 

direct sum of two nonzero submodules are known as indecomposable 

Submodules. 
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Chapter-Two Some Characterizations of p-Rings 

Now, Ra-+ Rb = Rei + Re2 = Rei + R(e2 - e2e1) because a,e1 + 

a 2e2 = (a, + a2e2 )ei + a2(e2 - e2e 1 ). If s = (e2 - e2e 1) p-
2 ER, then 

(e2 - e2ei)s(e2 - e2e1) = (e2 - e2ei)P = (e2 - e2e1)- Then e~ = s(e2 -

e2ei) is an idempotent of Rb. Then Rei + Re2 = Re1 + Re~ with e~e1 = 

Finally, we have, a 1e 1 + a2e~ = (a 1e 1 + a 1 e~)(e 1 + e~ - e~e1), 

a 1, b1 eR. Thus, Re1 + Re~ = R(e 1 + e~ - e~_e 1). Therefore Ra+ Rb= 

R(e 1 + e~ - e~ e1) is a principal ideal. Thus, Ra + Rh is a principal 

ideal. 

2) Let Ra and Rb be two principal ideals. Since R is a p-ring by 

Theorem 2.05, there exists elements x, yeR with a = x p-
2 and 

b = y p-
2 for some prime p > l, such that the elements e 1 = xa and 

e2 = ya are the idempotent elements of Ra and Rb respectively and 

also Ra= Re, and Rb= Re2 • Hence, R = Re, EB R(I - e 1) = Re2 EB R(l

e2), and 

Re,= AnnR[( I - e 1)R] = {xeR I x(l - e 1)R = O}, 

Re2 = AnnR[(I - e2)R] = {xeR I x(J - e2)R = O}. 

Indeed obviously Re1 c AnnR[(l - e 1)R] . 

Conversely, if xeR and x(J - e 1) = 0, writing x = a 1e 1 + b1(l -
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Chapter-Three 

Some Characterizations of J-Rings 

In this chapter, we study various properties of J-rings and 

obtain some characterizations of J-rings. We first study the 

commutitivity of J-rings. Then we obtain a basic theorem like: If R 

is a ring and/ be an ideal of R, then Risa J-ring if and only if land 

RI/ are both J-rings. If fll is the class of all J-rings then with the 

help of this theorem we prove that f!l is a radical class. We also 

obtain a couple of necessary and sufficient conditions that R is a 

J-ring. We also establish some other properties. 

Definition. A ring R is said to be a J-ring if for each xER there 

exists an integer n = n(x) > I such that xn = x. 

Lemma 3.01. Let R be a J-ring. Then every right ideal l of R is a 

two-sided ideal of R. 

Proof. We first observe that R has no nonzero nilpotent elements. 

For if xi 0, then xn = x implies that xm i O for all m > 1. Next, let 

aE/ and suppose an = a for some n > ] . Then (an-1) 2 = a 2"-2= 

a 11 a"-2 = aa"-2 =an-I, so an-I is an idempotent. 

Now, let e be an idempotent. Then for any xER, (xe-exe)2 = 0 = 

(ex- exe)2
• Thus, xe - exe = ex - exe = 0 and so xe = ex, 

i.e. e commutes with every elements of R. 
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�+�X�T�� �H�W�� �D�O���� �������������� �H�V�W�L�P�D�W�H�G�� �W�K�D�W�� �������� �R�I�� �W�K�H�� �F�R�X�Q�W�U�\�¶�V�� �S�R�S�X�O�D�W�L�R�Q�� �O�L�Y�H�V�� �L�Q�� �W�K�H�� �D�U�H�D��

threatened by a 1 meter sea level rise. The area around Dhaka is quite dense, but there are 

also pockets of population density in the Khulna region, which is most vulnerable to sea 

level rise. More people would be at risk from flooding from coastal storms. In addition, 

the major port of Mongla would be at risk, as would one-�H�L�J�K�W�K�� �R�I�� �W�K�H�� �F�R�X�Q�W�U�\�¶�V��

agricultural land and 8,000 km of roads. 

Aila, the devastating cyclone hit the southern Bangladesh in May 2009, destroyed the 

whole economic system of the area. Almost all the houses destroyed, whole agriculture 

system demolished, transportation and communication system damaged and majority 

portion land have gone under water. Inundation of such a large portion of the country 

could present major challenges in terms of loss of income and displaced populations.  

As Nicchollas (2002) notes, the impacts of sea-level rise are likely to be felt 

disproportionately in certain areas,  reflecting both natural and socio-economic factors 

that lead to higher vulnerability. He suggests that, in absolute terms, the most vulnerable 

locations are found around Africa and, most particularly, South and South-East Asia, with 

lesser impacts in East Asia. The Intergovernmental Panel on Climate Change (IPCC) has 

argued that by 2050, sea levels could rise by an additional 1 meter due to anthropogenic 

global warming. As a result, Bangladesh could lose up to 20% of its land area with the 

concomitant displacement of up to 20 million refugees and loss of 32% of its production 

of rice and 8% of its wheat (Cruz et al. 2007). At present, Bangladesh is too poor to adapt 

to such a rise in sea level. The costs of protection would be substantial. Huq et al. (1995) 

estimate that 4,800 km of existing coastal defences would need upgrading and an 

additional 4,000 km of new defences would be needed and these protection measures 

would cost up to 1 billion US$. The most vulnerable part of Bangladesh, the Khulna 

�U�H�J�L�R�Q���� �O�L�H�V�� �D�O�R�Q�J�� �W�K�H�� �F�R�X�Q�W�U�\�¶�V�� �V�R�X�W�K�Z�H�V�W�H�U�Q�� �F�R�D�V�W���� �:�L�W�K�� �W�K�H�� �H�[�F�H�S�W�L�R�Q�� �R�I�� �W�K�H�� �K�L�O�O�\��

Chittagong area and the northwestern part of the country, most of the country is less than 

10 m above sea level. In the long run, sea level rise could displace tens of millions of 

people. To resettle 13 million people, as per an estimate it would cost US$ 13 billion 

(Debove, 2003).   

According to IPCC in their recently published Fourth Assessment, the following changes 

have been observed in climate trends, variability and extreme events. 
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require extensive institutional reform, but rather institutional reform should be seen as an 

endogenous part of the transformation process (Rodrik 2003).    

 

Technology-led productivity change involves the intensive use of modern inputs 

purchased from markets. The availability of seasonal financing, more developed 

marketing systems, and supply chains built around smallholder farmers becomes 

increasingly important in agricultural transformation, requiring simultaneous and 

complementary investments in all links of the supply chain. However, coordination, 

opportunism, rent-seeking costs, and risk can all complicate the effectiveness and 

efficiency of such simultaneous investments (Poulton et al. 2006). The lack of market 

institution development and investment in infrastructure and information systems results 

in high transportation and transaction costs, forcing farmers to remain within a traditional, 

subsistence mode of production. Moreover, increased use of modern inputs and growing 

agricultural production can significantly increase the market and profitability risk of small 

farmers in the process of transformation, further lowering their incentive to adopt any 

new technology.  

 

The active role of the state in transformation during the 1950s and 1960s was based on 

the optimistic view that transformation or development in general can be accelerated by a 

defined series of policies and direct public interventions. The pre-World War II economic 

crisis, the existence of market under-development, and the pervasiveness of market 

failure in developing countries forced many governments to engage in central planning. 

Additionally, the apparent initial success of central planning in many Eastern Bloc 

�F�R�X�Q�W�U�L�H�V�� �I�X�U�W�K�H�U�� �H�Q�F�R�X�U�D�J�H�G�� �J�R�Y�H�U�Q�P�H�Q�W�V�� �W�R�� �U�H�O�\�� �R�Q�� �W�K�H�� �³�F�R�P�P�D�Q�G�L�Q�J�� �K�H�L�J�K�W�V�´�� �R�I�� �W�K�H��

state rather than the market (Yergin and Stanislaw 1998). The core elements of this 

strategy included planned investment in capital accumulation, utilization of rural surplus 

labor reserves, adoption of import substitution industrialization (ISI) strategies, and a 

series of policy interventions in international trade and domestic markets.   

 

To finance state-led industrial development, governments often discriminated against 

agriculture and other export-oriented sectors. Overvalued exchange rates, high import 

duties on intermediates and capital goods, and heavy taxation of agricultural exports all 







Chapter-Three Some Characterizations of.!-Rin?,s 

2) The intersection of any two principal ideals of R is 

principal. 

Proof. I) It is enough to prove that if a, bER, then Ra + Rb is 

principal. Since R is a J-ring by Theorem 3.11 (b ), there exists 

elements x, yER with a= xn-2 and b = yn-2 such that the elements 

e,= xa and e2= yh are the idempotent elements of Ra and Rb 

respectively and also Ra= Re, and Rb= Re2. Now, Ra+ Rb= Re, + 

Re2 = Rei + R(e2 - e2e1) because a1e, + a2e2 = (a1 + a2e2)e, + a2(e2 

- e2ei), Ifs= (e2 - e2ei)n-2 ER, then (e2 - e2e1)s(e2 - eiei) = (e2 -

e2ei)" = (e2 - e2e 1). Then e~ = s(e2 - e2ei) is an idempotent of Rb. 

Then Re,+ Re2 = Re1 + Re~ with e~e1 = s(e2 - e2e 1)ei = 0. 

Thus, Rei + Re~ = R(ei + e~ - e~ ei). Therefore Ra+ Rb= R(ei + 

e~ - e~ e1). Thus, Ra+ Rb is a principal ideal. 

2) Let Ra and Rb be two principal ideals. Since R is a J-ring by 

Theorem 3.11 (b ), there exists elements x, yER with a = xn-2 and 

b = y"-2 such that the elements ei = xa and e2 = yb ar~ the 

idempotents of Ra and Rb respectively and also Ra = Rei and 

Rb= Rei. Hence, R = Re1 EB R(l - e1) = Re2 EB R(l - e2), and 

Rei= AnnR[(l - e1)R] = {xeR I x(l - e1)R = O}, 

Re2 = AnnR[(I - ei)R] = {xeR I x(l - e2)R = O}. 

Indeed obviously Re, c AnnR[(I - e,)R]. 

21 







Chapter-Four 

p-I'-Rings 

The purpose of this chapter is to introduce p-I'-rings and a few 

of their most basic properties. In this chapter we have proved that 

p-I'-rings are commutative and also the class of· all p-I'-rings is a 

radical class. We also develop similar properties of p-rings for the 

case of p-I'-rings. 

Example. Let M = ( Z5, +, • ) and I'= ( Z5, + ). Then Mis a p-I'-ring. 

Lemma 4.0l. Let M be a p-I'-ring. Then every right ideal I of Mis a 

two-sided ideal of M. 

Proof. We first observe that M has no nonzero nilpotent elements. For , 

if x:;: 0, then (xy) P x = x implies that (xy) P x:;: 0 for some prime p and 

some yET. Next, let aE/ and suppose (ay)P a= a for some prime p. 

Then { (ar) p-l a} r{ (ay) p-l a} 

(ay) P (ay) p-l a = (ay) P a}{_ay) p-2 a - a}{_ay) p-2 a = (ay) p-l a, so 

(ay) p-l a is an idempotent element. 

Next, we show that an idempotent element commutes with 

every elements of M. To show this let e be an idempotent element of 

M. Then for any xEM, (xye - eyxye)J{_xye - eyxye) = 0 = (eyx -

eyxye)J{eyx - eyxye). Thus, xye - eyxye = eyx - eyxye = 0 and so 

xye = eyx, i.e., e commutes with every elements of M. 


































































































































