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GENEliAL INTRODUCTION 

1.1 DEFINATION AND STATISTICAL NATURE OF TURBULENCE 

Turbulence is the most common, important and complicated kind of Ouid motion. From 
. . 

the beginning of the study of nuid dynamics, the turbulent Oow is an unsolved problem. 

Since the Navier-stokes equation is a non-linear partial differential equation, the 

nonlinear terms make the solution of turbulent flow more and more diffict,ll. Turbulent 

flows are very common in nature, especially in atmosphere, rivers, seas anti oceans, that 

is almost everywhere. 

In turbulent Oow, the steady motion of the Ouicl is only steady in so far as the temporal 

mean values of the velocities and the pressure are concerned whereas actually both the 

velocities and the pressures arc irregularly llucluating. The velocity ::md the pressure 

distributions in turbulc11t !lows as well ns the energy losses are determined mainly by the 

turbulent nuctuations. The essential characteristic of turbulent ·now is that the turbulent 

fluctuations are random in nature. In 1937, Taylor and Von Kannan [106) gave the 

following definition: 

"Turbulence is an irreiular 111otio11 irhi ch in Kenera/ makes its appearance in fluids, 

gaseous or liquid, 1rhe11 thejlmr 1wst solid s111:ft1ces or even ll'hen neighboring streams of 

the same.fluid.fl rm /Hts/ orer one 0110/ha .. _ 

According to this defi11ition, the flow has lo satisry the condition of irregularity. Indeed, 

this irregularity is a very important feature. Because or irregularity, ii is i:q>0ssible to 

describe the motion in all details ns a function or lime and space co-ordi11ales. l3ul, 

fortunately. turbulent motion is irregular in the sense that it is possible lo describe it by 
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laws of probability. It appears possible to indicate distinct average values of various 

quantities, such as velocity, pressure, temperature etc, and _this is very important. 

Therefore, it is not sufficient just to say that turbulence is an irregular motion. Yet we do 

not have a clear-cut definition or turbulence. This is rather difficult. Hinze [34] suggests 

in his book turbulence: 

"Turbulent .fluid motion is an irregular condition of.flow in which various quantities 

show random variation 111ith time and space coordinates. so that statistically distinct 

average values can be discerned". 

Turbulence is a continuum phenomenon governed by the Navier-Stokes equation and the 

continuity equation. Its small-scale structure is assumed to be large compared with 

molecular length scale. Thus the continuum approximation seems to be valid as long as 

the minimum eddy size is much larger than the mean free path. The consequence of very 

small-scale structure is the enhancement of transport processes. The most imr>ortant 

properly of the turbulent motion is it greatly increased rates of momentum, mass and 

energy transport by irregular small-scale motions. These rates nre extremely larger than 

the corresponding rates due to molecular diffusion. 

In view of random fluctuating motions of a fluid having statistical properties, it has often 

raised the question how the Navier-Stokes equations can really describe such random 

motions; since a given set of initial conditions determine the motions for all subsequent 

times. This question has not yet been answered completely. However, it has been 

demonstrated t:ioth theoretically and experimentally that the Navier-Stokes equations 

have tremendous simplifying power under suitable conditions. On the other hand, if the 
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Navier-Stokcs equations arc 111 fact. inadequate then there is a definite need for new 

formulation of proper equations. Until such proper equations arc developed, its seems 

reasonable lo accept the Navier-Stnkcs equations for the study of turbulence. 

Another difficulty arises from the strong non-linearity of the Navier-Stokes equations. 

This non-linearity leads to an infinite number of equations for all possible moments of the 

velocity field. This system of equations is very complicated, and any sub-system of this 

system is always non-closed in the sense that it contains more unknowns than the number 

of equations in the given system. ror instance, the dynamical equation for second order 

moments involves third order moments. that for third order moments involves fourth 

order moments and so on. This is so called the closure problerh in the statistical theory of 

turbulence. This is perhaps the most difficult and formidable problem in turbulence 

theory. 

Turbulent now always occurs from instnbilities of laminar motions al very high Reynolds 

numbers. These instabilities arc closely associated with direct interaction of the non­

linear inertia term and the viscous terms in the Navier-Stokcs equation. Instability to 

small perturbation is also another feature of turbulent nows. 

Turbulent motion -is three dimensional and rotational. It is also characterized by the 

random clist!'ibution of vorticity in which there is no unique relation between the 

frequency and the wave number of the Fourier modes. It is essentially diffusive and 

dissipative. The vorticity dynamics plays an important role in the statistical description of 

turbulence. 
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Based upon averaging procedures. considerable theoretical and experimenlal sludics have 

been made of lhe statistical properties or ensembles of turbulenl flows under 

macroscopically identical external conditions. So far. these stt1Jies me based on suitable 

mathemalical simplification. physically plausible assumplions and en model equalions. 

Unforlunately, from mathematical and physical point or view, neither the classical nor the 

modern lheory of turbulence is entirely satisfactory. Indeed turbulence is still one of the 

mosl poorly or partially understood phenomena in all or 11uicl niechanics. 

It is now generally recognized that turbulent n-iolion is the more nalural state of fluid 

motion. Therefore. ils study is extremely important from theoretical as \Veil as practical 

point or view. 

1.2 SHORT EARLY IIISTRY or TllRBULENCE 

The history or turbulence began \Yith the pioneering m,rks or ltcy11olds 185,86] and 

Reyleigh [84 J. It was prandtl I 82J who first advanced a semi-empirical momentum 

transfer theory or turbulence based on the concept or mixing lengll1 (the 111ea!1 distance 

through which a fluid mass in a turbulent flow conserves its mome11tu111). Prandtl's 'theory 

was then successfully applied to the turbulent flow or a liquid in a circular pipe and also 

to the meteorological problem of wind distribution in the layer or air adjacent to the 

ground. I lowevcr. his theory has had a serious vvcakncss in the sense that il requires some 

adhoc assumption on the mixing length. On the other hand, G. I. Taylor l l 04, I 05] first 

recognized the random fluctuation or turbulent nows and formulated a theory of 

turbulence based on the concept or vnrlicity transfer. Although in certain simple cases the 































General i11trod11ctio11 7 

The use of the Navier-Stokes equations for the study of turbulence is perhaps justified 

since the each number of an incompressible turbulence flow is _small. However, there is 

still a controversy for the following mlclitional reasons. First, the mathematical theory of 

the Navier-Stokes equations is incomplete in the sense that there are no general existence 

and uniqueness theorem which ensure the well poseclness of the system ( 1.3.1) - ( 1.3.1 ). 

Second the closure proble111 of the Navier-Stokes equations is inconclusive. In view of 

these inherent difficulties, Lady7.hcnskaya [54] and others suggest to abandon the 

application of the Navier-Stokes equations, especially for the study of turbulence. 

According to Ladyzhenskaya, if" a biharmonic damping term - A V4 11 is included in the 

right hand side of the Navier-Stokes equations ( 1.3.1 ), the existence and the uniqueness 

of solutions can be established for all tl.) 0. She also formulated new equations for the 

description of the motion of the motion of an incompressible viscous fluid and explained 

the advantages of her new equations relative to the Navier-Stokes equations. 

It is important lo make an obserrntion from ( 1.3.1) - ( 1.3.2). W_e first take the divergence 

of(l.3.1) and use (1.3.2) to obtnin 

2 
2 a u; u.i 

V /JI=-------. 
ax; a,.i 

(1.3.3) 

where PI = pl p is often ref"errcd to as the kinematic pressure. 

It follows from ( 1.3.3) that the pressure field is determined by the velocity distribution, 

and satisfies the Poisson equation. 
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1.4 REYNOLDS RULES OF AVERAGES 

Reynolds [ 85.1 was the first to introduce elementary statistical motion into the 

consideration or turbulent !low. In the theoretical investigations of turbulence, he 

assumed the physical quantities in the !low field as 

p = J) + p'. p = p+ p'. T=T+T' 

Here the quantities with bar denote the mean values and those with primes are 

--
lluctuations. Furthermore. 11; = p' = T' = 0. 

In the study of turbulence we often have lo carry out an averaging procedure not only on 

single quantities but also on products of quantities. 

Consider three arbitrary statistically dependent physical quantities A. B and C, each 

consisting or a mean and a lluctuating part. i.e., 

A= A+ a, 13 = 13 + h. and < · = (-· + c then . A = A+ a �~� A+; = A , whence ; = 0 

In the above relations we used the properties that the average of the sum is equal to the 

sum or the average, and the average of a constant time B is equal to the constant times 

the average of 13 . 

- · -- ·--·-- · ---.. - ·-
Next, A B=(A+a)(/J+h).=A /3+Ab+/3a+ab=A JJ+Ab+Ba+ah 

- -- - - --
=Al3+Ah+Ha+ah=A !3+ah 

Consequently. AIJ=AB=AIJ 

Nole that the average or a product is not equal lo the product ol' the averages. Terms such 

as ab are called correelalions. For the product of three quantities. we have 
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00 

I ( ?) I ( A A I A f A A - 11~ = - 11;(x) 11;(x)) = -Rii(O.x.t) = E(k.t) dk 
2 2 2 

0 

11 

(1.5.4) 

so that E(k ,t) represents the density or contributions to the kinetic energy in the wave 

number space k. thus the investigation of the energy spectrum function E(k,t) is the 

central problem of the dynamics of turbulence. After some algebraic manipulation of the 

Navier-Stokes equations al two points combined with averaging process and the Fourier 

transform. it can be shown that f(k.t) satisfies the dynamical equation. 

A 

_a£_, (_k,_t) = T(k,t)-21/vE(k.t) 
a1 (l .5.5) 

where the terms or this equation represent contributions of the Navier-Stokes equations, 

and in particular , T(k.t) represents the contributions clue tc1 transfer of energy from 

other wave numbers. 

It follows from the condition of incompressibility that the pressure term in (1.3. l) does 

not contribute any term to equation ( 1.5.5). This implies that the net effect of pressure 

forces is to co11serve the total energy in the wave number.space. On the other hand the 

non-linear inertia terms in (LU) also conserve the energy and the net effect of inertia 

forces is to spread energy over all wave number. In other words, the inertia forces can 

only transfer energy from one range of wave number to another in the energy spectrum 

on the wave number space, and this spectral energy transfer is in fact, an important 

consequence of the Navier-Stokes equations. l lowever, the direction of the energy 
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