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Abstract

Although the modified simple equation (MSE) method effectively provides exact solitary
wave solutions to nonlinear evolution equations (NLEEs) in the field of applied
mathematics, mathematical physics, plasma physics and engineering, it has some
limitations. When the balance number is greater than one, usually the method does not
give any solution. In this dissertation, we have exposed a process as to how to implement
the MSE method to solve the NLEEs for balance number two. In order to verify the
process, some NLEEs have been solved by means of this scheme, and we found some
fresh traveling wave solutions. When the parameters receive special values, solitary wave
solutions are derived from the exact traveling wave solutions and we have analyzed the
solitary wave properties by the graphs of the solutions. These solitary wave solutions
include soliton, kink shape soliton, singular kink shape soliton, bell shape soliton,
singular bell shape soliton, anti-bell shape soliton, singular anti-bell shape soliton, etc.
The attraction of the MSE method is that it is consistent, peaceful, authentic, and we
found some fresh new traveling wave solutions other than the existing methods, such as,

the basic (G'/G)-expansion method. We emphasize the implementation of the MSE

method, how to examine the solutions to NLEEs for balance number two and also

compare the solutions obtained by the MSE method and the well-known existing (G'/G)

-expansion method. This shows the validity, usefulness, and necessity of the MSE method

and our graphical representations describe the obtained traveling wave solutions.
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Chapter 1

Introduction

The mathematical modeling of physical phenomena that change over time depends
closely on the system of differential equations, namely, ordinary and partial differential
equations. Through the diverse fields, like the natural and physical sciences, economics,
epidemiology, neural networks, bioscience, mechanics etc., the mathematical models are
developed to study these phenomena. In spite of the fact that these models provided the
nature of the fields, the adequacy of their contribution to the common characteristics that
make it possible to examine the different groups of them within a unified theoretical
structure or mathematical form of the differential equations, which are linear, nonlinear,
homogeneous or non-homogeneous equations. Solution procedures to linear differential
equations are relatively easy and well recognized. But for the nonlinear equations it is not
so easy to solve them and in some cases it is not possible and in general, approximations
are typically used. Many scientists observed the fascinating element in the nature of
nonlinear and for the fundamental understanding of nature, the science of nonlinear is the
most important border. This study is an area of functional analysis, usually called the
theory of evolution equations. These equations are basically nonlinear evolution
equations (NLEEs). Therefore, in the natural sciences, it is very significant to study the

solutions of NLEEs to uncover the obscurity of many events and processes.

The mathematical form of a NLEE is u, = f(u), i. e. a nonlinear partial differential
equation with respect to time derivative. The linear heat equations or wave equations
recounting heat conduction or vibration of cord are two simple examples of evolution

equations. However, there are many nonlinear evolution equations which usually arising



from physics, plasma physics, mechanics, engineering, biology, chemistry, electrical
circuits, solid state physics, high-energy physics, condensed matter physics, meteorology,
oceanic phenomena, quantum mechanics, optical fibers, elastic media, fluid mechanics,
acoustics, protein chemistry, mathematical biology, water surface gravity waves, ion
acoustic waves in plasma, material science etc., should be investigated. Actually almost
all the evolution equations concerning physical phenomena are nonlinear. The properties
of each nonlinear equation are distinct and every nonlinear equation has its own
peculiarity. Therefore, complication of NLEEs has drawn a lot of attention of many
mathematicians and scientist who are involved with nonlinear science. For better
understanding of the inner structure of the phenomena, as well as their further
applications in practical life, exact solutions might play a fundamental role. The exact
solutions can explain the problems precisely and the physical significance of the system
duly. In addition to the physical significance, the close-form solutions to NLEEs assist the
numerical solvers to evaluate the precision of their results and help them in the stability
analysis. Exact solutions contain some arbitrary constants, when the constants receive
some particular values solitary wave solutions are originated from the exact traveling
wave solutions. A solitary wave is a localized gravity wave that occurs from the balance
between dispersive effects and nonlinearity. When a solitary wave remains in its shape
and velocity during its collision with another wave of the same kind, though possibly for
a phase shift, is call a soliton. i. e. it can be treated like a particle that upholds its profile
when it travels at constant speed. Equations with soliton solutions have a profound
mathematical structure. Solitary waves arise equally in continuous and discrete systems
and in both one and multiple spatial dimensions. Key issues in studying solitary waves

also include linear versus nonlinear, persistent versus transient, integrable versus non-



integrable, asymptotics, localization in physical space versus Fourier space, and the

effects of noise.

Therefore, it is significant to seek as many solitary wave solutions as possible to the
NLEEs. In the recent years, significant efforts have been made by various groups of
scientists to find solitary wave solutions to the NLEEs. All nonlinear equations cannot be
solved by a particular method. Therefore, they established several methods to obtain exact
solitary wave solutions, such as, the inverse scattering method, the Backlund
transformation method, the Adomian decomposition method, the variational iteration
method, the He’s homotopy perturbation method, the Jacobi elliptic function method, the
homogeneous balance method, the tanh-function method, the sine-cosine method, the F-
expansion method, the Exp-function method, the ansatz method, the (G'/G)-expansion
method, the modified simple equation (MSE) method, the exp(—go(n))—expansion

method, etc.

The MSE method is an effective method in searching exact solitary wave solutions to
NLEEs, but the method has some shortcomings. When the balance number is greater than
one, typically there arise difficulties in solving the NLEEs by means of the MSE method.
One cannot use the MSE method in straight away. In this dissertation, we have by using
the MSE method established a procedure to examine the exact solitary wave solutions to
NLEEs whose balance number is two. Inserting the assumed solution to the

corresponding ordinary differential equation and then equating the coefficients of
(lp(f))_j, j=0,1,23, yield an over-determined set of algebraic and differential
equations. During determination of the unknown function, there is born a third order

linear ordinary differential equation in (&) and . If in the solution of (&), & appears as

a polynomial, it will not be eligible to be received as solitary wave solution, because for



solitary wave solution, |u| — 0 as & — oo. Therefore, the coefficients of the polynomial
must be zero. This constraint is essential to solve NLEEs for higher balance number. This
procedure plays a very important role and can be applied to many NLEEs. The solutions
obtained by this technique might play very important role in the field of applied
mathematics, mathematical physics, plasma physics and engineering. We have analyzed

and illustrated the solitary wave properties of the solutions by graph.
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2.1: The Literature Review

In general physical systems are explained by nonlinear partial differential equations. The
mathematical modeling of intricate phenomena in applied mathematics, physics,
mathematical physics, bioscience, medical science, plasma physics, microstructured solid
materials in engineering fields that change over time are closely related to the study of
variety of systems of ordinary and partial differential equations. Similar models have also
evolved in various fields of study, ranging from the natural and physical sciences,
population ecology to economics, infectious disease epidemiology, neural networks,
biology, mechanics etc. Therefore, mathematical theories are very much important to find
solutions to nonlinear partial differential equations because physical systems are generally
explained by nonlinear equations. In spite of the eclectic nature of the fields wherein
these models are formulated, different groups of scientists contribute adequate common
attributes that make it possible to examine them within a unified theoretical structure.

Such study is an area of functional analysis usually called the theory of evolution
5



equations. Therefore, the investigation of solutions to NLEES plays a very important role
to uncover the obscurity of many phenomena and processes throughout the natural
sciences. But, one of the essential problems is to obtain their exact solutions. Because,
nonlinear processes are one of the major confrontations and difficult to manage since the
nonlinear characteristic of the system abruptly changes owing to slight changes of valid
parameters along with time. Thus, the issue becomes further complex and hence needs
ultimate solution. In this case, advance nonlinear techniques are important to solve the
problems which are inherently nonlinear, especially those involving differential

equations, dynamical systems and associated areas (Alam, 2014).

Therefore, in order to find out exact solutions to NLEEs, different groups of
mathematicians, physicist, and engineers have been working tirelessly. With the
development of symbolic computation software, like, Mathematica, Maple or Matlab,
direct method for searching solutions to NLEEs have become an attractive area of
research. This software assists us by computing the complicated and cumbersome
algebraic and linear differential equations speedily and successfully. As a result, they
have been able to contribute significantly. Accordingly, in the recent years, they have
established several methods to search exact solutions to NLEEs, for instance, the Exp-
function method (He and Wu, 2006; He et al., 2012; Akbar and Ali, 2012; Manafian and
Zamanpour, 2013; Mohyud-Din et al., 2009a; Misirli and Gurefe, 2011; Naher et al.,
2011a; Naher et al., 2012; Yildirim and Pinar, 2010; Zhang, 2010), the Darboux
transformation method (Leble and Ustinov, 1993; Matveev and Salle, 1991; Rogers and
Schief, 2002), the inverse scattering method (Ablowitz and Clarkson, 1991; Baldock et
al., 1981; Ghosh and Nandy, 1999), the Hirota’s bilinear method (Hirota, 1973; Hirota,
2004; Hirota and Satsuma, 1981), the Backlund transformation method (Jianming et al.,

2011; Miura, 1978; Rogers and Shadwick, 1982), the symmetry method (Bluman and
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Kumei, 1989; Olver, 1986), the homogeneous balance method (Wang, 1995; Zayed et al.,
2004a), the tanh method (Abdou, 2007; EI-Wakil and Abdou, 2007; Fan, 2000; Malfliet
and Hereman, 1996; Nassar et al. 2011; Salas and Gomez, 2008; Sekulic et al., 2011;
Yusufoglu and Bekir, 2008; Zayed et al., 2004b), the Painleve expansion method (Weiss
et al., 1982), the Jacobi elliptic function method (Chen and Wang, 2005; Porubov, 1996;
Xu, 2006), the unified algebraic method (Fan, 2002), the hyperbolic function method (Inc
and Evans, 2004; Zayed et al., 2004b), the Adomian decomposition method (Helal and
Mehana, 2006; Kaya, 2001; Kaya, 2004; McOwen, 2004), the generalized Riccati
equation method (Yan and Zhang, 2001), the ansatz method (Hu , 2001; Hu and Zhang,
2001), the sine-cosine method (Wazwaz, 2004; Yusufoglu and Bekir, 2006; Yan and
Zhang, 1999), the Miura transformation method (Bock and Kruskal, 1979), the first
integral method (Taghizadeh and Mirzazadeh, 2011), the He’s homotopy perturbation
method (Ganji, 2006; Ganji and Rafei, 2006; Ganji et al., 2007), the Cole-Hopf
transformation method (Salas and Gomez, 2010), the Lie group symmetry method (Guo
and Lin, 2010), the auxiliary equation method (Sirendaoreji, 2007), the F-expansion
method (Wang and Li, 2005; Wang and Zhou, 2003), the modified extended direct
algebraic method (Soliman and Abdo, 2009), the parameter-expansion method (He and
Shou, 2007), the variational iteration method (Mohyud-Din, 2008; Mohyud-Din et al.,
2009b-c; Noor and Mohyud-Din, 2008; Noor et al., 2008), the exp(—go(n))—expansion
method (Khan and Akbar, 2013a; Hafez et al., 2015; Rahman et al., 2014a-b; Roshid et
al., 2014; Uddin et al., 2014), the Sumudu transform method (Belgacem, 2006; Belgacem,
2007; Belgacem, 2009; Belgacem, 2010; Belgacem and Karaballi, 2006; Belgacem et al.,
2003; Chaurasia et al., 2012; Watugala, 1993), the multiple Exp-function algorithm (Ma
and Zhu, 2012), the homotopy analysis method (Domairry et al., 2009; Joneidi et al.,

2010), the generalized tanh-coth method (Gomez and Salas, 2008; Jawad, 2012), the
7



spectral-homotopy analysis method (Makukula et al., 2010; Motsa et al., 2010a-b;

Sibanda et al., 2010) and so on.

Li etal. (Li et al., 2004) implemented the generalized Riccati equation expansion method,
in which G (&) satisfied an auxiliary equation: G'(§) = C,G%(§) + C,G (&) + C; where
C,, C, and C; are arbitrary constants, which is generalized Riccati equation. They applied
this method and obtained some solutions to the (3+1)-dimensional Jimbo-Miwa equation.
Zhu (Zhu, 2008) revealed the generalized Riccati equation mapping with the extended
tanh-function method and solved the (2+1)-dimensional Boiti-Leon-Pempinelle equation.
Salas (Salas, 2008) expressed the projective Riccati equation method and solved the
Caudrey-Dodd-Gibbon equation. Bekir and Cevikel (Bekir and Cevikel, 2011) attached
the tanh-coth method combined with the Riccati equation. They found the traveling
solutions to the (2 + 1)-dimensional breaking soliton equations by this method. Guo et al.
(Guo et al., 2011) used the extended Riccati equation mapping method. They applied this
method to obtain the traveling wave solutions for the diffusion reaction equation and the
mKdV equation with variable coefficient. Zayed et al. (Zayed et al., 2014) applied the
improved Riccati equation mapping method to constructed many exact solutions of a
NLEE in nanobiosciences and biophysics which describe a model of microtubules as

nonlinear RLC tranansmission line.

Wang et al. (Wang et al., 2008a) found a method, called the (G'/G)-expansion method
which is straightforward and the algorithm for searching the unknown parameters is
simple. In this method, it is assume that the solution of the NLEEs can be presented by a
polynomial of (G'/G), i.e. X ,a; (G'/G)*, wherein G = G (&) satisfies a second-order
linear ordinary differential equation (ODE) G"" + A G’ + u G = 0, in which 4 and p are

arbitrary constants. They applied this method and find some fresh solutions to the



Korteweg-de Vries equation, the mKdV equation, the variant Boussinesq equation and
the Hirota-Satsuma equation. Wang et al. also (Wang et al., 2008b) used this method to
obtain the traveling wave solutions involving parameters to the Broer-Kaup equation and
the approximate long water wave equation. Later, several researchers have applied this
method and solved different types of NLEEs. For example: Bekir (Bekir, 2008) applied
the method and constructed traveling wave solutions to the Boussinesq equation, the
modified Zakharov-Kuznetsov equation and the Konopeichenko-Dubrovsky equation.
Zayed (Zayed, 2009a) found the solitary wave solutions involving parameters for some
NLEEs in mathematical physics via the (2+1)-dimensional Painleve integrable Burgers
equation, the (2+1)-dimensional Nizhnik-Novikov-Vesselov equation, the (2+1)-
dimensional Boiti-Leon-Pempinelli equation and the (2+1)-dimensional dispersive long
wave equations. Zayed and Gepreel (Zayed and Gepreel, 2009) also solved the combined
Korteweg-de Vries equation, the modified Korteweg-de Vries equation, the reaction-
diffusion equation, the compound KdV-Burgers equation, and the generalized shallow
water wave equation and they have found some traveling wave solutions of these
equations. Zhang (Zhang, 2009) explored new application of this method to some special
NLEEs, namely the Eckhaus equation, the modified Burgers equation and a kind of
nonlinear reaction-diffusion equation, the balance numbers of which are not positive
integers and obtained exact traveling wave solutions. Abazari (Abazari, 2010)
investigated general exact solutions of three NLEEs namely, the Tzitzeica equation, the
Dodd-Bullough-Mikhailov equation and the Tzitzeica-Dodd-Bullough equation.
Taghizade and Neirameh (Taghizade and Neirameh, 2010) investigated the traveling
wave solutions of the TRLW equation and the Gardner equation. Zayed (Zayed, 2010)
found the solitary solutions of NLEEs in the mathematical physics via the (3+1)-
dimensional potential- YTSF equation, the (3+1)-dimensional generalized shallow water

9



equation, the (3+1)- dimensional Kadomtsev-Petviashvili equation, the (3+1)-dimensional
modified KdV Zakharov-Kuznetsev equation and the (3+1)-dimensional Jimbo-Miwa
equation. Feng et al. (Feng et al., 2011) examined traveling wave solutions to the
Kolmogorov-Petrovskii-Piskunov equation. Kheiri et al. (Kheiri et al., 2011) found some
traveling wave solutions to the Burgers, Burgers-Huxley and modified Burgers-KdV
equations. Naher et al. (Naher et al., 2011b) obtained some solitary solutions to the
Caudrey-Dodd-Gibbon equation. Roozi and Mahmeiani (Roozi and Mahmeiani, 2011)
searched some solitary wave solutions to the (2+1)-dimensional Kadomtsev-Petviashvili
equation. Akbar et al. (Akbar et al., 2012a) obtained exact traveling wave solutions to the
generalized Bretherton equation. Recently, Taha et al. (Taha et al., 2013) applied this
method to NLEEs in plasma physics and found some fresh solitary wave solutions to the
Schamel modified equation for ion-acoustic waves, one dimensional form of the
Schamel-KdV equation and modified Kadomtsev-Petviashvili equation. Khan and Akbar
(Khan and Akbar, 2015c) applied this method to obtain some solitary wave solutions to
the fifth-order KdV equation in mathematical physics and the strain wave equation in

microstructured solids in the engineering field.

Later on many researchers developed, modified and improved the (G'/G)-expansion

method and also established this method in subsequent:

Zayed (Zayed, 2009b) offered a new approach of the (G'/G)-expansion method in which
G (&) satisfies the auxiliary equation: {G'(§)}? = C,G*(&) + C,G?*(&) + C;, called Jacobi
elliptical equation, when C;, C, and C5 are arbitrary constants. He applied this method to
obtain exact solutions of the NLEEs in mathematical physics via the (3+1)-dimensional
potential-YTSF equation, the (3+1)-dimensional modified KdV-Zakharov-Kuznetsev
equation, the (3+1)-dimensional Kadomtsev-Petviashvili equation and the (1+1)-

dimensional KdV equation.
10



Guo and Zhou (Guo and Zhou, 2010) provided the extended (G'/G)-expansion method.
They used this method and made some fresh solutions to the Whitham-Broer-Like
equations and the coupled Hirota-Satsuma KdV equations. In this method, the solution of
the NLEEs were presented in the form a, + Z?zl{ai (%')l + b; (%')i_l o {1 + % (%')}}
where a,, a; and b; (i = 1,2,3,---,n) are constants to be determined later, ¢ = +1 and
G (&) satisfies the linear ODE G" + u G = 0, when u is a arbitrary constant. Then many
researchers applied this extended method and found the traveling wave solutions to some
NLEEs, such as: Zayed and Al-Joudi (Zayed and Al-Joudi, 2010) solved the (1+1)-
dimensional modified Benjamin-Bona-Mahony (BBM) equation, the (2+1)-dimensional
typical breaking soliton equation, the (1+1)-dimensional classical Boussinesq equations
and the (2+1)-dimensional Broer-Kaup-Kuperschmidt equations in mathematical physics.
Zayed and El-Malky (Zayed and EI-Malky, 2011) constructed the traveling solutions to
some (3+1)-dimensional NLEEs in mathematical physics, namely the nonlinear (3+1)-
dimensional potential-YTSF equation and the (3+1)-dimensional generalized shallow
water equation. Zhang et al. (Zhang et al., 2010) recruited the improved (G'/G)-

expansion method, in which the solutions of NLEEs were presented in the form

N
r (%) and they obtained the traveling wave solutions to the Zakharov-

i=—n
Kuznetsov-BBM equation and the (2+1)-dimensional dispersive long wave equations.
Then some researchers used this method and illustrated the traveling wave solutions to
NLEEs, such as: Zayed and Gepreel (Zayed and Gepreel, 2010) found the traveling wave
solutions to the Konopelchenko-Dubrovsky equation, the Karsten-Krasil Shchik equation,
the Whitham-Broer-Kaup equation and the fifth-order KdV equations. Naher and
Abdullah (Naher and Abdullah, 2012a) obtained some traveling wave solutions of the

combined KdV-mKdV equation. Naher and Abdullah (Naher and Abdullah, 2012b) also
11



organized the new traveling wave solutions to the (2+1)-dimensional modified Zakharov-

Kuznetsov equation.

Afterwards, Xiao et al. (Xiao et al., 2010) introduced the (G'/G, 1/G)-expansion
method and they generated the traveling wave solutions to the Zakharov equations. Later,
some researchers: Zayed and Abdelaziz (Zayed and Abdelaziz, 2012) used this method
and found some solutions to the nonlinear KdV-mKdV equation. Zayed et al. (Zayed et
al., 2012) applied this method and found the traveling wave solutions to the nonlinear

(3+1)-dimensional Kadomtsev-Petviashvili equation.

Zayed (Zayed, 2011a) also offered the (G’/G)-expansion method combined with the
Riccati equation in which G (&) satisfies the Riccati equation: G'(§) = C,G?%(¢) + C,,
where C; and C, are arbitrary constants.

Akbar et al. (Akbar et al., 2012b) proposed a generalized and improved (G'/G)-

€-n

expansion method in which the solutions presented in the form }- where

any one of e_,, or e, may be zero, but both e_,, or e, cannot be zero at the same time,
when the solution’s term G (&) satisfies an auxiliary equation to the second order linear
ODE G" +AG'+u G =0, in which 4 and p are arbitrary constants. They applied this
method and constructed some traveling wave solutions to the KdV equation, the ZKBBM
equation and the strain wave equation in microstructured solids. Akbar et al. (Akbar et al.,
2013) also organized the exact traveling wave solutions to the (2+1)-dimensional
Boussinesq and Kadomtsev-Petviashvili equation. Naher et al. (Naher et al., 2013) used
this method and evaluated some solutions to the (3+1)-dimensional modified KdV-

Zakharov-Kuznetsev equation.

In the past years, Naher and Abdullah (Naher and Abdullah, 2013) implemented a new

approach of (G'/G)-expansion method and solved the KdV equation. They used the
12



solution of the form: Y\_o a;H/ + ¥Y_, B;H~/ where either ay or By may be zero, but
both ay and By cannot be zero at a time and «a;, f; are arbitrary constants to be

determined later and H(¢) = %' in which the term G (&) satisfies the auxiliary equation of

the second order nonlinear ODE: AGG" — BGG' — C(G')? — EG? = 0. Afterwards,
several researchers, like Alam and Akbar (Alam and Akbar, 2013a-c; Alam and
Akbar,2014a-c), Hasan et al. (Hasan et al., 2013) and Alam et al. (Alam et al., 2013a-b;
Alam et al., 2014a-c) investigated traveling wave solutions to some NLEEs, such as, the
KP-BBM equation, the simplified MCH equation, the (1+1)-dimensional combined KdV-
mKdV equations, the Banjamin-Ono equation, the Zakharov-Kuznetsov-Benjamin-Bona-
Mahony (ZK-BBM) equation, the (3+1)-dimensional potential-YTSF equation, the (2+1)-
dimensional modified Zakharov-Kuznetsov equation, the mKdV equation, the Gardner
equation, the fifth-order KdV equation, the (2+1)-dimensional breaking soliton equation,
the (3+1)-dimensional Zakharov-Kuznetsov equation, the Burgers equation, the (3+1)-
dimensional mKdV-ZK equation, the (1+1)-dimensional compound KdVB equation, the

strain wave equation in microstructured solids and the Boussinesq equation.

Also Naher and Abdullah (Naher and Abdullah, 2014) implemented the further extension
of the generalized and improved (G'/G) -expansion method and used the solutions of the
form: X0__y a;(d + H) + ¥, B;(d + H)~/ where any one of a_y or ay or By may be
zero, but these a_y and ay and Sy cannot be zero at the same time and a;, 5; and d are
arbitrary constants to be determined later and H(¢) = %' in which the term G (&) satisfies

the same auxiliary equation (Naher and Abdullah, 2013). They used this method and

obtained some exact solutions to the ZKBBM equation.
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Later, Alam et al. (Alam et al., 2014d) offered the novel (G'/G)-expansion method. They
applied this method and obtained many new exact solutions to the Boussinesq equation.
Afterwards, many researchers investigated many NLEEsS to construct traveling wave
solutions, such as, Shakeel el al. (Shakeel el al., 2014), Shakeel and Mohyud-Din
(Shakeel and Mohyud-Din, 2014), Hafez et al. (Hafez et al., 2014), Alam et al. (Alam et
al., 2014e), Alam and Akbar (Alam and Akbar, 2014d-e) applied this method and
constructed exact solutions to the time fractional simplified modified Camassa-Holm
equation, the ZK-BBM equation, the Klein-Gordon equation, the (1+1)-dimensional KdV
equation, the Banjamin-Ono equation, the Burgers equation and the nonlinear (1+1)-
dimensional modified BBM equation.

In the recent past years, Jawad et al. (Jawad et al., 2010) proposed a method named the

MSE method. In this method, the solution represented in the form

/ J
u(€) =X ,q {IZT(EE))} , where a; (j=0,1,2,---,N) are arbitrary constants and the

function ¥ (&) is an unknown function to be determined. They applied this method and
solved the NLEEs, namely, the Fitzhugh-Nagumo equation and the Sharma-Tasso-Olver
equation. By applying this method many researchers solved some NLEEs, for example:
Zayed (Zayed, 2011b) applied this method and analyzed the exact solutions of the
Sharma-Tasso-Olver equation. Salam (Salam, 2012) evaluated the traveling wave
solution to the modified Liouville equation by means of this method. Zayed and lbrahim
(Zayed and Ibrahim, 2012) established the MSE method and found the traveling solutions
to the (1+1)-dimensional modified KdV equation and the (1+1)-dimensional reaction-
diffusion equation. Also Zayed and Ibrahim (Zayed and Ibrahim, 2013) searched the
traveling wave solutions to the (1+1) dimensional generalized shallow water-wave

equation and the (2+1)-dimensional KdV-Burgers equation. Zayed and Arnous (Zayed

14



and Arnous, 2013a-b) apply the MSE method and found some new exact solutions with
parameters to the (2+1)-dimensional Konopelchneko-Dubrovsky equations, the (2+1)
dimensional Nizhnik-Novikov-Vesselov equations, the (1+1)-dimensional nonlinear
Burgers-Huxley equation, the (2+1)-dimensional cubic nonlinear Klein-Gordon equation
and the (2+1)-dimensional nonlinear Kadomtsev-Petviashvili-Benjamin-Bona-Mahony
(KP-BBM) equation. Khan et al. (Khan et al., 2013) investigated the traveling wave
solutions to the nonlinear Drinfel’d-Sokolov-Wilson equation and modified Benjamin-
Bona-Mahony equations. Khan and Akbar (Khan and Akbar, 2013b and 2014) used this
method and constructed the traveling wave solutions to NLEES, i.e. the coupled Konno-
Oono equations, the variant Boussinesq equations, the (2 +1)-dimensional Zoomeron
equation and the Burgers equations. Inspire of the MSE methods of numerical results are
very effective. Very recently, Khan and Akbar (Khan and Akbar, 2015a) established a
technique for the MSE method and found some fresh solutions to the fifth-order KdV
equation in mathematical physics. Khan and Akbar (Khan and Akbar, 2015b) also applied
this method and obtained some exact solutions to the strain wave equation in
microstructured solids in the field of engineering. We have discussed about this technique

of the MSE method in Section 3.1.

2.2: Wave and Soliton

Wave refers to the physical movement of medium up and down or back and forth. Along
wave, energy transfers from one place to another place. When wave travels in a medium
then energy is transferred from one place of the medium to another without causing any
permanent displacement of the medium. A wave is called a traveling wave in which the
medium moves in the direction of prorogation of the wave (Wazwaz, 2009). When a

wave travels it lose energy gradually, called the dissipative wave. A dissipative wave
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loses amplitude due to loss of energy over time, as its velocity varies with the wave
number. Typically, dispersion of water waves plainly referred to the waves include
different wavelengths at different phase speeds, which means that, the happening of the
wave speed varies with a wave number. Mathematically the third order spatial derivatives
express the dispersion which loses the energy and the nonlinear term steeped the wave.
Therefore, the delicate balance between the dispersion and nonlinearity conserve the
velocity and shape of the traveling wave. This causes the solitary wave. If the solution
depends only on the difference between the two coordinates of the partial differential
equations, then the solution holds the shape of exact solutions called solitary waves.
Within localized gravity remain solitary waves maintaining their coherence and finite
amplitude and propagate with constant speed and shape. Solitons are found in many

physical phenomena (Khan, 2014).

It is John Scott Russell who in August 1834 first observed a large projection of water
slowly travel without change in shape on the Edinburgh-Glasgow canal (Scotland). He
marked that the hump of water was traveling still retaining its shape for a long interval of
time along the channel of water. He called it a great wave of translation which refers to

the solitary wave or soliton (Wazwaz, 2009).

In Russell’s own words: “l was observing the motion of a boat which was rapidly drawn
along a narrow channel by a pair of horses, when the boat suddenly stoppednot so the
mass of water in the channel which it had put in motion; it accumulated round the prow of
the vessel in a state of violent agitation, then suddenly leaving it behind, rolled forward
with great velocity, assuming the form of a large solitary elevation, a rounded, smooth
and well-defined heap of water, which continued its course along the channel apparently

without change of form or diminution of speed. | followed it on horseback, and overtook
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it still rolling on at a rate of some eight or nine miles an hour, preserving its original
figure some thirty feet long and a foot to a foot and a half in height. Its height gradually
diminished, and after a chase of one or two miles I lost it in the windings of the channel.
Such in the month of August 1834, was my first chance interview with that singular and

beautiful phenomenon which | have called Wave of translation.”

Now solitary waves or solitons refer to this single humped wave of bulge of water. The
solitons are localized, highly stable waves that retain its identity (shape and speed), upon

interaction—was discovered experimentally by Russell. Empirically he obtained the
relation, ¢® = g(h+a) where, the speed of solitary wave is c, h is the finite depth of

water, g is the acceleration of gravity and a is the maximum amplitude upon the water
surface (Wazwaz, 2009). Further research concerning the discovery of solitary waves
attracted a lot of scientists. Dutch scientists, Diederik Johannes Korteweg and his student
Gustav de Vries conduct enormous research to study the concept NLEE. The equation
now carries the names of Korteweg and de Vries (KdV) and has already appeared in a
work on water waves (Zabusky and Kruskal, 1965; Wazwaz, 2009). It is especially
significant as the prototype example of an exactly solvable model and it also describes the
propagation of plasma waves in a dispersive medium. This equation shows that dispersion
and nonlinearity in its simplest form is
U F A UUy + Uy =0,
where the terms u, means the time evaluation of wave propagation, uu, means the

nonlinearity explanations for steepen of wave and u means the linear dispersion. It

XXX

describes the spreading of wave (Khan, 2014).

Many researchers, scientists, mathematicians, physicists with authenticated brainwork,

have already performed in a work on water waves. In 1872, Boussinesq worked on water
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waves with generic model for the study of weakly nonlinear long waves, incorporating

leading order nonlinearity and dispersion terms as the KdV equation.

The narrow-minded small effects due to nonlinearity system tend to localize the wave as a
layer of an optical fiber or shallow water. Due to dispersion the spreading of a wave
packet should be balanced exactly. The balance between the nonlinear steepens and
dispersion explains the single humped waves which relate to the formulation of solitons.
The effects of nonlinearity and dispersion between the stability of solitons derive from the

weak equilibrium.

In 1965, numerically investigating Zabusky and Kruskal discovered that solitary waves
undergo nonlinear interaction in the KdV equation. Further, the waves emerge from the
nonlinear interaction containing the waves amplitude, original shape and speed and
preserve energy and mass. Thus the only effect of the interaction was a phase shift. The
special determining feature is that the solitary waves retain their identities and their
character bears particle like behavior, called the solitary waves solitons (Zabusky and
Kruskal, 1965). They signify particle like quantities emphasizing the birth of soliton. The
interaction of two solitons marked the authenticity of the preservation of shapes and
speeds of the steady pulse like solitons. Thus the collision of KdV solitons is considered
elastic. Afterwards the soliton names have been conceived by Zabusky and Kruskal to
photon, phonon, proton, etc. in spite of the fact that name solitary wave is more general.

Actually, solitons are treated as special types of solitary waves (Wazwaz, 2009).

2.3: Motivation

NLEEs are derived from many fields of mathematics. At present NLEEs are not only
controlled by mathematical fields, which are also revealed outside of mathematics, such

as, physics, mechanics, meteorology, fluid mechanics, biology, material science,
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economics, plasma physics, engineering fields, bioscience, etc. Such as, the KdV
equation, u; + u u, + 8 u,,, = 0 for the shallow water waves and internal waves; the
Boussinesq equation, u; ; — Uy x — (U2)x x + Uy x xx = O is very important in the fields
of surface wave propagation in coastal regions, heat and mass transfer, biology, ecology,
crystallization, plasma physics, and reaction-diffusion systems; the fifth-order KdV
equation: u, + @ U Uy + Ul + Y Usyy + U Ugrrrr = 0, Which is a very important
equation in the field of surface wave propagation on shallow water surfaces; the modified
Schamel equation: u, + u?u, + § u,,, = 0 is significant in the field of acoustic waves
in plasma physics; the modified Kadomtsev-Petviashvili equation in the form: (ut +
aul?uy + By )y +8u,, =0 is important for ion-acoustic waves in plasma
physics; the strain wave equation in microstructured solids: wu; — Uy, — & @3 (U?) 5 —
YUy + SU3Userrx — (8 — V27 Uy + Y (AsUsrre + Aglyyee) = O is important
in the field of engineering, there arise two cases: non-dissipative case, Ui — Uy, —
€ a1 (U?) e + A3 Usrny — OUULe = 0 and dissipative case, upy — Uy, — € {a (U?) 1 +
AplUsxr — A3Ugyrr + Aalleyrey = O (Bekir, 2008; Ei-Kalaawy, 2011; Khan and Akbar,
2015c; Pastrone, 2009; Pastrone et al., 2004; Porubov and Pastrone, 2004; Samsonov,

2001; Taha et al., 2013; Wang et al., 2008a).

2.4: Objectives

This dissertation has been developed through the MSE method: how to implement this
method and to investigate for distinguishing exact solitary wave solutions to NLEEs by
applying some new technique, when the balance number is greater than one. Changing
the value of arbitrary constants stress from the exact traveling wave solutions is to form
some new solitary wave solutions or solitons. And the ultimate aspiration is to explore the
possibility of the comparisons of my studied MSE method with another existing method,

the (G'/G)-expansion method.
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2.5: The Proposal

Jawad et al. (Jawad et al., 2010) proposed a method named, the MSE method and many
researchers have been applied this method but this method has some abridgement when
the balance number of the NLEEs is greater than one. Although a few equations have
been solved by some researchers (Salam, 2012; Zayed, 2013; Zayed and Arnous, 2013a-
b; Zayed and Ibrahim, 2013), but there is no guideline, how one can solve other NLEEs
for higher balance number. In this dissertation, we will considere some NLLEs; the
balance number for each of these equations is two. If the balance number is greater than

one, usually there arise difficulties in solving the NLEEs by means of the MSE method.

In this dissertation, we will investigate the MSE method to explore new exact traveling
wave solutions to NLEEs for balance number two. We need to take in some strategy to
obtain the solutions of NLEEs. We consider NLEEs of the form:

Uy, ) =0,

H(u,ut,ux,u Uy, Uppy Uy U

y! yy!
where u = u(x, y, z,t) is an unknown function, H is a polynomial in u(x,y, z,t) and its
partial derivatives, which include the highest order derivatives and nonlinear terms of the

highest order, and the subscripts represent the partial derivatives.

In Chapter 3, we will discusse the methodologies. In Chapter 4, the MSE method and
the (G'/G)-expansion method have been applied in different NLEEs. In Chapter 5, the
graphical representations and the physical explanations are provided. In Chapter 6, the
obtained solutions by the MSE method have been compared with the solutions obtained
by the (G'/G)-expansion method. Finally, in Chapter 7, we draw our conclusion and

provided future directions.

20



Chapter 3

Methodology

Preview Material
» 3.1: The Modified Simple Equation (MSE) Method
> 3.2: The (G'/G)-expansion Method

In this chapter, we have discussed two methods, namely, the MSE method (Jawad et al.,
2010) together with the developing process and the (G'/G)-expansion method established
by Wang et al. (Wang et al., 2008a). The MSE method is easy, straightforward, and a
powerful mathematical tool for solving different types of NLEEs for balance number one.
In the recent past years, the method has been receiving much attention of the physicist,
mathematicians, engineers and scientist for finding the new exact solutions to NLEEs.
The ability of MSE method to be functional for most of the NLEEs, when balance
number is one in mathematics, applied mathematics, mathematical physics, nuclear
physics, fluid mechanics, plasma physics, liquid crystals, solid state physics, biophysics,
mathematical biology, bio-genetics, geochemistry, high-energy physics, condensed matter
physics, chemical physics, propagation of shallow water waves, atmospheric, the wave
propagation phenomena, oceanic phenomena, meteorology, neural physics, quantum
mechanics, nonlinear optics, most population models in ecology, optical fibers, elastic
media, acoustics, electromagnetic radiation reactions, chemical kinematics, electricity,
electrical circuits, population dynamics, magneto fluid dynamics, chemistry, population
models, biology, protein chemistry, chemically reactive materials, ion acoustic waves in

plasma, theory of Bose-Einstein condensates, water surface gravity waves, the heat flow
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and the wave propagation phenomena in physics etc. But the MSE method has some
limitations, when the balance number of the corresponding ordinary differential equation
(ODE) is greater than one, usually the method does not give any solution. The MSE

method and the developed process have been discussed in the following section.
3.1: The Modified Simple Equation (MSE) Method

First of all, we have described the MSE method which is used by many researchers to
examine solitary wave solutions to NLEEs for balance number one. Only a few
researchers have employed this method and solve a small number of NLEEs. But, they

did not provide any direction to solve other NLEEs for future researchers.

Therefore, we have recounted the MSE method for finding the exact solitary wave
solutions, when balance number is two. Let us consider the NLEE in the following form:
P(u,ut,ux,uy,uz,utt,uxx,uyy,uzz,--' ) =0, (311)
where u = u(x, y, z, t) represents an unidentified function, P represents a polynomial of
u(x,y, z, t) and its derivatives in which the highest order derivatives and nonlinear terms
of the highest order are associated and the subscripts denote the partial derivatives. In
order to solve the NLEE (3.1.1) by means of the MSE method (Jawad et al., 2010; Khan
and Akbar, 2013b and 2014; Khan et al., 2013; Zayed, 2011b; Zayed and Arnous, 2013a-

b; Zayed and Ibrahim, 2012), we have to execute the following steps:

Step 1: We combine the real variables x, y, z and t by the travelling wave variable &, in
the following form:

E=x+y+z+xowt, ulx,y, z,t) = U(§), (3.1.2)

where w be the velocity of the traveling wave. The traveling wave transformation (3.1.2)

permits us in reducing Eq. (3.1.1) into an ODE for u = U(¢):
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F(U, U’, UII’ UIH’ U(iv)’ U(v)’ ) — O’ (313)

where F represents a polynomial of U and it derivatives and the superscripts indicate the

ordinary derivatives with respect to &, wherein U'(§) = Z—g.

Step 2: We assume that Eq. (3.1.3) has the traveling wave solution in the following form:

N 1 J
w0 =Yl (314)
7=0

where q; (j =0,1,2,---,N) are unknown constants to be determined, such that ay # 0,

and the function y(¢) is an unknown function to be evaluated later, ' (¢) # 0. In tanh-
function method, sine-cosine method, Jacobi elliptic function method, (G’/G)-expansion
method, Exp-function method etc., the solutions are initiated in terms of some auxiliary
functions established in advance, but in the MSE method, (&) is neither a pre-defined
function nor a solution of any pre-defined differential equation. Therefore, it is not
possible to conjecture from ahead what kind of solutions one might obtain through this
method. This is the individuality and distinction of this method. Therefore, some fresh

solutions might be found by this method (Khan and Akbar, 2013c).

Step 3: The positive integer N appearing in Eq. (3.1.4) can be determined by taking into
account the homogeneous balance between the highest order nonlinear terms and the
derivatives of highest order occurring in Eq. (3.1.3). If the degree of U(§)is, deg[U (§)] =

N, therefore, the degree of the other expressions will be as follows:

u')
dét

Um
deg [ d;j)

p
=N +m, deg[Um{ }]ZmN+p(N+l).

Step 4: We substitute (3.1.4) into (3.1.3) and then we account the function ¥ (¢). As a

1

w(f)) and its derivatives. In the

result of this substitution, we get a polynomial of(
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1

i
w(f)) ,(i=0,1,2,3,-) to zero,

resultant polynomial, we equate all the coefficients of(

which yields a set of algebraic and differential equations for a; (i =0,1,2,---,N), ¥(&)

and other needful parameters.

Step 5: The solutions of the set of algebraic and differential equations obtained in Step 4,
provide the values of a; (i = 0,1,2,---,N), ¥(¢) and other needful parameters.

But, it is not smooth to get the values of the parameters a; and the unknown function
Y(&) by solving the system of over-determined algebraic and differential equations.
Therefore, there is a gap of research to invent the best and simples way to determine the
values of the parameters and the function. Only a small number of researchers (Salam,
2012; Zayed, 2013; Zayed and Arnous, 2013a-b; Zayed and Ibrahim, 2013) have solved a
few equations by the MSE method for balance number two by iterative searching

procedure. They did not establish any specific technique for the feature researchers.

In this dissertation, we have established an avenue to get the parameters a; (i =
0,1,2,---,N) and the unknown function y(¢): during the derivation period of y(¢), we
have to avoid third and higher order differential equation, if it is not possible, then for
getting ¥ (&) from the third or higher order differential equation, we must avoid the
polynomial type solution of y¥(&). To this end, we need to integrate the differential
equation two or more times. This time, the integral constant should be zero except for the

first and last integration (Khan and Akbar, 2015a-b).

3.2. The (G’ /G)-expansion Method

The (G'/G)-expansion method was developed by Wang et al. (Wang et al., 2008a) to
examine the traveling wave solutions to NLEEs emerge in applied mathematics,

mathematical physics, plasma physics and engineering. In this section, this method has
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been discussed to investigate the exact traveling wave solutions. They considered the
NLEE in the following form:

Q(u’ut’ux’uy’uz7utt7uxx7uyy!uzz7"') =0, (321)
where u = u(x,y,z,t) denotes an unknown function, Q denotes a polynomial of
u(x,y, z, t) and its derivatives in which the highest order derivatives and nonlinear terms

are related and the subscripts stand for the partial derivatives.

Step 1: They combined the real variables x, y, z and t by the compound variable &, in the
following way:

E=x+y+z+xwt, u(x,y,z,t) = U(§), (322)
where w is the speed of the traveling wave. The traveling wave transformation (3.2.2)
allow them in reducing Eq. (3.2.1) into an ODE for u = U(¢):

H(u,u,u", U, U@, y®, ...) =0, (32.3)

where H is a polynomial of U and it derivatives and the superscripts indicate the ordinary

au

derivatives with respect to &, in which U'(¢) = "

Step 2: They considered the traveling wave solution of Eq. (3.2.3) can be expressed by a

polynomial of (%') as follows::
N

G
u(§) = Z a; {%5))} , (3.2.4)
j=0

where G = G(&) satisfies the subsequent auxiliary second order linear ordinary
differential equation:

G"(§) + 26" (§) +uG(§) =0, (325)

d6(§) ~r — d26()

where ¢' = " I

a; (j=0,1,2--,N), Aand u are subjective constants to

be determined later, ay # O.
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Step 3: To determine the positive integer N, they used homogeneous balance between the
highest order nonlinear terms and the derivatives of the highest order involved in (3.2.3).

Step 4: Substitute Eqg. (3.2.4) including Eqg. (3.2.5) into Eq. (3.2.3) with the value of N

attained in Step 3. This leads to a polynomial in ( ) and they collected all terms with the

same category of (%) Setting each coefficient of homologous order of the resulted

polynomial to zero, yields a system of algebraic equations for a; (G=012--N),Au

and w.

Step 5: The value of the parametersa; (j =0,1,2,---,N), A, u and w were established
by solving the algebraic equations obtained in Step 4. Since the general solutions of Eq.
(3.2.5) are well recognized, inserting the values of the parameters into Eq. (3.2.4) they
derived the general exact traveling wave solutions to the NLEE (3.2.1). This completes

the determination of solutions of the NLEE (3.2.1) where by means of the general

solutions of ODE (3.2.5) one can write the values of ( ) in the following form:

Group 1: When A2 — 4u > 0,

G'(§) _ __/1 . A2 — 4y | Bcosh (%w//lz — 4;1.5) + Asinh (% A% — 4;15) (3.26)

G(s) 2 2 Acosh (%w//lz —4ué ) + Bsmh( VA2 f)

Group 2: When A2 — 4u < 0,

G'©) 1 Jau—77 (Beos(3\/Au—72¢) - asin (3./An— 1%¢)

-5 . (327)

G(s) 2 2 Acos(%wmu—/lz )+Bsm( Jau — /12.5)

Group 3: When A2 — 4u = 0,

¢'@)_-4_ B

&) 2 TA+BE

(3.2.8)

where A, B, 1 and u are arbitrary constants.
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Chapter 4

Applications

Preview Material

> 4.1: Applications of the MSE Method
+ 4.1(a): The KdV Equation

+ 4.1(b): The Boussinesq Equation

+ 4.1(c): The Fifth-order KdV equation

+ 4.1(d): The Modified Schamel Equation for Acoustic
Waves in Plasma Physics

+ 4.1(e): The Modified Kadomtsev-Petviashvili (KP)
Equation for Acoustic Waves in Plasma Physics

+ 4.1(f): The Strain Wave Equation in Microstructured

Solids
o 4.1(f)-I: The Non-dissipative Case
o 4.1(f)-1: The Dissipative Case

> 4.2: Applications of the (G'/G)-expansion Method

+ 4.2(a): The KdV Equation

+ 4.2(b): The Boussinesq Equation

# 4.2(c): The Fifth-order KdV equation

# 4.2(d): The Modified Schamel Equation for Acoustic
Waves in Plasma Physics

+ 4.2(e): The Modified Kadomtsev-Petviashvili (KP)
Equation for Acoustic Waves in Plasma Physics

+ 4.2(f): The Strain Wave Equation in Microstructured

Solids
o 4.2(f)-I: The Non-dissipative Case
o 4.2(f)-Il: The Dissipative Case
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In this Chapter, we have implemented the MSE method to solve some NLEEs appearing
in applied mathematics, mathematical physics, plasma physics and engineering. In order
to compare the solutions obtained by the MSE method, we also refer the solutions of the
same equations via the (G'/G)-expansion method, which are previously solved by other

researchers (Bekir, 2008; Taha et al., 2013; Wang et al., 2008a; Khan and Akbar, 2015c).

4.1: Applications of the MSE Method

In this section, we have executed the MSE method to extract solitary wave solutions to
the KdV equation, the Boussinesq equation, the fifth-order KdV equation, the modified
Schamel equation for acoustic waves, the modified Kadomtsev-Petviashvili (KP)
equation, the strain wave equation in microstructured solids for non-dissipative and
dissipative cases, which are very important NLEEs in the fields of waves on shallow
water surfaces, fluid dynamics, shock wave, mass transport, mathematical physics,
surface wave propagation in coastal regions, heat and mass transfer, biology, ecology,
physiology, crystallization, plasma physics, biological science, nano-science and
engineering. The balance number of all of these equations is two. When the balance
number of NLEEs is greater than one, typically the MSE method does not provide any
solution. Now, we have implemented the technique as to how to execute the MSE method
for balance number two which we derived in Chapter 3. If the balance number is two, the

solution (3.1.4) takes the following form:

U)=ay+a, <%’> +a, <%> : (41.1)

wherein ay, a; and a, are arbitrary constants to be determined, such that a, # 0, and

Y(€) is an unidentified function to be determined later, 1" (¢) # 0.

Differentiating Eq. (4.1.1) with respect to the wave variable &, the first to fourth

derivatives are given respectively in the following:
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_ a1(1/)’)2 _ 2612(1/),)3 + aﬂ/’” + 2a21/)'1/)”

R B A (*12)
U = 2a,(¥')’ + Ba,(y)* _ 3a 'y’ _ 10a, (¥ )"y’ + 2a,(Y")?
RE Pt P? Y3 P?
+2a21/)1/)21/) "‘all/lf) | (4.13)
U= 6511(1/’,)4 24@2(1/’,)5+12a1(1/’,)21/’”+54a2(1/’,)31/’” 3a1(1/)”)2
Tyt s 3 Yyt Y2
24a,9'(W")?  4app®  14a,()*Y®  6ayp yp®
E 7 R
(4) o)
+all£ +2a2;/j;p , (4.14)
(iv) — 24a,(y)°  120a,(¥)® 60a;(¥)’y"  336a,(¥)*P"
T
N 30a,y'(¥")? , 2344, W)@)? 24a,')’
Y3 Pt Y3
20@1(1/’,)21/’(3) 96@2(1/’,)31/’(3) 10@11/’”1/’(3)
Ty T e g
88“277[’,'7[’”'7[’(3) 6a2(1,l)(3))2 5a11,b'1,l)(4) 18@2(’70,)2'7[’(4)
R
o () )
+ 8a2321/) + alz + Zaz;lj;p , (4.1.5)

, " 2 " 3
where primes denote the derivatives, i.e. U :dU(E),U = 4706) U :wand

dé dagz ' dés

yiv) = U@

dé* -’

4.1(a): The KdV Equation

In this sub-section, our aim is to establish closed-form solitary wave solutions to the KdV

equation by means of the MSE method. The KdV equation arises in many mathematical

models or physical problems, such as, waves on shallow water surfaces and ion-acoustic
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waves in plasma. It is especially significant as the prototype example of an exactly
solvable model, that is, a nonlinear partial differential equation whose solutions can be
exactly specified. Let us consider the KdV equation in the form:

U+ uuy +S Uy, =0, (4.1.6)
where § is a real constant.
To construct solitary wave solutions by applying the MSE method to the KdV equation
(4.1.6), we use the wave variable as follows:

ulx,t) =UE), é=x—-owt. (4.1.7)
The traveling wave variable (4.1.7) reduces Eq. (4.1.6) to the following ODE:

—-wU +UU+8U" =0, (4.1.8)
where the primes denote the derivatives with respect to . Integrating Eq. (4.1.8) with

respect to & and letting the integral constant to zero, we obtain a new ODE of the form:
1 "
—wU+§U2+6U =0. (4.1.9)

Balancing the highest order derivative U" and the nonlinear term of the highest order U?,
we obtain 2N = N +2 = N = 2. Therefore, the solution of Eq. (4.1.9) takes the form
which is identical to Eq. (4.1.1).

Substituting the values of U and U" from Eqgs. (4.1.1) and (4.1.3) into Eq. (4.1.9), the left-

1

. We collect all coefficients of alik
w(E)) e colle oefficients o e

hand side is transformed into a polynomial of (

1 \¢

power of the resulted polynomial (w(f)) , (1=0,1,2,3, ---) to zero, which yields an
over-determine set of algebraic and differential equations for a, (i =0,1,2,3, -+ ),

Y (&) and other needful parameters. Therefore, we have the following algebraic and

differential equations:

1
an(—Za) +a,) =0. (4.1.10)
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a{(-w +ao)y’ + 69"} =0. (4.111)

1

{E a% +a,(~w+ ao)} (1/))2 - 35@1’7[),'7[’” + 2a26{(1,l)”)2 + ¢¢} =0. (41.12)
W)*a,(26 + ay)y’ — 108a,y"} = 0. (4113)
%a2(126 +a)(y)* =0. (4.1.14)

We solve the above system of algebraic and differential equations with the help of
symbolic computation software, such as, Mathematica. From Egs. (4.1.10) and (4.1.14),
we obtain

a, =0,2w
and

a, = =124, since a, # 0.
For the values of a,, the following cases arise:
Case 1: When ay = 0.
Now, we have to compute a, and ¥ (¢) from the Egs. (4.1.11) to (4.1.13). To do this, first
we have substituted the value of '(¢) into Eq. (4.1.11) obtained from (4.1.13). After this
substitution we will get a third order ODE. To derive the value of 1(¢) from this equation
we have to integrate twice. In this process we put the second integral constant to zero,
otherwise we will get a polynomial of ¢ which does not satisfy the condition |u| — 0 as
§ = *oo. Thus, from Egs. (4.1.11) to (4.1.13), we obtain

a; = +12V6Vw

and
0c; L8
Y(é) = jle_ V8 + ¢,y

where ¢, and c, are integration constants.
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Now, substituting the values of a,, a;,a, and ¥(¢) into Eq. (4.1.1), we derive the

following solution to the Eq. (4.1.9):

&@
128w2c,c, e V5

L8@ z
6c,e” V& +wc,

Simplifying the solution (4.1.15), we obtain the subsequent close-form solution to the

u) = (4.115)

KdV equation (4.1.6):

u(x, t) = (1286w?cycy)

/ [6C1 {Cosh <M> + sinh <M>}

2V§ 2V§
+ wey {cosh <‘/5(;—\/%tw)> T sinh <‘/5(;—\/_gtw)>}] . (4116)

Since ¢, and c, are arbitrary constants, one may randomly choose their values.

Therefore, if we choose ¢; = w and ¢, = §, then from solution Eq. (4.1.16), we obtain

the following bell shape solitary wave solution to the KdV equation:

(4.117)

uy 1(x,t) = 3w sech? <M>

2+/8

Again, if we choose ¢; = w and ¢, = —§, then from solution Eq. (4.1.16), we obtain the

following singular bell shape solitary wave solution to the KdV equation:

(4.1.18)

uy 5 (x,t) = —3w csch? <M>

2+/8

On the other hand, if we choose ¢; = w and c, = %£i§, then from traveling wave

solution (4.1.16), we achieve the following solitary wave solution to the KdV equation:

Uy 3(x,t) = 3w csc? G - \/Zz(x—\/:_;w)> (4.1.19)
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Furthermore, if we choose ¢c; = w and ¢, = +i6, then from solution Eq. (4.1.16), we

accomplish the following solitary wave solution:

Uy 4(x,t) = 3w csc? <n Vol - tw)).

it oS (4.1.20)

Case 2: When a, = 2w, we have to follow the same procedure as we have made in Case
1. Therefore, from Eqgs. (4.1.11) to (4.1.13), we compute
a, = *12ivVévw

and

L o

ocy
1/’(5):—— B+

where ¢, and c, are integration constants.

Now, putting the required values of a,, a4, a, and (&) into Eq. (4.1.1), we derive the

following solution of the Eq. (4.1.9):

4 28w LiEw
2w(62c2 e V5 +48wcic, e VB + w?c?

L 6 z
e" V8 §cy — we,

After simplification from solution (4.1.21), we get the subsequent closed-form solution to

u) = (4.121)

the KdV equation:

u(x, t) = Qw) [62012 {Cosh <\/_(x _ tw)) <\/_(x _ tw))} +48wc;c,

3

V=48

+ w?c? {cosh <M> F sin <\/_(x _ tw))}]
2 \/—_6

Vo (x — tw) Vo (x — tw)
/ [5 “ {“’Sh ( N ) ( >}

Vo(x — tw) Vo(x — tw)
—wCy {COSh <T> < >}] (4122)

3

3

3
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As ¢, and c, are arbitrary constants, one might arbitrarily pick their values. Therefore, if

we pick ¢; = w and ¢, = —4§, then from solution Eq. (4.1.22), we attain the following

solitary wave solution to the KdV equation:

Vo lx - tw))}

N (4.1.23)

uys(x,t) = w {2 — 3 sech? <

On the other hand, if we pick ¢; = w and c, = §, then from solution Eq. (4.1.22), we

achieve the subsequent solitary solution to the KdV equation:

Vo(x — tw))}

e (4.1.24)

U (x,t) = w {2 + 3 ¢sch? <

Alternatively, if we pick ¢; = w and ¢, = *xid, then from solution Eq. (4.1.22), we

obtain the succeeding solution to the KdV equation:

Uy, (x,t) = w {2 — 3csc? <E _Yole— tw))}.

Once again, if we pick c; = w and ¢, = +id, then from solution Eq. (4.1.22), we derive

the next solitary solution to the KdV equation:

ug(x,t) = w {2 — 3csc? <E + Vol - tw))}.

Since ¢, and c, are arbitrary constants for other choices of ¢; and c,, we might obtain
new and more general solitary wave solutions to the KdV equation (4.1.6) by using the
MSE method with the aid of symbolic computation software. The major advantage of this
method is that the calculations are easy to control, not sophisticated. Its calculations are
comparatively easier than other methods, like, the Exp-function method, the (G'/G)-
expansion method, the tanh-function method, the homotopy analysis method etc. But the
solutions obtained by the MSE method are analogous to those solutions obtained by the

above mentioned method.
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Remark 4.1(a): Solutions (4.1.16)-(4.1.20) and (4.1.22)-(4.1.26) have been verified by

putting them back into the original equation (4.1.6) and found correct.

4.1(b): The Boussinesg Equation

In this sub-section, we have executed the application of the MSE method to extract
solitary wave solutions to the Boussinesq equation, which is a very important equation in
the fields of surface wave propagation in coastal regions, heat and mass transfer, biology,
ecology, crystallization, plasma physics. Now, we have applied the MSE method to find
the exact solutions and then the solitary wave solutions to the Boussinesq equation. Let us
consider the Boussinesq equation in the form:

utt_uxx_(uz)xx_l_ uxxxx:O- (4127)

To solve the Boussinesq equation (4.1.27) by applying the MSE method, we will make

use of the same wave variable given in (4.1.7):

Using the wave variable (4.1.7), the Eq. (4.1.27) transforms to the following ODE:

(w? = DU = (U2 + U =0, (4.1.28)
where primes indicate the derivatives with respect to . Integrating Eq. (4.1.28) twice
with respect to ¢ and letting the integral constants to zero, we find an ODE in the form:

(w?-1D)U-U?+U"=0. (4.1.29)

The homogeneous balance between the highest order derivative U" and the nonlinear term
of the highest order U2, yields N = 2. Thus, the solution of Eq. (4.1.29) takes the form,

identical to (4.1.1).

Substituting the values of U and U" from the Egs. (4.1.1) and (4.1.3) into Eqg. (4.1.29),
and executing the parallel course of algorithm discussed in Sub-section 4.1(a) yields a set
of simultaneous algebraic and differential equations for ay, a,, a,, ¥ (&) and additional

essential parameters, which are given in the following:
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(—1+ w? — ag)ay, = 0. (4.1.30)
a{(~1+ w? — 2ay)y +y"} = 0. (4.1.31)
{a, (-1 + w? = 2a4) — af}(¥P)? = Ba,p'yp" + 2a,{(Y")* + PP "} = 0. (41.32)
—-2(W")?*(a, (-1 + ay)y +5a,y") = 0. (4.1.33)

—(—6 + ay)a,(y)* =0. (4.1.34)
Solving Eq. (4.1.30), we obtain
a,=0, —1+ w?
Again solving Eq. (4.1.34), we obtain
a, = 6since a, # 0.
Therefore, for the values of a,, the following two cases arise:

Case 1: When a, = 0, we have to take in the same procedure as we have took in section
4.1(a). Therefore, from Eqgs. (4.1.31) to (4.1.33), we compute

a; = x6V1— w?
and

—cle¢&1_w2$(—1+wzﬁa

Y =

-1+w?

where ¢, and c, are integration constants.

By means of the values of a,, a,,a, and (§), from Eq. (4.1.1), we obtain the following

solution to the Eq. (4.1.29):

6(—1 + w?)?cyc, eT EV1-0”

—— : 4135
(c; eF 510" — (=1 + w?)c,)? ( )

u@) =-

After simplification from the solution (4.1.35), we obtain the subsequent solution to the

Boussinesq equation (4.1.27):
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u(x, t) = —{6(—1 + w?)?c,c,}

/ [c1 {cosh <(x - t‘“)z“ 1- ‘“2> T sinh <(x - t“’)ZV 1- wz)}

X —tw)Vl — a)2>

—(-1+ w?)c, {cosh <( >

(x — tw)V1 — a)2>}] | (4.1.36)

isinh( >

Since c¢; and c, are arbitrary constants, we may freely select their values. Therefore, if
we select ¢; = (1 — w?) and ¢, = 1, then from (4.1.36), we obtain the following bell

shape solitary wave solution to the Boussinesq equation:

V1—w?(x — ta))>

(4.1.37)

3
Uy o(x,t) = > (-1 + w?) sech? < >

Furthermore, if we select ¢; = —(1 — w?) and ¢, = 1, then from solution (4.1.36) we
accomplish the subsequent singular bell shape solitary wave solution to the Boussinesq

equation:

(4.1.38)

V1—w?(x — ta))>
> .

3
Uy 1(x,t) = 3 (=1 + w?) csch? <

Again, if we select ¢; = (—1 + w?) and ¢, = =i, then from solution (4.1.36), we obtain

the succeeding solitary wave solution to the Boussinesq equation:
3 T 1
uy11(x, t) = 5 (=1 + w?) csc? <Z + E(x —tw)\/ -1+ a)2>. (4.1.39)

Alternatively, if we select ¢; = (—1 + w?) and ¢, = Fi, then from solution (4.1.36), we

get the next solitary wave solution to the Boussinesq equation:

3 1
Uy 12(x, t) = > (=1 + w?) csc? <% - E(x —tw)/—-1+ a)2>. (4.1.40)

37



Case 2: When a, = —1 + w?, we have to take in the same procedure as we have took in
section 4.1(a). Therefore, from Eqgs. (4.1.31) to (4.1.33), we get

a; = 6/ -1+ w?
and

W) = s T 4

-1+w?

where ¢; and c, are constants integration.

Inserting the values of a,, a;, a, and ¥ (&) into Eq. (4.1.1), we extract the following
solution to the Eq. (4.1.29):

u($) 1+ w? 6(=1 + w?)?cic, e*V-1te’
= — w” —

. (4.1.41)
{c1 + (14 w?)c, ex&V-140?)

Expanding the solution (4.1.41), we obtain the following close-form solution to the

Boussinesq equation (4.1.27) :
u(x,6) = (w? = 1)[cf {cosh ((x = tw)w? = 1) F sinh ((x - tw)y/w? — 1)}
+ (@ = 1)} {eosh ((x - tw)o? — 1)
+sinh ((x - tw)m)} — 4(w? - Deycy

(x —tw)Vw? -1\ _ . (x —tw)Vw?2 -1
/ [q {cosh < > > + sinh < > >}

2

+ (w? — 1)c, {cosh <(x ~twVo? - 1)

_ <(x — toWwZ =1 1)}]2
=+ sinh .

5 (4.1.42)

One may intuitively choose the values of c; and ¢, because, they are arbitrary constants.
Thus, if we choose ¢; = (w?—1) and ¢, =1, then from (4.1.42), we derive the

following bell shape solitary wave solution to the Boussinesq equation:
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Uy 1500, £) = (=1 + w?) {1 _ g sech? (% (x — tw)m>}. (4.1.43)

On the other hand, if we choose ¢; = (w? —1)and ¢, = —1, then from solution
(4.1.42), we find out the following singular bell shape solitary wave solution to the

Boussinesq equation:
3
Uy 14(x, t) = (-1 + w?) {1 + — csch? ( (x —tw)/—-1+w )} (4.1.44)

Again, if we choose ¢; = (w? — 1) and ¢, = =i, then from solution (4.1.42), we attain

the subsequent solitary wave solution to the Boussinesq equation:

wy 15(x,t) = (1 + w?) {1 - g csc? (g —5 - t@ﬂ)}. (4.1.45)

Once again, if we choose ¢; = (w? — 1) and ¢, = Fi, then from solution (4.1.42), we

secure the next solitary wave solution to the Boussinesq equation:

5~ tw)mb (4.1.46)

Uy 16(x, t) = (-1 + w?) <1 — 2 csc? [4

For other choices of ¢; and c,, we might find further new and more general solitary wave
solutions to the Boussinesq equation (4.1.27) by using the MSE method, because c; and
c, are arbitrary constants.

Remark 4.1(b): The wave solutions (4.1.37)-(4.1.41) and (4.1.42)-(4.1.46) have been

confirmed by putting them back into the original equation (4.1.27) and found accurate.

4.1(c): The Fifth-order KdV Equation

In this sub-section, we have performed the MSE method to extract traveling wave
solutions to the fifth-order KdV equation which is a very important equation in the field
of surface wave propagation on shallow water surfaces. Let us consider the fifth-order
KdV equation of the form:

U+ QUUy + PUPtUy + Y Usex F U Urxxxx = 0, (4.1.47)

39



where a, 5, y and u are real parameters.

Now we have investigated exact solitary wave solutions to the fifth-order KdV equation
(4.1.47) by means of the MSE method. On account of this, we will use the wave variable
provided in Eq. (4.1.7). The traveling wave variable (4.1.7) reduces Eq. (4.1.47) to the
following ODE:

(—w+aU+BUAU +yU" +uU® =0, (4.1.48)
where the primes signify the derivatives with respect to ¢. Integrating Eq. (4.1.48) with

respect to & and letting the integral constant to zero, we find a new ODE in the form:
U? U3 .

—wU+a 7+,[>’ ?+yU”+uU(”’)=O. (4.1.49)
Now, the homogeneous balance between the highest order derivative U(¥) and the
nonlinear term of the highest order U3, yields N = 2. Therefore, the shape of the solution
of Eq. (4.1.49) is look like Eq. (4.1.1), wherein a,, a, and a, are arbitrary constants to be

determined such that a, # 0 and ¥ (£) is an unidentified function.

Putting the values of U, U, U", U" and U, from Eqgs. (4.1.1)-(4.1.5) into Eq. (4.1.49),
and executing the same algorithm discussed in Sub-section 4.1(a) yields a set of
simultaneous algebraic and differential equations for aq, a{, a,, Y(&) and additional

essential parameters, which are given below:

1
gao(—6a) + 3aa, +2fa3) = 0. (4.1.50)
ar ((~w +aag + pad +yg" +wp®) = 0. (4.151)

l 4 "o, om ' " .

> (a +2Bag)ai(®)? —a; (lomp "+ By + 51111)(“’)))
+a; ((—w + agy + BaZ) W) + 2y (') + 6u(”)? + Buyp P
+29/ (yyp" + pyp™)) = 0, (4152)
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a ((2)/ + (a + 2Bay)a,)@)? + 30u(y”)? + 20#1/,’1/,’”)
— 2a, (12u(")? + 44y’ + )2 (5ry’ + Qup))

+ %ﬁai W) =o. (4.153)

@y () ((6y + Bad)()? + 234u(')? + 96up'y”) +3 (a + 2Bag)ad(¥)*

—60ua;, ()" =0. (4.1.54)
W)*(a,(24u + Bad)y' — 336ua,y”) = 0. (4.155)
%az (360u + Baz)(¥)° = 0. (4.1.56)

Solving Eqg. (4.1.50) and (4.1.56), we obtain

—3a =+/3,/3a2 + 16fw
a, =0, 45
And
6iv10
a, = i%, scince a, # 0.

When q, = _3“1‘5“4;“2“6[’7 =, then the extracted values of a,, (&) and the required

solutions are very much unsmooth and odd looking. So, we have overridden this case and

discussed only the case a, = 0.

Therefore, for the values of a,, the following two cases arise:

_ 6iVi0Vu
VB

Case 1: When a, , then by a suitable manipulation, from Egs. (4.1.51) to

(4.1.55), we compute

6 Jzﬁy + ivV10a/u
B |

a, ==
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_ 8PBy*+ Bima\/ﬁy\/ﬁ + 5a%u
- 50Bu

and

i |2(By+ivioayE &
+

1
V0B 4y OEVE 4c
2

Y@ =F ———=ce¢
,L/Eyﬂ'ﬁoc\/ﬁ

where ¢, and c, are integration constants.

By using the values of a,, a,, a, and ¥ (&) from Eq. (4.1.1), we obtain the following

closed-form solution:

i [2/By+ivioayE &
+

U(E) = + 6(2\/EV + i\/Ea\/ﬁ)ZIB_ZQCze VIO 4 Vit . (4157)

+i 2\/By+ivioayu f\
FEh ML
k\]Z\/ﬁy + iv/10a/uc, F i\/ﬁ,[)’%\/ﬁcle V10 p4 VR )

Simplifying the solution (4.1.57), we find the following solution to the fifth-order KdV

equation (4.1.47):

u(x,t) =+ {6(2\/ﬁy + 1 \/Ea\/ﬁ); ,8_% C1C2}

/{(ii\/Z\/ﬁy + i\/ﬁa\/ﬁcz + \/E,B%\/ﬁq) cos((x — tpy) hy)

+ <\/2\/ﬁy + iV10a,/uc,
+ imﬁi\/ﬁcl)sin((x —tp,) hl)} , (4.1.58)

_8ﬁy2—3ma\/§y\/—_u+5azu and h. = 1IZ\/»EV_\/EU‘\/__F
S0pu Y 2viope

where p; = . Forasmuch as c, and
c, are integration constants, one may arbitrarily opt their values. Therefore, if we opt
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\/2fy+zJ_Oaf and c, = FivV108Y4\/u, then from Eq. (4.1.58), we extract

the following solution to the fifth-order KdV equation:

3(5a\/ﬁ + mﬁ)/)
108V

uy17(x, t) = —

x {1 — tanh? , (4.1.59)

x—tpojzf By — VI0ay =i l
2VI0B R )

_ _ 8By*-3V10a,/Byv=—p+5a*u

where p; S0BA

Again, if we opt ¢; = \/Zﬁy +ivVI0av and ¢, = +ivI0BY*\/1, then from solution

(4.1.58), we extract the subsequent solitary wave solution to the fifth-order KdV

equation:
3(5avi +V10,/=By)
Uy 48(x, t) = — 1085
(x — tpl)JZ\/—y V10a\/=
x <1 — coth? : (4.1.60)
2V10 ,3‘*\/—# )
where p, = _ 8By?-3V10ay/ByV-u+5a? “

508u

Once again, if we opt ¢; = JZ\/E)/ + iv/10ay/u and ¢, = V10BY*\/i, then from exact

solution (4.1.58), we accomplish the subsequent solitary wave solution to the fifth-order

KdV equation:
(x.0) 3(—2py? +5a%u + 2V10a/—ByVi)
u x, t) =
—VI0B(2y/=By + VIOavi)VE
w0 [2Fy ~ VIoay e
xcsc? | = : (4.1.61)
i 2VI0BA
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_ 88y2-3v10a,/Byv—p+5a?u
508u '

where p; =

Furthermore, if we opt ¢; = \/Zﬁy+ ivV10ayu and c, = —V10B8Y*\/u, then from

solution (4.1.58), we derive the next solitary wave solution to the fifth-order KdV

equation:
(x.0) 3(—-2py? +5a%u + 2V10a/—ByVi)
Ug 20X, 1) =
—108(2/—By + V10avp)Vu
. (- tpl)\/ 2,/By — V10a/—p
xcsc? | —— : : (4.1.62)
2V10B8+/n
_ 8By?-3v10a,ByV—p+5a2u
where p; = — S0Bn .
Case 2: When a, = —6“/\}_;‘/5, then by a appropriate treatment, from Egs. (4.1.51) to

(4.1.55), we compute

6\/2\/Fy — iv10a\/u
g |

. 8By* - 3iV10a./Byvi + 5a2p
- 50Bu

a, ==

and

i |2/By-ivioayh &
+ -

1

1
P(@) = xRS, g o,
2,/By-ivi0ayi

where c; and c, are constants of integration.

Putting the values of ay, a,, a, and ¥ (&) into Eq. (4.1.1), we obtain the following

general solution to the Eq. (4.1.49):
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i J2/By-iVI0aVE €

3 3 + T
6(2y/By — iVI0ayE) B s Vi0 5 Vi
uE) ==+ (2 ~ VIR B rercpe - ;. (4.163)

[2/By-i/Toavr f\

i
F

k JZ\/F)/ — iv10avuc, + iV10B+/uc, e V0 BV )

Simplifying the solution (4.1.63), we establish the subsequent close-form solution to the

fifth-order KdV equation (4.1.47):

ulx, t) =F {6(2\/ﬁy —i \/Ea\/ﬁ); ,8_% C1C2}

/{(11’\/2\/?)/ -1 10a\/ﬁcz + \/E,B%\/ﬁq) cos((x — tp,) hy)

+ <\/2\/ﬁy —1 10a\/ﬁcz
T imﬁi\/ﬁcl)sin((x —tp,) hz)} , (4.164)

2 — 2 /Zﬁyh/ﬁa\/—_u
where, p, = — 2~ +3Vi0ayByV=ptsatu g hy=Y%—F—.
S0Bu 2VT0R4VH

Now, one may arbitrarily put the values of ¢, and c,, because they are arbitrary constants.

Therefore, if we put ¢; = JZ\/F)/ —iv10ay/u and c, = +i\/10B*y/1, then from Eq.

(4.1.64), we get the following solution to the fifth-order KdV equation:

3 3(5avu — \/E\/—_,By)

u1,21(x1 t) = 103\/’[7
(x — tpz)\/ 2,/By + V10av—p
x sech? - , (4.1.65)
2V10p+—=H
where p, = — £ y2+3m:$YH+5“2” .
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Alternatively, if we put ¢; = JZ\/E)/ — ivV10a/u and ¢, = FivV108Y4\/u, then from

solution (4.1.64), we derive the following wave solution to the fifth-order KdV equation:

3(5avp — mﬁy)

Up 22 (%, t) = 1081t
(x — tpz)\/Z\/Fy +V10ay/—p
x csch? - , (4.1.66)
2V10B+/u
e p, = - W45 00Br s

On the other hand, if we put ¢, = JZ\/F)/ + /10a+/—p and ¢, = V10B8Y*\/, then from

solution (4.1.64), we achieve the subsequent solitary wave solution to the fifth-order KdV

equation:
(x.0) 3(2V10a/—Byu + 2By? — 5a?u)
Uy 23X, 1) =
—V10B(2y/—-By — VI0avu)Vu
o (- tpz)\/Z\/Fy +/10av—p
x csc? z? - : (4.1.67)
2v/108+/1
where p, = - y2+3m:£yﬁ+5“2”.

Again, if we put ¢; = JZ\/E)/ — iv10ai and ¢, = —/10B8Y*\/1i, then from solution
(4.1.64), we find out the succeeding solitary wave solution to the fifth-order KdV

equation:

3(2v10a,/—Byi + 2By? — 5a’y)
—V10B8(2\/=By — V10ayu)Vu

Uy 94(x, ) =

, T (X — tpz)\]z\/ﬁy + maﬁ (4 1 68)
x Ccsc? | — — - , .
4 2VI0Bi
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8,6’y2+3\/10aﬁyx/—u+5a2u
508u '

where p, =
Since c¢; and c, are arbitrary constants, one might choose their values in different ways
and each choice yields more general, efficient and accessible solutions to the fifth-order
KdV equation in compact form. But to avoid monotony the residual solutions have not

been recorded.

_ 8By*-3V10a,/Byv—p+5a*u

Remark 4.1(c): The solutions (4.1.58)-(4.1.62), where p, = S0Bn

2 — 2
and the solutions (4.1.64)-(4.1.68), where p, = — 2% +3m:$y\/_”+5“ £ have been

confirmed by putting them back into the original equation (4.1.47) and the validity has

been established.

4.1(d): The Modified Schamel Equation for Acoustic Waves in
Plasma Physics

In this sub-section, we have carried through the MSE method to extract solitary wave
solutions to the modified Schamel equation concerned to acoustic waves, which is very
important in plasma physics. Our aim is to examine some new solitary wave solutions to
this equation by the MSE method. Let us consider the NLEEs establish by Schamel for
acoustic waves in plasma physics (Taha et al., 2013):
up +u?u, + S Uy =0, (4.1.69)

where the weakness of the dispersion are measured by the small parameter &, it is
controlled to the trapped particle of electron and suffix denotes the partial derivatives.
The transformation, u(x,t) = v2(x,t), reduces the Eqg. (4.1.69) into the following
nonlinear wave equation,

vV + 020, + 5 (B Uy x + VVyyy) =0. (4.1.70)
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In order to construct solitary wave solutions to the Schamel equation for acoustic waves
by applying the MSE method, we have used the following wave variable
v(x,t) =U¢), é¢=kx—wt. (4.1.71)
The wave variable (4.1.71) reduces Eq. (4.1.70) into the following ODE:
(—w+kU)UU +85K3@U'U"+UU") =0, (4.1.72)
where the primes denote the derivatives with respect to ¢. Integrating Eq. (4.1.72) with
respect to &, we then get a new ODE in the following form:

U? U3
) 7+ k ?+ SKk3{(UN)*+UU"}+C =0, (4.1.73)

where C be the integrating constant.

Balancing the terms U3 and UU" appearing in Eq. (4.1.73), we get N = 2. Hence, the

structure of the solution of Eq. (4.1.73) is similar to the Eq. (4.1.1).

Now, inserting the values of U, U’ and U"’ from Egs. (4.1.1)-(4.1.3) into Eq. (4.1.73), and
executing the similar algorithm discussed in Sub-section 4.1(a) yields a set of
simultaneous algebraic and differential equations for aq, a4, a,, Y(&) and additional
essential parameters, which are given below:

1,
(o gao(—Ba) + 2kay) = 0. (4.1.74)

aoay ((—w + kag)yp' + k359"") = 0. (4.1.75)

oz ((~w + kag) (W) + 2k35(Y")? + 2k35Y'p"") — 3k3Sagarp'h”

+a? ((—g +kay) (@) + K3 + mzp'zp"') =0. (4.1.76)

3 (ax (kad )2 ~ 15K 50,9y
+ 3a2 (—a)(d)')z + 6k35(l/)”)2 + 3k351/)'l/)'”))
+ 6kaoyp' (a; (k28 + a, )y’ — 5k?*8az")) = 0. (4.1.77)
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ka$(3k28 + a)(W)* - 21k38a a, (Y)Y

+ 3 a9 (2kag(6k26 + a)(0')?

+a,(—w@)? + 12k35(Y"")? + 4k35y'yp'")) = 0. (4.1.78)
ka,(")*(a,(12k?5 + a,)y’ — 18k?8a,y") = 0. (4.1.79)
lkag (30k28 + a,)(1")¢ = 0. (4.1.80)

3

We have solved the Egs. (4.1.74)-(4.1.80) to find out &, (i =1,2,3,...),¥(¢) and other

necessary parameters. From Eq. (4.1.80), we obtain
a, = —30k?§, since a, # 0,
And from Eq. (4.1.79), we obtain

900k*5%¢, _tay
2

P(§) = e30k25 + (4.1.81)

1

where ¢; and c, denote integrating constants.

Then by a suitable exploitation, from Eqs. (4.1.74) to (4.1.78), we compute
a, =0, a, =+15VkVévyw, C=0
and

5w 2503
aO = E, a1 = il5l\/§\/§\/$, C = 192k2

Since we have two set of values of a,, a, and C. Therefore, there arise two cases:

Case 1: When ay =0, a; = £15vVkV6vVw, € =0, then from Eq. (4.1.81), we get

4k36C1 iﬂ
e 2k32V5 + ¢,

(&) =

w

where ¢; and c, are integrating constants.

Putting the obtained values of a,, a;, a, and ¥(¢) into Eq. (4.1.1), we explore the

following solution to the Eq. (4.1.73):
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25,2 b
30 k%*6w?cicy e 2k32s

u) = (4.182)

L e 2
4 k385c, e 2328 + we,

Since, we have used the transformation u(x,t) = v2(x,t) and v(x,t) = U(£), so by
using inverse transformation, we derive the following solitary wave solution to the

modified Schamel equation for acoustic waves in plasma physics (4.1.69):
+\/5(kx—tw)
900 k*S%2w*c?c? = 137275

+\/5(kx—tw) 4
4k35c, e 263298 + wc,

u(x,t) = (4.1.83)

Simplifying the solution (4.1.83), we obtain the subsequent solution to the modified
Schamel equation:
u(x, t) = (900k*52w*c?c2)

/ [4k3661 {cosh <M> + sinh <M>}
4kz\/§ 4kS

4

kx —t kx —t

+ wc, {cosh <M> + sinh <M>}] . (4.1.84)
4kz\E 4k2/§

Since c¢; and c, are free parameters, one may arbitrarily take their values. Thus, if we take

¢, =w and ¢, = 4k3§, then from Eq. (4.1.84), we derive the following bell shape

solitons solution to the modified Schamel equation:

2250° ch* <M> ] (4.1.85)

Uy 95(x,t) = se 3
64k 4k2\/5

Moreover, if we take ¢; = w and ¢, = —4k36, then from exact solution (4.1.84), we
obtain the singular bell shape solitary wave solution to the modified Schamel equation as

follows:

20502 <\/Z(kx - tw))l (4.186)

Uy 56(x, t) = cs
64k* VNG
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Again, if we take ¢; = w and ¢, = i 4k3§, then from solution (4.1.84), we derive the

following solitary wave solution to the modified Schamel equation:

Uy 97 (x,t) =

225w? . <7T Vo (kx — tw)>

CSC — —
64k LN

Once again, if we take ¢; = w and ¢, = Fi 4k36, then from solution (4.1.84), we derive

(4.1.87)

the subsequent solitary wave solution to the modified Schamel equation:

225w? kx —t
Uy 28(x,t) = D csct|o+ M (4.1.88)

64k? 4 4k2 I—s

Case 2: When a, = i—(}‘(’, a; = *x15iVkVsvw, €= 129sz’ then from Eq. (4.1.81), we

get

4k36c, + 180
e 2k32V5 + ¢,

() = -

where ¢, and c, are constants of integration.
By means of the values of ay, a;, a, and ¥ (§), from Eq. (4.1.1), we obtain the following

solution to the Eq. (4.1.73):

L i&Vw
30 k?6w?c,c, e 2k3/2Vs

uE) = i—: (4.1.89)

15w 2
—4 k368c, e 2k3’2f+a)cz

By means of inverse transformation, we derive the following solitary wave solution to the

modified Schamel equation:

(

L(kx tw)Vw
5w 30 k26 w?cic, e k325 g
+

u(x,t) = J—

4k Lilex—tolo | (4.1.90)
L <—4 k36c, e= 2328 +a)cz> }

Simplifying the solution (4.1.90), we determine the subsequent solution:
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u(x,t)=<25w2 [16k652cf{cos<w> is <M>}

2kzV/§ 2kz\/E

+ 16k36wc,c,

L { <(kx—ta))\/_> <(kx—tw)\/_>}] )
+ w“cs {CO0S| ————— —_—
2k2V/6 k2§

/<16k2 [—4k35c1{cos<M> isi <M>}
4k2\/_ 4k2\/_

+ch{COS<M> (M)}]) (411)
4k2\/S 4k2/§

Since c; and c, are arbitrary constants, one may intuitively choose their values. Thus, if
we choose ¢; = w and ¢, = 4k38, then from Eq. (4.1.91), we obtain the following bell

shape solution to the modified Schamel equation:

25w” kx — tw)\)
Uy 20(x, ) = ‘;:2 {—2 — 3csch? <M>} . (4.1.92)
64 4k—5

Furthermore, if we choose ¢; = w and ¢, = —4k36§ , then from solution (4.1.91), we
attain the singular bell shape solitary wave solution to the modified Schamel equation as

follows:

2592 kx — tw)\)
30 (x,6) = 5 4(;:2 {2 3 sech? <—‘/5(3x “)))} . (4.1.93)
4kaV=38

On the other hand, if we choose ¢; = w and ¢, = =i 4k3§, then from solution (4.1.91),

we achieve the following solitary wave solution to the modified Schamel equation:

25w? kx —t
ety = 2597y g s (T Y@lkx = tw)\ ) (4.1.94)
' 64k?2 4
4kzv

Again, if we choose ¢; = w and ¢, = Fi 4k34§, then from solution (4.1.91), we get the

following solitary wave solution to the modified Schamel equation:
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25w” kx — tw)\)’
Uy 3 (x,£) = %{2 — 3csc? <f + M)} | (4.1.95)
64 4 ks

Since, ¢, and c, are arbitrary constants for further choices of ¢; and c,, we might obtain
some potential and more general solitary wave solutions to the modified Schamel

equation for acoustic waves in plasma physics (4.1.69) by using the MSE method with the

aid symbolic computation software, like Mathematica.

Remark 4.1(d): The solutions (4.1.85)-(4.1.88) and (4.1.92)-(4.1.95) have been validated

by putting them back into the initial equation (4.1.69) and found perfect.

4.1(e): The Modified Kadomtsev-Petviashvili (KP) Equation
for Acoustic Waves in Plasma Physics

In this sub-section, we have ensured the use of the MSE method to extract exact solitary
wave solutions to the modified Kadomtsev-Petviashvili (KP) equation for acoustic waves,
which is very important in plasma physics. The nonlinear modified KP equation is a very
attractive model for the study in ion acoustic waves, also this equation holds a square
derivation in multi-type plasma fabricated of non-isothermal electrons in plasma physics.
Let us consider the modified KP equation for acoustic waves in plasma physics as follows
(Taha et al., 2013):

(up + @ u?u, + B uxxx)x +8u,, =0, (4.1.96)

where the weakness of the scattering can be measured by the small parameters «, 5 and §,
it is controlled to the trapped particle of electron and suffix denotes the partial derivatives.
Consider the transformation u(x, y, t) = v?(x, y, t), then the Eq. (4.1.96) can be

written as

(v +av?v, + 3B VU F LV Viyr) + 6 {( vy)z + v vyy} =0. (4.1.97)
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In order to construct solitary wave solutions to the modified KP equation (4.1.96) by
using the MSE method, we organize the traveling wave variable as follows:

v(ix,y,t) =U(¢), é=x+ky—wt. (4.1.98)

We operate the traveling wave transformation (4.1.98), then Eq. (4.1.97) switch to the
following ODE:

{~wUU +aU?U'+B @BU'U"+UU")Y + 68 k2{(U")>+UU"}=0, (4.1.99)
where primes indicate the derivatives with respect to ¢. Integrating Eqg. (4.1.99) with
respect to & and setting the integrating constant to zero, we achieve the subsequent ODE:

Bk —w)UU +aU?U' +B@BU'U"+UU")=0. (4.1.100)

Now, balancing the terms U2U’ and UU"" appearing in Eq. (4.1.100), we derive N = 2.

So, the outline of solution of Eq. (4.1.100) is analogous to the solution Eq. (4.1.1).

Hence, we have used the values of U, U’, U"” and U'" from the Eq. (4.1.1)-(4.1.4) into

EQ. (4.1.100) and then the left-hand side of Eq. (4.1.100) is converted into a polynomial

of (ﬁ) We assemble all the coefficients of the same order of the resultant polynomial

(ﬁ) , (1=0,1,2,3,--+) to zero, which yield a system of algebraic and differential

equations for a; (i =0,1,2,---,N), ¥(&) and other needful constraints. Here it is
noteworthy to observe that for the KP equation, we did not get any equation concerning
the value i =0. Thus, we obtain the other subsequent algebraic and differential
equations:
aoa; {(k?6 — w + aay)yp” + pyYp} =0. (4.1.101)
aafyy'(—a,’ + 2a,9") + af[3By " + ' {(k?6 — W)y + pyp}]
+ao [2aadp'y” — a{(k25 — )W) + 3B(Y")? + 4By "}
+2a, {3y y" + ' (28 — )y + gy )} = 0. (41102)
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3a, [a, {2B8@") + 6By " + ()2 (k26 — whp” + pyp)}

+ 202 + aar) (YY" | - 2a5a, (k26 — w + aag)(¥')?

— 2a,a,y'{126(p")? + 7B} — a2 (k26 — w + 2aa) (')’

— 3P {12B(" ) + TRY Y Y+ aad ()" = 0. (41.103)
Y [~add@') + ad (276 + daa,) ()P — 6agay (B + aay)(W')?

+2a3 {65 (")> + 9wy + ') (k28 — why” + pyp()}

— 34,0, {(k?6 — w)(W')? + 27F(")? + 10"y}

+ 290, (276 + 2aa;) (P )" | = . (4.1.104)
~(')*[4a3 (3B + aay) (') — a,a;(144B + Saa 'y

+2a,{a,((k?6 — w)(@')? + 486 (")? + 136"y

+2a,(68 + aa)(®')?*}] = 0. (4.1.105)
az(¥')*(=5a,(128 + aay )’ + 2a,(758 + aaz)y'") = 0. (4.1.106)
—2a%(308 + aay)(y')” = 0. (4.1.107)

Now, we have solved Egs. (4.1.101)-(4.1.107) in order to find out the values of ay, a4, a,

and y(¢). From Eq. (4.1.106), we derive

¥ =— Do + ¢y, (4.1.108)

where ¢, and c, are constants of integration.

From Eq. (4.1.107), we derive
a, = —%, since a, # 0.

Therefore, using the values of a, and () into Egs. (4.1.101) to (4.1.105) yields a set of

algebraic equation for a, and a, and solving the algebraic equations, we obtain
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15./—k2B5 + fw

a, =0, aq ==

a
and
5(k?6 — w) 15/ k?BS5 — Bw
ag = —T, a; = + p .

Hence the following two cases arise:

15/~ k2B5+fw

a

Case 1: When g, =0 and a; = % , inserting the value of a; into Eq.

(4.1.108), we obtain

1’[)({:) = +Lei§_i¢ +c
~ J—k2B5 + Bw 2

where c; and c, are arbitrary constants.

Now, inserting the values of a,, a;, a, and ¥(&), from Eqg. (4.1.1), we obtain the
following solution to the Eq. (4.1.100):

K B(-k25+w)
- 158(k%6 — w)/B(—k28 + w)c,c, e 28

& |B(-k258+w)

al+2Bc, e 2P + /B (k%6 + w)c,

uE) = (4.1.109)

Now, using the inverse transformation, we obtain the solution to the modified KP

equation in the following form:
B(~k28+w) (x+ky—tw)
22583 (k26 — w)2(—k?8 + w)cicZe” 7

B(-k28+w) (x+ky—tw)
a’{x2fc, e" 2B + /B(—k?5 + w)c,

u(x,y,t)

Simplifying the solution (4.1.110), we obtain the subsequent solution to the modified KP

equation:

56



u(x,y, t) = —(225B3(k?6 — w)3cic?)

/ <a2 [Z,B{icosh(c (x+ky— tw)) + Sinh(c (x+ky— tw))}q

+/B(=k25 + w){cosh(o (x + ky — tw))

Fsinh(o (x + ky — tw))}czr), (4.1111)

VB(=k%5+w)

where o = o5

Forasmuch as ¢, and c, are arbitrary constants, one may randomly select their values. If

we take ¢; = £,/B(—k?§ + w) and c, = 2B, then from Eq. (4.1.111), we find out the

following bell shape soliton solution to the modified KP equation:

225(—k?%8 + w)?sech* <‘m(x+k3"t“’))
4B

uy33(x,y,t) = (4.1.112)

64a?

Furthermore, if we take ¢, = +{/B(—k?§ + w) and ¢, =23, then from solution

(4.1.111), we find out the singular bell shape solitary wave solution to the modified KP

equation:
225(—k28 + w)? csch* <‘m(x+"y‘t‘")>
Uy 34 (x, Y, 1) = i (4.1.113)

64a?

Alternatively, if we take ¢; = i\/B(—k?5§ + w) and ¢, = 2, from solution (4.1.111),
we find out the subsequent solitary wave solution to the modified KP equation:

u1,35(x1y1 t) = _{225(_k26 + (,())2}

/ [80(2 {—3 + cos( k26— wlx +ky = tw))
JB

Vk26 —w(x + ky — tw))}]
2,/B '

+ 4sin < (4.1.114)
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Once again, if we take ¢; = —i\/f(—k?5§ + w) and ¢, = 2, from solution (4.1.111),
we find out the following solitary wave solution to the modified KP equation:

Uy 36(x, ¥, £) = —{225(k*6? — 2k%5w + w?)}

/ [80(2 {—3 + Cos <m,8(x +ky— tw))

— 4sin <V plk?s = w;(x Ty tw))}]. (4.1.115)

B
25_ / -
Case 2: When a, = —W and a; = iw, inserting the value of a, into
Eq. (4.1.108), we obtain
2Bc LHEpoe
YO == ——c" W +g

VEk?B6 — Pw
where c; and c, are arbitrary constants.

Now, inserting the values of a,, a;, a, and ¥(¢), from Eq. (4.1.1), we obtain the

following solution to the Eq. (4.1.100):

fjm jJM
U) =—[58(k?*6 —w){4Bcie” B F8YB(k?6 —w)cice” 26

+ (k2?6 — w)c%}

£ [B(k25-w)

/|4a{x2pce™ 2% + [B(k?S6 —w)c, | |. (4.1.116)

Now, under application of inverse transformation, we obtain the solution to the modified

KP equation in the following form:
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(x+ky-tw) [B(k26-w)

u(x,y,t) = |258%(k?8 — w)? { 4Bc2e™ B T 8JB(k26 — w)c,c,

ky—t k26—
+(x+y ) |B(k25-w)

2
xe~ 2B + (k%6 — w)c%}

+(x+ky—tw) B(k25-w) *
/116a?1< cy/ B(k%26 — w) £ 2Bcre™ 28 . (41.117)

Upon simplification, the solution (4.1.117) transformed to the following hyperbolic

solution to the modified KP equation:
u(x, y,t) = (25,82(—k26 + w)? [-8\/B(k25 — w)cyc; + 4B
x {cosh(26(x + ky — tw)) + sinh(26(x + ky — tw))}
+ (k%6 — w)c?
x {cosh(26 (x + ky — tw)) — sinh(20(x + ky — tw))}]°)
/ <16a2 [Zﬁcl{cosh(e(x + ky — tw)) + sinh(8(x + ky — tw))}

+ ¢,/ B (k25 — w){cosh(e(x + ky — tw))

— sinh(0(x + ky — tw))}]"), (4.1118)

J(k26-w)
4/

where 6 =

Now, we choose c¢; = %,/8(k?5§ — w) and ¢, = 2, because ¢, and c, are arbitrary
constants. Then from Eq. (4.1.118), we derive the following solution to the modified KP

equation:
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Uy 37(x,y,t) =

25(—k28 + w)? socht <,/ﬁ(k25 —w)(x + ky — tw))

)
6402 43

x {—2 + cosh <V Pk ~ w;(ﬁx T hy - tw))} . (4.1.119)

In addition, if we choose ¢; = +/B(k?8 —w) and ¢, =28, then from solution

(4.1.118), we obtain the subsequent solution to the modified KP:

VBk26 — w)(x + ky — tw))
4p

u1,38(X,y7 t) =

640 25(—k?5 + w)?csch* <

x {2 + cosh < VAk?S - w;’(; kY- tw))} . (4.1.120)

On the other hand, if we pick ¢, = i\/B(k?5 — w) and c, = 2, then from solution

(4.1.118), we explore the following solitary wave solution to the modified KP equation:

U 39(x, ¥, ) = 6442 25(k2%5 — w)? x <2 + sin [‘/_'B(T_‘“Z)’B(x +ky — tw)D
 osc! <% - \/W_?ﬁ(x tY tw))- (4.1.121)

However, if we put ¢; = —i,/f(k?6 — w) and ¢, = 2, then from solution (4.1.118),

we derive the following solitary wave solution to the modified KP equation:

u1’40(x, y.t) =

T V—k28§ + w(x + ky — tw)
25(k?8 — w)?csc* <Z + 7 >

{ _ <\Wza + w(x + ky — tw))}z
x4 —2 +sin .
2\/B

In view of the fact that, c¢; and c, are arbitrary constants for any choices of ¢; and c,, we

64a?

(4.1.122)

might obtain some admirable new and more general solitary wave solutions to the
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modified KP equation for acoustic waves in plasma physics (4.1.96) via the MSE method

with sincerity of typical computation software, i.e. Mathematica.

Remark 4.1(e): The solutions (4.1.112)-(4.1.115) and (4.1.119)-(4.1.122) have been

verified by putting them back into the original equation (4.1.96) and found accurate.

4.1(f): The Strain Wave Equation in Microstructured Solids

In this sub-section, we have put through the MSE method to extract solitary wave
solutions to the strain wave equation in microstructured solids, which is a very important
equation in the field of engineering. We have sought some new solitary wave solutions to
this equation by using the MSE method. Let us consider strain wave equation in
microstructured solids in the following form:

Upe — Uy — € A (UP) gy — VYU Uyyy + SA3Upexy — (84 — V2 A7) Userrs

+ y6(a5uxxxxt + a6uxxtt) =0. (41123)

4.1(f)-1: The Non-dissipative Case

The system is non-dissipative, if y =0 and governed by the double dispersive equation
(Pastrone, 2009; Pastrone et al., 2004; Porubov and Pastrone, 2004; Samsonov, 2001),

Upr — Uy — € A1 (U2) p + OA3Usyyy — O AglUyrsr = O. (4.1.124)
The balance between dispersion and nonlinearities happen when &6 = O(g). Therefore,
(4.1.124) becomes

Ut — Uxx — € {6(1 (uz)xx — A3Uxxxx + a4uxxtt} = 0. (41125)

In order to construct exact traveling wave solutions to the strain wave equation in
microstructured solids for non-dissipative case by concerning the MSE method, we have

considered the traveling wave variable specified in (4.1.7).
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The traveling wave transformation (4.1.7), reduces Eqg. (4.1.125) to the following
equation:

(w2 =21 U" - e{al( U?)' — (a3 — w?ay) U(“’)} =0, (4.1.126)
where prime shows the derivative with respect to . By integrating Eq. (4.1.126) twice
with respect to &, we obtain the subsequent ODE:

(w? =1) U — e{a,U? — (a3 — w?a,) U"} =0, (4.1.127)

where the integration constants are set to zero, as we are seeking solitary wave solutions.

Now, balancing the nonlinear term of the highest order U? and the highest order
derivative U" of the Eq. (4.1.127), we obtain N = 2. So, the outline of the solution of Eq.

(4.1.127) is similar to the Eq. (4.1.1).

Now, we have used the values of U and U’ from the Eq. (4.1.1) and Eq. (4.1.3) into Eq.
(4.1.127), and executing the parallel course of algorithm discussed in Sub-section 4.1(a)
yields a set of simultaneous algebraic and differential equations for a,, a,, a,, ¥(&) and
additional essential parameters, which are given in the subsequent form:
ag(—1+ w? —eayay) =0. (4.1.128)
a{(—1+ w? — 2caga) )Y’ + e(a; — w?a,)y’"'} = 0. (4.1.129)
—ea P {aap’ + 3(az; — w?ay)yP''}

+ a{(—1 + w? — 2eapa,) (WY')? + 2e(az — w?a,)(Y")?

+ 2e(a; — wla, )Y’y = 0. (4.1.130)
—2e(y){ai(aza; — as + w?a )Y’ + 5a,(az — w?a,)yP''} = 0. (4.1131)
—ea,(aa; — 6as +6w?a,)(y')* =0. (4.1.132)

From Eqgs. (4.1.128) and (4.1.132), we compute

-1+ w?

a, =0
0 ’ ca,

and
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6(a; — w?ay,) .
a, =—, scincea, # 0.
s

Therefore, for the values of a,, the following two cases arise:

Case 1: When a, =0, we have to adopt the same technique as we have adopted in

section 4.1(a). Therefore, from Eqgs. (4.1.129) to (4.1.131), we obtain

6ivV—1+ w?/a; — w?a
a, == \/ \/3 4

Vea,
and
) o it-1+w?
G S . B D

_1+(,()2

where ¢, and c, are integration constants.

Setting the values of a,, a;, a, and ¥(¢) in Eq. (4.1.1) and then we found the

exponential solution of the ODE (4.1.127) as:

+ &V -1+w?

6e \E\Jar"’za‘*(—l + w?)?cicy(—az + w?ay)
U(E) = . (4.1.133)

+ i&-1+w?
w2
a, k(_l +w?)c, e Vet gci(—az + wza“))

Upon simplification, the exponential solution (4.1.133) transformed the subsequent
hyperbolic solution to the strain wave equation in microstructured solids for non-

dissipative case (4.1.124):
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u(x, t) = {6(=1+ w?)?c;c(—az + w?ay)}

(x —tw)V-1+ w?
2VeJaz — w?a,

/|y iisin( >{(—1+w2)62

(x —tw)Vv—-1+ a)2>
2VeJas — wlay,

x{(—1+ w?)c, + ec;(—az + w?ay)}; | (4.1.134)

+eci(az — w?ay)} + COS<

Since c; and c, are arbitrary constants, we may openhandedly pick their values. Thus, if
we declare ¢; = (—1+ w?) and ¢, = e(—a;3 + w?a,), then from Eq. (4.1.134), we
develop the following solution to the strain wave equation in microstructured solids for

non-dissipative case (4.1.124):

Uy 41(x,t) = (4.1.135)

3(—1+ w?) h <(x —to)V-1+ a)2>
——— sec .
2eay 2\ —a; + wla,
Once more, if we declare ¢; = (=1 + w?) and ¢, = —e(—a; + w?a,), then from exact
solution (4.1.134), we explore the singular bell shape solitary wave solution to the strain

wave equation in microstructured solids for non-dissipative case:

3(—1 + w?) he <(x —tw)V-1+ a)2>
—————— CSC .
2eay 2\e/—az + wla,

Again, if we take ¢; = (=1 + w?) and ¢, = *i e(—a3 + w?a,), then from exact solution

Uy 42 (x, t) = — (4.1.136)

(4.1.134), we investigate the following solitary wave solution to the strain wave equation

in microstructured solids for non-dissipative case:

Uy 43(x,t) = (4.1.137)

3(—1+ w?) sec? F{ . 2(x —tw)V-1+ a)z}]
2¢eat; " VeJan —ara, )
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Yet again, if we put ¢; = (=1 + w?) and ¢, = Fi e(—a3 + w?a,), then from solution
(4.1.134), we evaluate the following solitary wave solution to the strain wave equation in

microstructured solids for non-dissipative case:

Uy 44(x, t) = (4.1.138)

3(—1+ w?) 5 [1{ 2(x—ta))\/—1+a)2}]
—F— SeC a T — .

2eay VeJas — w?a,

-1+ w?

Case 2: When a, = , we have to adopt the same technique as we have adopted in

g,

section 4.1(a). Therefore, from Eqgs. (4.1.129) to (4.1.131), we estimate

6V—1+ w2/ a; — w2a,

a, ==

\/EOH
and
5 T & -1+w?2
() = ¢, + B WA el

_1+(,()2

where ¢; and c, denotes integrating constants.
Inserting the values of a,, &, a, and ¥(¢) in Eq. (4.1.1) and then modifying the

exponential solution, we obtain

& -1+w?

2

+

-1+ w? 6(—1+ w2)%cicy(—ay + wlay)e YT
U@E) = + ( )2cic(—az 4) (4.1139)
&, L& -1+w?

a; (=1 + w)cye VWD 4 oee (ay — w2a,)

After simplification, the exponential solution (4.1.139) transferred to the hyperbolic

solution to the strain wave equation in microstructured solids for non-dissipative case:
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u(x,t) = (-1 + w?)[de(-1 + w?)cicy(—as + wlay) + (=1 + w?)?cZ
X {Cosh(Z(p (x — tw)) + Sinh(2(p (x — tw))}

+ e2c(as — wlay)}{cosh(2¢ (x — tw)) — sinh(2¢ (x — tw))}]

/ (Eal[(—l + a)z)cz{cosh((p (x - tw)) + Sinh((p (x — tw))}
+eci (a3 — w?ay)

x {cosh(¢ (x — tw)) —sinh(¢p (x — tw))}]z), (4.1.140)

V-1+w?

wher =
ere ¢ eJaz—wla,’

c¢; and c, indicates arbitrary constants.

As c; and c, are arbitrary constants, one may freely pick their values. Thus, if we accept
¢ =(-1+w?) and c, = e(a; — w?a,), then from Eq. (4.1.140), we find the
subsequent solution to the strain wave equation in microstructured solids for non-

dissipative case (4.1.124):

Uy 45(x, t) = _%{—2 + 3 sech? CZ\;;% “__10;0:)2>}, (4.1.141)

Additionally, if we accept ¢; = (-1 + w?) and ¢, = —e(a; — w?a,), then from close-

form solution (4.1.140), we derived the following solitary wave solution to the strain

wave equation in microstructured solids for non-dissipative case:

U 46(x, ) = (4.1.142)

(-1+ w?) { <(x—ta))v—1+a)2>}
———142 + 3 csch? .
2¢eay 2VeJas — wla,

On the contrary, if we opt ¢; = (—1 + w?) and ¢, = *i e(a; — w?a,), then from exact
solution (4.1.140), we explore the following solution to the strain wave equation in

microstructured solids for non-dissipative case:
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(-1+ w?) 2<7T (x—ta))v—1+a)2>
——CSC* | — —
2ea, 4 2e/—as; + w2a,

x {2 + sin <(x o1t wz)}
Ve —as + w?a, /)

Uy 47(x, t) = —

(4.1.143)

In addition of that, if we opt ¢; = (-1 + w?) and ¢, = Fi e(a; — w?a,), then from
solution (4.1.140), we evaluate the solitary wave solution to the strain wave equation in

microstructured solids for non-dissipative case:

Uy 48(x, t) = —

(-1+ w?) 2<7T (x—ta))v—1+a)2>
—— CSC +

2eaq

4 2Ve)—a; + wla,

x {—2 + sin <(x C oV wz)}
Ve —as + w?a, /)

(4.1.144)

4.1(f)-11: The Dissipative Case

The Eq. (4.1.123) is dissipative for y 0. When 6 =y =0(¢), the stability between
nonlinearity, dispersion and dissipation, perturbed by the higher order dissipative terms to
the strain wave equation in microstructured solids. The higher order dissipative terms be
omitted for ¢ —» O, the strain wave equation in microstructured solids for dissipative case
can be written as (Pastrone, 2009; Pastrone et al., 2004; Porubov and Pastrone, 2004;
Samsonov, 2001),

U —Uxx — € {6(1 (uz)xx T AUy — Azlyyxx T a4uxxtt} =0. (41145)

To construct the exact solutions to the strain wave equation in microstructured solids for
dissipative case (4.1.145) by the MSE method, we have used the traveling wave variable

4.1.7).

Then the operation the wave transformation (4.1.7) reduces Eq. (4.1.145) to the following

ODE:
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(w2 =-21)U" - e{al( U2)" —w a,U"" — (a3 — w?ay) U(“’)} =0, (4.1.146)
where the prime indicates the derivatives with respect to &. Integrate twice the Eg.
(4.1.146) with respect to ¢ and then we get a new ODE:

(w? =1) U — e{a,U? — w ay,U' — (a3 — w?a,) U} = 0. (4.1.147)

Now, standardized balancing the nonlinear highest order term U2 and the highest order
derivative term U" of the ODE (4.1.147), yields N = 2. So, the solution of Eq. (4.1.147)

regard as the type, similar to the Eq. (4.1.1).

Therefore, we may use the values of U, U’ and U" from the Eq. (4.1.1)-(4.1.3) into Eq.
(4.1.147), and executing the parallel course of algorithm discussed in Sub-section 4.1(a)
yields a set of simultaneous algebraic and differential equations for a,, a,, a,, ¥(&) and
additional essential parameters, which are given in the following:
ag(—1+ w? —eayay) = 0. (4.1.148)
a{(—1+ w? — 2capa )Y’ + cwa " + e(a; — w?ay)y''} = 0. (4.1.149)
—ea ' {(a1ay + way)yY’ +3(az — w?a )P}
+a,[(—1+ w? — 2ea,a,)(W')? + 2e(a; — w?a,)(WP')?
+ 2ep{wa, " + (a; — w?a, )y} = 0. (4.1.150)
—2ea,(a,a; — az + w?a,)(W')3
—2ca{wa,p’ +5(a; — w?a, )"} y')? =0. (4.1.151)

—eay(aya; — 6as +6w?a,)(W)* =0. (4.1.152)

Now, we solve these algebraic and differential equations with the help of symbolic
computation software for instance, Mathematica. From Eqgs. (4.1.148) and (4.1.152), we
evaluate

-1+ w?

£,

ay, =0,

and
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6(a; — w?ay,) .
a, =—, scincea, # 0.
s

Then from Eq. (4.1.151), we have

30C1(C(3 _ (,()26(4) é(-5aqa1-6way)
e

Y =c, + 0(ag-wias) (4.1.153)

—5a,a; — bwa,

where ¢, and c, are integration constants.
For the values of a,, the following two cases arise:

Case 1: When ay =0, then by a accurate exploitation, From Eqgs. (4.1.149) and

(4.1.150), we evaluate

6egaz —25(a3+a4)+J—2500a3a4+{6sa§ _25(6¥3+a4)}2
Ay

=+

53 = 0, (say)

2
\[—650{% +25(as +a4)+J—2500a3a4+{6sa% -25(az+ay)}

423

ki = %06, (say);

5v2

3 [350)0(10(2 +5/ea{ew?a? + 4(—1 + w?)(—as + w2a4)}]
a, =

Sea? ’
2
25 + 686{% + 256{3 + J(—6sa%—250{3—250{4) —2500a3ay
Ay as Qy
w=- ;
5v2
and
3 [350)0(10(2 —5/ea?{ew?a? + 4(-1+ w?)(—as + w2a4)}]
a; =
Sea? '
2
25 + 680{% + 256{3 + J(—6sa%—250{3—250{4) —2500a304
427 as Qy
w =

5v2
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When a,; # 0, it is very much unsmooth to extract the values w, ¥ () and finally the
solution form of (4.1.1) is extremely frightful and putrefy. So, we have overridden this
case and discussed only the case a; = 0.

For the case a; = 0, then from Eq. (4.1.153), we have

Sway
__ fwap
S5e Ssla-w?a)c (a3 — wlay,)

way

Y()=c, -
where w = +£6; or w = £6,; ¢, and c, are integration constants.

We substituting the values of a,, &, @, and ¥ (&) in Eqg. (4.1.1) and then we get the

subsequent exponential solution of the ODE (4.1.147):

bw?ciai(—az; + w?ay,)

u() - (4.1.154)

Sway 2
a, {wcza2e5“3—5w2“4 —5¢,(a; — w2a4)}
where w = *6; or w = %6,.

Simplifying the solution (4.1.154), we obtain the subsequent hyperbolic solution to the

strain wave equation in microstructured solids for dissipative case (4.1.145):

u(x,t) = [60)261%(%(—0{3 + w?ay)
<o (e oo (s =)
/ <a1 [w {cosh < 1(88:222 )> + sinh < 1(6)((;3__tzzzz)>} Ca0y
5o (SO0 1 ion (500

x ¢y (az — w2a4)] > (4.1.155)
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where w = %6, or w = x6,; c¢; and c, signify arbitrary constants. Since c; and c, are
arbitrary constants, we may freely pick their values. Hence, if we pick ¢; = a,w and
c; = —5(a; — w?a,), then from Eqg. (4.1.155), we obtain the following solution to the

strain wave equation for dissipative case:

(1) = 0l 1+ tanh [ LEXF L) 2 41156
Uy a0lX, 1) = 50a, (a5 — w2a,) an 10(a; — w?a,))) (4.1.156)

where w = +£6; or w = %6,.

Moreover, if we take ¢; = a,w and ¢, = 5(a; — w?a,), then from exact solution
(4.1.155), we calculate the subsequent solitary wave solution to the strain wave equation

in microstructured solids for non-dissipative case:

()= o 1+ cotn [ LTt ) 41.157
tsolX: ) = 50a,(a; — w?ay) 0 10(as — w?ay) /) ' (#1150

where w = *6; or w = %6,.
_ 2
Case 2: When q, :%, then by a exact exploitation, From Eqgs. (4.1.149) and
1

(4.1.150), we obtain

\/650{%+25a3+25a4—J—2500a3a4+(6sa§+25(a3+a4))2

42}
o

=0, w=24 5v2

= x99, (say)

\/650{%+25a3+25a4+J—2500a3a4+(6sa§+25(a3 +ay))?

42}

li = +09,(say);

52

3 [35wa1a2 +5/ea{ew?a? + 4(—1 + w?)(a; — w2a4)}]

2
Seaj

a, =

1

2
\[—650{%+25a3+25a4iJ—2500a3a4+{6sa§—25(a3+a4)}
42

w=-

5v2

and
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3 [35wa1a2 —5/ea?{ew?a? + 4(—=1+ w?)(az — w2a4)}]

2
Sea;

a, =

1

2
\/—6sa§+25a3 +25a4iJ—2500a3a4+{6sa§—25(a3+a4)}

Ay

w =

512
When a; # 0, it is immensely haughty to extract the values w, ¥(§) and finally the
solution form of (4.1.1) is really tremendous and putrefy. So, we have ignored this case
and discussed only the case a; = 0.
For the case a; = 0, then from Eq. (4.1.153), we get

5¢,(az; — w?ay) fway

PO =c, - e Has-u')

way

where w = 9, or w = 9,; ¢; and c, are integration constants.

At this time we substitute the values of a,, &, @, and ¥/(¢) in Eq. (4.1.1) and then we

occur the exponential solution of the ODE (4.1.147):

1+ 2 6 2,2,.,2(__ + 2
U = w? w?cias(—az + w?ay) (41158)

cay fway 2
a {wcyazess—seta — 5¢ (a3 — wlay)

where w = 9, or w = %09,.

Upon simplification the exponential solution (4.1.158), we explore the following
hyperbolic solution to the strain wave equation in microstructured solids for dissipative

case (4.1.145):
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u(x,t) = [a)z(—l + w?) {COSh <M> + sinh <M>} c2a?

5a; — 5w?a, 5a; —5w?a,

+ 10w (=1 + w?)c ca,(—az + w?ay)
w(x —tw)a, ) w(x —tw)a,
N {COSh <5a3 — 5w2a4> —sinh <5a3 —5w?a,
x c(az — w?ay){bew?az — 25(—1 + w?)(—az + w2a4)}]
w(x — tw)a, ) w(x — tw)a,
/ <Ea1 [w {cosh <10(a3 — w2a4)> + sinh <10(a3 = wZay) Coa;

. 5{—COSh < wlx —tw)a, > 4 sinh < w(x — tw)a, >}

10(a; — w?ay,) 10(a; — w?ay,)

x cqy(az — w2a4)] > (4.1.159)

where w = £9; or w = x9,; ¢; and c, define arbitrary constants. Since c¢; and c, are
arbitrary constants, one may autonomously opt their values. If we opt ¢; = a,w and
c; = —5(a; — w?a,), then from Eq. (4.1.159), we evaluated the subsequent solution to
the strain wave equation in microstructured solids for dissipative case:

w(x-tw)a, )}2

10(az—w?ay)

(-1 + w?) ew?al {—1 + tanh (

Uy 51(x, t) = : (4.1.160)

ay 50ea, (a3 — w?ay,)

where w = 9, or w = %09,.

Furthermore, if we choose ¢; = a,w and ¢, = 5(az — w?a,), then from exact solution
(4.1.159), we explore the following solution to the strain wave equation in

microstructured solids for dissipative case:

wx-tw)a, )}2 o2

_14g?) 3w?{-1+coth - 2
( )_ { (10(a3 w?ay) ’ (4.1.161)

a € 50a;(—a; + w?ay,)

u1,52 (x1 t) =

where w = +9; or w = %9,.
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Remark 4.1(f): The solutions (4.1.135)-(4.1.138) and (4.1.141)-(4.1.144) have been
verified by putting them back into the original equation (4.1.124) and predictable correct.
Also, the solutions (4.1.156)-(4.1.157), where w = %6, or w = %6, and the solutions
(4.1.160)-(4.1.161) where, w = %9, or w = %I, have been established by putting them

reverse into the original equation (4.1.145) and found truthful.

4.2: Applications of the (G'/G)-expansion Method

In this section, we have written down the solutions to the equations evaluated in Section
4.1, obtained by some researchers through the (G'/G)-expansion method. Wang et al.
(Wang et al., 2008a) developed the method and then many researchers worked on this

method. For balance number two, the solution (3.2.4) takes the following shape:

_ G G\ X
UE) =ay+a, <E>+a2 <E> ) 421)

where G = G (&) satisfies the following second order linear ODE in the form:
G +AG(E)+uGE) =0, (4.2.2)

where a,, a4, a,, Aand u are constants to be determined, but a, # 0.
Differentiating the solution (4.2.1) with respect to the wave variable &, first to fourth time

respectively and also using the linear ODE (4.2.2) to build up the polynomial of (%)

N 3

, G ¢\’ G
U(§) = —ua, — (Aay + 2pay) e (a; +24a,) i 2a, Ry (4.2.3)
" G
U'(§) = Apay + 2p*a, + (XPay + 2pa, + 62ua,) <E>
oN\2 N>
+ (31a, + 4A%a, + 8ua,) <E> + (2a, + 101a,) <E>
\?
+ 6a, <E> : (4.2.4)
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U" (&) = —(Xua, + 2ua, + 6Au2ay)

¢
— (2BBa, +8Aua, + 142%ua, + 16u2a,) <E>
n 2
G

— (7A%a, + 8ua, + 81%a, +52ua,) <E>

N 4

G G

— (12a, + 381%a, + 40ua,) <E> — (6a, + 541a,) <E>

G’ 5
_ 24a, <E> . (4.25)
U@ (&) = (ABBua; + 8Au2a, + 142%u%a, + 16pu3a,)

¢
+ (A*a; + 222 %pa, + 16p%a, + 303 ua, + 120Au2%a,) <E>
n 2
G
+ (1523a, + 60Aua, + 162*a, + 232A%ua, + 136u%a,) <E>

o\
+ (50A%a, + 40ua,; + 130A3a, + 440Aua,) a

G’ 4‘ G’ 5
+ (604a, + 3304%a, + 240ua,) o)t (24a, + 3361a,) 3

Gr 6
+ 120a, <E> . (4.2.6)
. . . L G\ . . . G
Since G is satisfies the ODE (4.2.2), so that (E) is a predefined function and (E)
contains the values of the solutions (3.2.6)-(3.2.8) to the ODE (4.2.2) in Chapter 3.

4.2(a): The KdV Equation

In this sub-section, we have written down to previous analytical exact solutions to the
KdV equation obtained via the (G'/G)-expansion method by Wang et al. (Wang et al.,

2008a). Wang et al. considered the KdV equation in the form:
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U+ UU, + Uy =0, 4.2.7)
where § is a real constant. They used the following travelling wave variable

ulx,t) =U@E), ¢=x—-wt, (4.2.8)
and they obtained the following family of exact solutions to the KdV equation (4.2.7) by

using the (G'/G)-expansion method:
Family 1: When A2 — 4 > 0,

2
B cosh <—“ /12_4’;(96_“”)) + A sinh <—“ 2 _42(96_“"))

u(x, t) = —36(1% — 4u) %
A cosh <—“ /12_4’;(96_“”)) + B sinh <—“ 2 _42(96_“"))

+ 3842 + a,, (4.2.9)
where w = §A% + 85u + a,, A and B are arbitrary constants.
Family 2: When A2 — 4 < 0,

2
2 2
B <,/4u /12(x t(u)) | si <,/4u /12(x t(u))

u(x,t) = —-35(4u — 2?) %
A cos <,/4u—/122(x—t(u)> + B sin <,/4u—/122(x—t(u)>

+ 3842 + a,, (4.2.10)
where w = §A% + 86u + a,, A and B are arbitrary constants.

Family 3: When A2 — 4 =0,

2

u(x,t) = —126{ + 3612 + a,, (4.2.11)

m}
where w = 3512 + a,, A and B are arbitrary constants.

Since A and B are arbitrary constants, one may arbitrarily pick their values. At this
moment, the choice of the values of A and B produce some special solutions. If B =0
when A # 0, then the subsequent solitary solutions from (4.2.9) and (4.2.10) can be

obtained respectively:
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1
Uy 1(x,t) = 126p + ay + 36(A% — 4u) sech? <§w//12 —4u(x — tw)), (4.2.12)

1
Uy, (x, t) = 126p + ay — 36(4p — A2) sec? <§w/4u —A2(x — tw)), (4.2.13)
where w = §A% + 88u + a,.

Also if B =0 when A # 0, then the following solutions from the solutions (4.2.9) and

(4.2.10) become respectively:

1
Uy 3(x,t) = 126p + ay — 36(A% — 4u) csch? <§ (x — tw) /22 — 4u>, (4.2.14)

Uy 4(x, t) = 128p + ay + 36(A% — 4p) csc? <% (x — tw)+/4u — /12>, (4.2.15)
where w = §A% + 88u + a,.
4.2(b): The Boussinesg Equation

Bekir (Bekir, 2008) considered the Boussinesq equation:
utt_uxx_(uz)xx_l_ uxxxeO, (4216)
while he used the travelling wave variable similar to (4.2.8) and then by using the

(G'/G)-expansion method he found a set of travelling wave solutions as shown below:

Set 1: When A2 — 4u > 0,

B Cosh< \//127(95 — tw)) + A smh( \/7(95 — tw))

u(x,t) =
A Cosh< VA% —4u(x — tw)) +B smh( VA2 —4u(x — tw))
3 3
x5 (2 = 4p) =S 4% + 6y, (4.2.17)
where w = /1 — A2 +4yu.

And
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2

B cosh (%M(x — tw)) + A sinh Gm& — tw))
A cosh G M(x — tw)) + B sinh GM()C — tw))

u(x, t) =

3 3
x 5 (22 —4u) - 5/12 + 12 + 2y, (4.2.18)
where w = /1 + A2 — 4y, A and B are arbitrary constants.

Set 2: When A2 —4u < 0,

B cos Gm(x — tw)) — Asin Gm(x — tw)) :

u(x, t) =
A cos <%w/4u —A2(x — tw)) + B sin <§w/4u —A2(x — tw))
3 3
x 5(4/1 —12) — 5/12 + 611, (4.2.19)
where w = /1 — A2 + 4pu.
And
2
. B cos <%w/4u — A2 (x — tw)) — Asin <§w/4u — A2 (x — tw))
u(x,t) =

=

A cos (—m(x — tw)) + B sin Gm(x — tw))

N

3 3
x > (4u — 2?) — 5/12 + A2 + 2y, (4.2.20)
where w = /1 + A2 — 4y, A and B are arbitrary constants.

Set 3: When A2 —4u =0,

co=6l— B ) 3.6 4221
vty = {A+B(x—tw)} "2 H (4.2.21)

where w = /1 — A2 + 4pu.
And

B 2

ux,t) = 6{—} EESTRPLIPY (4.2.22)
' A+ B(x — tw) 2 ’ o

where w = /1 + A2 — 4y, A and B are arbitrary constants.
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In particular, if A # 0, B =0, then the solitary wave solutions (4.2.17) and (4.2.18) of

the Boussinesq equation was constructed by Bekir as follows:
3 1
Uy s(x, t) = — > (22 — 4u) sech? E‘MZ —4u(x — tw) |, (4.2.23)

where w = /1 — A2 +4yu.

And

3(12-4 JAz2 —4
u SeChZ —I'l'

> > (x — tw) |, (4.2.24)

Uy (x, t) = (12 —4p) —

where w = /1 + A2 — 4pu.

Since A and B are arbitrary constants then their values can be randomly chosen. At this
instant, if A = 0, B =0, then the ensuing solutions (4.2.19) and (4.2.20), respectively

become:
3 1
U, 5 (x,t) = — > (%2 — 4u) sec? <§w/4u —22(x — tw)), (4.2.25)

where w = /1 — A2 + 4pu.

And
3 1
uyglx, t) =22 —4u+ > (4u — A?)sec? <§ (x — tw)/4u — /12>, (4.2.26)
where w = /1 + A2 — 4pu.

4.2(c): The Fifth-order KdV Equation

Khan and Akbar (Khan and Akbar, 2015c) considered the following fifth-order KdV
equation:

where a, 5, y and n are the real constants.
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By means of the (G'/G)-expansion method, Khan and Akbar (Khan and Akbar, 2015c)
obtained the following solutions to the fifth-order KdV equation (4.2.27):

Family 1: When A2 — 4 > 0,

w(et) = — L o W 10n@ — 4w} | 3VEWE — 4

VoA VS
2 2 2
Asinh <—(x_“’ 0@) + Bcosh <—(x_“’ 0@)

, (4.2.28)
Acosh <7(x_“’ t)zv A2 —4u ) + Bsinh <7(x_“’ t)z“ A -tu )
5a2n+2ﬁ{y2+15n2(12—4u)2} .
where, w = — 2057 , A and B are arbitrary constants.
Family 2: When 42 — 4 < 0,
—10n(A%? -4 3vV5(4u — 22
e t) = - L o 2 10n@2 — 4w} | V5(4u = )/n
%10 Byhn V2[F
2
Asin <(x—(u 1.“)2 4pu—A2 — Bcos <(x—(u t)21/4u—/12>
, 4.2.29
Acos <(x—(u t)/4u—22 + Bsin <(x—(u t),/4u—/12> ( )
2 2
5a2n+2ﬁ{y2+15n2(12—4u)2} .
where, w = — 2057 , A and B are arbitrary constants.
Family 3: When A2 — 4 =0,
a 6\/E\/ﬁ B 2
= —— 4
utot) = -5+ /=B (A +B(x — t)) ! (4.2.30)
where, w = —M, A and B are arbitrary constants.

2081

Since A and B are arbitrary constants, their values can be put freely. Therefore, if B =0

when A # 0, then the solitary solutions (4.2.28) and (4.2.29), respectively become:
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a v +57(* - 4u) - 3v5(22 — 4u)\/n

BT VIOB V2
x sech? <(x —@ t)z' e 4ll>’

u2,9(x1 t) =

(4.2.31)

@« v+ 5n(A% — 4u) N 3V5,/n (4p— 2?)

26 NOJ-pyn — V2/-B
x sec? <(x—a)t)2 4#—/12)

Uy 10(x, t) = —

(4.2.32)

50{211+2ﬁ{y2+15112 (/12—4;1)2}
2087

where w = —

,a, B, v, n, Aand u are real parameters.

Also if B =0 when A # 0, it yield the subsequent solutions from (4.2.28) and (4.2.29),

respectively:

a  y+5n@ —4p) 3V5(A -4y

% O V2R
x csch? <(x _ t)2 e 4ll>’

Uy 11 (x, t) =—

(4.2.33)

+5n(A2 — 4u)  3V5,/n (4p— 22
ty o nt) = — L2 n( 1), 3V5yn (4u—2%)

26~ NIOJ=Byn  V2/-B
xcscz<(x_wt)2'4#_/12>,

(4.2.34)

50{211+2ﬁ{y2+15112 (/12—4;1)2}
2087

where w = —

,a, B, v, n, Aand u are real parameters.

4.2(d): The Modified Schamel Equation for Acoustic Waves in
Plasma Physics

Taha et al. (Taha et al., 2013) considered the modified Schamel equation for acoustic
waves as follows:

1/2

U +u U, + Uy =0, (4.2.35)
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where § is constant. They used the transformations
u(x, t) =v2(x,t), v(x,t)=U@E), ¢&=kx—-owt, (4.2.36)
it reduces the Eq. (4.2.35) to an ODE and integrating this ODE with respect to &, set the

integrating constant to zero, they constructed a new ODE:

2 3

U , "
) 7+k ?+6k3{(U)2+UU}:0. (4.2.37)

The balance number of the Eq. (4.2.37) is 2. So, that they took the solution of the ODE

(4.2.37) is equivalent to the Eq. (4.2.1) and they obtained
, N
G G
U(&) = —30k26u — 30k262 <E> —30k26 <E> . (4.2.38)

Finally, Taha et al.’s constructed the following solutions to the ODE (4.2.37):

When D = A2 —4u > 0,

B

¢)
‘)

D .
v(x,t) = —30k25y — 30k251{ — % EN Beosh (7 §) + 4sinh (
f) + Bsinh (

2 Acosh (
¢)

¢)

B

D
2

NEINE

2

f) +Asinh(
f) +Bsinh(

1 D Bcosh
e 442, 2

2 Acosh (

(4.2.39)

NEINE
NEINE

When D < 0,

A D Bcos
v(x, t) = —30k25[l — 30k%52 _E + £ x (
A cos(

2

NEINE

f)-asn(2 )
f) + B sin (g

J
‘)

f)—Asin(
$)+Bsin(

1 D Bcos
e

2 Acos(

(4.2.40)

JEINE
NEINIE

When D = 0,

(x,t) = —30k25 30k26/1< B A) 30k26< B A)Z 4241
vt = # A+B§¢ 2 A+BE 5) (4241)

82



where & = x — 4k35(4% — 4p)t and A and B are arbitrary constants.

Since u(x, t) = v2(x, t), so Taha et al.’s solutions (4.2.39)-(4.2.41) to the ODE (4.2.37),
can be simplified the subsequent solutions to the modified Schamel equation (4.2.35),
respectively:

When 2?2 — 4u > 0,

[
15 15
u(x, t) = l[7 k2522 — 30k?8u — ?k26(/12 — 4u)

X—tw)/ A2 - 242
2—ap x— 2_
Bcosh <%—4> + Asinh <w>

Acosh <(kx—t(u)2 Pt | peinh <(kx—tw)2m> ., (4242)
where w = 4k35(A% — 4u) and A and B are arbitrary constants.
When 22 —4u < 0,
|[15 15
u(x,t) = |?k26/12 — 30k?6u — ?kzé‘(—/lz + 4u)
|
Bcos (—(kx_t“’) W) _ Asin (—(kx_t“’) A2
Acos <(kx-m)2m> + Bsin <(kx—t(u)2 P 7 (4.2.43)
where w = 4k35(A% — 4u), A and B are arbitrary constants.
When A2 — 4u = 0,
15 B 232
ux,t) = {7 K25° - 30K20p - 30K26 o tw)) } , (4.2.44)

where w = 0, A and B are arbitrary constants.
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Since A and B are arbitrary constants, it may openhandedly pick their values. If B =0

when A # 0, then the following solitary solutions from (4.2.42) and (4.2.43), respectively

yield:
225 1
1306, 8) = S2KA62 (2 — 4p)?sech® (E (KX — to) /7% = 4u), (4.2.45)
225 1
1400, 8) = S K482 (0 — 4p)?sec (E (KX — te)y/Ap — /12), (4.2.46)

where w = 4k365(A% — 4u), k, 8, A and u are real parameters.
Again, if A =0 when B # 0, then the following solitary solutions from (4.2.42) and

(4.2.43) are extracted:

225 1

21506, 8) = S k482 (2 — 4)? csch® (5 (KX — to)y A% = 4u), (4.2.47)
225 1

21606, 8) = S K462 (2 — 4p)? osc? (E (KX — to)y/Ag = /12), (4.2.48)

where w = 4k385(A% — 4u), k, 8, A and u are real parameters.

4.2(e): The Modified Kadomtsev-Petviashvili (KP) Equation
for Acoustic Waves in Plasma Physics

Taha et al. (Taha et al., 2013) considered the modified KP equation for acoustic waves in
plasma physics as follows:
(ue + a ut?u, + B uxxx)x +68uy, =0, (4.2.49)
where , § and § are arbitrary constants. They exploit the travelling wave variable
u(x,y,t) = vi(x,y,t), vlx,yt)=U@E), &=x+ky-ot, (4.2.50)
and reduces the modified KP equation (4.2.49) to an ODE and integrating this ODE with
respect to &, setting the integral constant to zero, they got a new ODE:

(bk?—)UU +aU?U'+p@BUU +UU")=0. (4.251)

Thus, Taha et al. evaluated the subsequent two sets of solutions to the ODE (4.2.51):
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Case 1: When D = A%2 — 4u > 0,

VD : VD
30pu 30pA( 2 vD Bcosh(Z ) +Asinh (2 ¢)
vy ) == s e X VD VD
¢ @ A cosh (7 .f) + B sinh (7 ,g)
2
306 2 VD Bcosh(§$)+Asinh(§f)
)yt X% i = (4.252)
@ 2 2 Acosh(T $)+Bsinh(T E)
When D < 0,
D - D
30pu 30pA( 2 VD Beos(L¢)—4sin(L¢)
v(y,t) = ——— - —— {5+ - ]
¢ ¢ Acos(7 E)+Bsin(7 E)
2
308 A+\/5chos(7Df)—Asin(7D E) 4253
a _E 7 D . D ' (4.2.53)
@ Acos(? E)+Bsm(T E)
When D =0,
308w 30BA; B A 308/ B 2
vyt =-— <A+B§_§>_T<A+Bg_§>’ (4.254)
where § = x + ky — t (k%6 +482* — 16pu), A and B are arbitrary constants.
Case 2: When D > 0,
VD . VD
 sg(2+24) 30pA( A vD Boosh(% €)+asinh (3 €)
v(x,y,t) = - a e | 27327 VD . (VD
A cosh (7 .f) + B sinh (7 E)
2
308y 2 D Bcosh(§$)+Asinh(gf)
—— )y 5t X% N3 N . (4.255)
@ 2 2 Acosh(T $)+Bsinh(T E)
When D < 0,
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Dy = BB 2w 3082 A, vD_Beos(F¢)-4sin(Z¢)
82 o a 2 2 Acos(gf)+Bsin(gf)
_s0g( 2 VD Beos(y¢)-asin(y¢) 2 (4.256)
@ 2 2 Acos(@5)+Bsm(@§)
When D =0,
56(2 +2u) 30BA; B A\ 308/ B N
vy t) = - a a <A+BE_§> a <A+BE 2) (4.257)

where § = x + ky — t (k6 — 42> +16pu), A and B are arbitrary constants.
Since u(x, y,t) = v2(x,y,t) and Taha et al. constructed the solutions (4.2.52)-(4.2.57) to

the ODE (4.2.51), hence it may be simplified the subsequent solutions to the modified KP

equation (4.2.49):

Case 1: When A2 — 4u > 0,

[ (Bcosh <(x+ky_“’t) 24 4 Asinh <("+"y‘wf) AZ-ay
2 2

Acosh <(x+ky_“’2t)v’12_4”> + Bsinh <(x+ky—w2t) Zan

u(x,y, t) =

2

_ 22 2
15— 2 )+ 1582* 308y

2a 2a a | (4.2.58)
where w = k?& + 4% — 16u, A and B are arbitrary constants.
When A2 —4u <0,
2
l[ B cos <(x+ky-wt)\/4u—/12> _ Asin ((x+ky—w2t)\/4u—/12>
’ 1t =
u(x,y,t) [ (x+ky wt)m> + Bsin <(x+ky_w2t)m>
2
158(—A* +4 15812 30
« B( ) + B _ Lu (4259)

2a 2a a ’
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where w = k285 + 481% — 16Bu, A and B are arbitrary constants.

When 2?2 —4u =0,

2

_ [15p22 308u 308 B z
uley,t) = [ 2¢  a «a ><{A+B(x+ky—a)t)} ’ (4.260)
where w = k25, A and B are arbitrary constants.
Case 2: When A2 — 4u > 0,
2
|[ B cosh <(x+ky—(u2t) A2—4p + Asinh <(x+ky—w2t),/lz—4u>
i) 7t = -
U(x y ) [ A cosh <(x+ky—(u2t) A2—4p + B sinh <(x+ky—w2t),/lz—4u>
2
158(A%2 —4u) 5BA%2  10Bu
+ - 2.
* 2a 2a a |’ (4.261)
where w = k25 — 482% + 16pu, A and B are arbitrary constants.
When 2?2 —4u <0,
2
|[ B cos <(x+ky—(u2t) 4u—2A2 _ Asin <(x+ky—w2t),/4u—lz>
i) 7t = -
U(x y ) [ A cos <(x+ky—w2t),/4u—lz> + B sin <(x+ky—w2t),/4u—lz>
2
158(4n — A2) 5B  10Bu
+ - 2.
* 2a 2a a ’ (42.62)
where w = k25 — 482% + 16fu, A and B are arbitrary constants.
When 2?2 —4u =0,
2
_[5B2* 108u 308 B 2
uley.t) = 2¢ a «a * {A + B(x + ky — a)t)} ’ (4.2.63)

where w = k25, A and B are arbitrary constants.
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If B=0 when A # 0, then the following solitary solutions from (4.2.58), (4.2.59),

(4.2.61) and (4.2.62), respectively yield:

225212—4 2 + kv — wt /AZ_4
Uy 17(x, y,t) = F iaz # sech* <(x 4 a; ) #>, (4.2.64)
225B2(2% — 4u)? (x + ky — wt)/4u — 22
Uz 18(x, y,t) = 122 sec* > : (4.2.65)
2
25B2(2% — 4p)* <1 — 3 tanh? <<x+ky—wt)\/—az-4u>>
2
Uy 10(x, y,t) = 12z : (4.2.66)
2
2542%(A? — 4u)? <1 + 3 tan? <(x+ky_wt)V 4”_’12>>
2
Uz 20(x,y,t) = (4.2.67)

42 '

where w = k25 + 4822 — 16fu and «, B, A and u are real parameters.

Again, if A =0 when B # 0, then the subsequent solitary solutions from (4.2.58),

(4.2.59), (4.2.61) and (4.2.62), respectively yield:

225212—4 2 + kv — wt /AZ_4
Uy 1 (x, y,t) = A 5 2 csch* <(x y =t #>, (4.2.68)
’ 4o 2
225B2(2% — 4u)? + ky — wt)/4u — A?
Uy o2 (x,y,t) = B 2 csct Gt ky = 0t)y4u : (4.2.69)
’ 4a? 2
2
2542%(A? — 4u)? <2 + 3csch? <(x+ky_wt)vlz_4”>>
2
Upo3(x,y,t) = 202 , (4.2.70)
2
25B2(A% — 4u)? <—2 + 3csc? <(x+ky_wt) n=2? >
2
Up24(x, y,t) = (4.271)

42 '

where w = k25 — 4822 + 16fu and «, B, A and u are real parameters.
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4.2(f): The Strain Wave Equation in Microstructured Solids

Khan and Akbar (Khan and Akbar, 2015c) considered the strain wave equation in
microstructured solids as follows:
Upr = Uy — € A (UP) gy — VQUsexp + AUy — (A4 — V207 Uy
+ Y8 (A5 Uprrt + AoUsxee) = 0. (4.2.72)

They discussed both the non-dissipative and dissipative cases.
4.2(f)-1: The Non-dissipative Case
If y =0, then the Eq. (4.2.72) is non-dissipative and it is governed by the double

dispersive equation:

U — Uxx — € {6(1 (uz)xx — A3Uxxxx + a4uxxtt} = 0. (4273)

By a proper manipulation there arise a set of algebraic equations and solving these

algebraic equations, the following values of a,, a;, a, and w are found:

Set 1:
o = (22 + 2u) (a3 — ay) o = 6A(a; — as)
T a{l+ e -4ay T a{l+ (2 - dp)ayy
o = 6(a; — ay,) . +\/1 + ey — depay
2 a{l+ e - 4p)a} -~ J1+¢e22a, — deua,
Set 2:
@ = 6u(—as + a,) @ =— 6A(as — a,)
CTa{-1+e -4y T a{-1+e(22 - 4p)ag}
0= 6(a; —ay) . +\/—1 + eA2a; — depay
2 a{-1+e(2? - 4p)a,}’ -1+ 2, — 4epa,
when a, # 0.

Therefore, for Set 1, the solution (4.2.1) becomes

U = (2% + 2u) (a3 — ay) . 6(a; — w?a,) {/1 <G_’> N <G’> } 4274)

a;(1+ (X2 -4pwa,) a,
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Hence, they obtained the subsequent solutions:
Family 1: When A2 — 4 > 0,

2% — 4#)(“3 - a4) 3(2% - 4#)(“3 - a4)

=— +
W) = = A+ e — ) ay) 2y @+ eGF — a)aay)
2
Bcosh <7(x_w t)z“ AZ_W) + Asinh <7(x_w t)z‘ AZ_W)
. (4.2.75)
Acosh <7(x_w t)z 24 4 Bsinh <7(x_w t)z‘ A2 —tp )
_ o J1+er?az—depaz i
where @ = &+ YAFERG AU 4 o0d B are arbitrary constants.
J1+eA2a,—4cua,
Family 2: When A2 — 4 < 0,
uCet) = — (22 - 4p)(as — ay) _ 3(2% - 4u)(az — ay,)
’ 201(1 + (A2 = 4p)ay)  2a,(1+ (X2 - 4p)ay)
Bcos <(x—(u t)21/4u—/12> _ Asin <(x—(u t)21/4u—/12> z
, (4.2.76)
Acos <(x—(u t)21/4u—/12> + Bsin <(x—(u t)21/4u—/12>
L J1+erlaz—4spaz .
where w = + *—————= A and B are arbitrary constants.
J1+eA2a,—4cua,
Family 3: When A2 — 4 =0,
6(“3 - a4) B 2
u(x, t) = }
a,(1+e(22 —4pw)a,) A+B(x—wt)
_ (2 — 4#)(“3 - a4) (4.2.77)
20(1+ (22 — 4p)ay)’ o
where w = £1, A and B are arbitrary constants.
Again for Set 2, the solution (4.2.1) becomes
6u(—as + a,)
U = -
a{—1+ (22 — 4p)a,}
6(a; — ay) G' G\’
— — |+ — ) 2.
a{—1+¢e(A?2 —4p)a,} A G G (42.78)
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Therefore, they obtained the following solutions:

Family 1: When A2 — 4 > 0,

3(A% — 4u)(as — ay) + (A2 — 4p)(—6az + 6ay)
2 {-1+ (2 —4wa,} Aoy {1+ (22 —4p)a,}

u(x, t) =

2
Bcosh (@) + Asinh (M)

2

C(42.79)
Acosh <—(x_w t)z A4 4 Bsinh <—(x_w t)z“ A2 4 )
— - - -
where @ = + LR @a—4ehas o0 B are arbitrary constants.
J=1+e2a,—depa,
Family 2: When A2 — 4 < 0,
uCx,t) = 3(2% = 4u)(as — a,) + 3(2% = 4p)(as — a,)
’ 2 {—1+ (22 —4p)a,} 204 {-1+ (2% — 4p)a,}
Bcos <—(x_w t)z“ 4”_/12> — Asin <_(x“*’ t)Z\/4ll—)Lz> 2
, (4.2.80)
Acos <(x—(u t)21/4u—/12> + Bsin <(x—(u t)21/4u—/12>
— - - -
where @ = + YZLEER G —4ehds o0 B are arbitrary constants.
J=1+e2a,—depa,
Family 3: When A2 — 4, = 0,
6(a; — ay) B 2
u(x,t) = — }
a,(—1+ ea, —depa,) A+B(x—wt)
322 -4p)(a; — a
( w(as ) (4.2.81)

20, {—1 + (2?2 — 4p)a,}’

where w = *1, A and B are arbitrary constants.

If B=0 when A # 0, then the following solitary solutions from (4.2.75), (4.2.76),

(4.2.79) and (4.2.80), respectively yield:

(2 = ay) (e — @) {1 + 3 tanp? (Cme 200))

2
204{1 + £(2? — 4p)a,} ’

Uy 25(x, t) = (4.2.82)
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(2% =4 (az — ay) {1 + 3 tan’ (M»

Uy 6 (x, ) = — TR T (! , (4.2.83)
L J1+erlaz—4euaz
where w = i—m, a, s, a4, & Aand u are real parameters.
3(2% — 4p)(az — ay)sech? <w
Uy o7 (x,8) = 1T eGf — 4] : (4.2.84)
3(12 — 4#)(“3 - a4)Sec2 <(x_“’ t)z\/ 4“"12>
Uy e, t) = e (1T eGf — 4] : (4.2.85)
where o = + J-1+eA2a3—4cuas

NErr a,, as, ., €A and u are real parameters.
Again, if A = 0 when B # 0, then the following solitary solutions from (4.2.75), (4.2.76),

(4.2.79) and (4.2.80), respectively yield:

2

(A2 —4p) <—1 + 3 coth? <M > (a3 —ay)

Uy 50(x, t) = e T 0 —a0a) , (4.2.86)
G -4 (143 cort (=22 ), )
Uy 30(x, t) = — e L+ cGZ = ap)a) , (4.2.87)
| [TreXPa,—tcpa;
where w = iJ%—iZZZB’ ay, as, a,, € Aand p are real parameters.
Za 4
3(2% — 4u) (a3 — ay)csch? <M
Uz 31 (x,t) = — a1+ eGE = ap)ay) , (4.2.88)
3(2%2 — 4p) (a3 — ay)csc? <(x_wt)2—4”_/12
Uy 32 (%, t) = (4.2.89)

2a,(—1+ (A2 — 4p)a,) '

J-1+elZas—4epas
aq, a3, a4, €A and u are real parameters.
J-1+e2a,—4epa,’ 1 A3, Ay, &, uarerealp ete

where w = *+
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4.2(f)-11: The Dissipative Case

If y # 0, then the Eq. (4.2.72) is dissipative and it is governed by the double dispersive
equation, when § = y = 0(¢) and € — 0, the equation can be written as:

Upe — Uy — {1 (UP) gy + Qalynr — A3lserex + Aglyeyge} = 0. (4.2.90)
By a proper manipulation there arise a set of algebraic equation and solving these

algebraic equations, the following values are found:

1

= - 22 =+ — + 2
Qo 50ea, (s —w2a4)[ cew?ai + 30edwa, (—as + w?ay)

+25(a3 — wla){-1+ w? +e(1 + 8u)(as — w?a,)}]

_ 6{wa, — 51(a; — w?a,)}

“ Sa, ’
6(“3 — (1)26(4)

a, =—

a
h = [e2w*ay + 602 Aw3 a3 (a; — w?a,) + 85062(A? — 4p)w?a?(a; — w?a,)?
+1500624(2% — 4p)wa,(—as + w?ay,)?
+625(a; — wa, ) {—(—1+ w?)? + (2% — 4p)? (a3 — w?a,)?}]

/{250066{1(0{3 - w2a4)2}1

where
[(+1 a? + 50012 — Ap)aza, — ay/a? +100(A2 — 4p)aza, = 2p.(say)
5V2 (22 - 4p)af o
w =
+1 [a? +50(12 — 4p)asa, + azaz + 100022 — dp)asa,
l 2 2 = ipz(SQY)-
5v2 (A2 —4p)a;

Therefore, the solution (4.2.1) becomes:

u) =

6(as — wla,) <G’>2 _ 6{wa, — 54(a; — w?a,)} <G>
G

G S5a4

a

1
+
50ca;(a; — w?ay,)

[—ew?a? + 30cAwa, (—as; + w?ay,)

+ 25(a; — w?a ){—1+ w? + (1% + 8u)(a; — w?a,)}l, (4.291)
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where w = *p; or £ p,.
Hence, they obtained the following solutions:
Set 1: When A2 — 4u > 0,

sw?a? + 25(a; — w?a,){l — w? +2e(A? — 4p)(a; — w?a,)}

50ca, (a3 — w?ay)

u(x,t) = —

Bcosh <M + Asinh (@)

Acosh (@) + Bsinh (M)

2

y Sway /A2 —4u . 3(2%2 - 4p)(a; — wlay)

S5a; 204

2

2
Bcosh (@) + Asinh (M)
(4.2.92)

Acosh <7(x_w OVAE=4) o Boinh <7(x_w Oy AZ_W) ’
2 2
where w = *p, or * p,, A and B are arbitrary constants.

Set 2: When A2 —4u < 0,

cw?a? + 25(a; — w?a,){l — w? +2e(A? — 4p)(a; — w?ay)}

50ca, (a3 — w?ay,)

u(x,t) = —

(x=w OV 4u-2 (- AT

Swazm Bcos <f> — Asin <f>
- X

52, eos (CZRLEE |y (E- DT

+ 3(4# - /12)(“3 - w2a4)
204

Bcos <—(x_w t)z“ 4”_/12> — Asin <_(x“*’ t)Z\/4ll—)Lz> 2

, 4.2.93
Acos <—(x_w t)z“ 4”_’12> + Bsin <_(x“*’ f)zx/4u—/12> ( )

where w = *p, or * p,, A and B are arbitrary constants.
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Set 3: When A2 —4u =0,

sw?a? + 25(a; — w?a,){l — w? +2e(A? — 4p)(a; — w?a,)}

ulx ) = - 50ca; (a5 — w?ay)
bwa, { B } 6(a; — w?ay)
- x +
5a, A+B(x—wt) a,

x {A + B (ljc —w t)}z’ (4.294)

where w = *p, or * p,, A and B are arbitrary constants.

If B =0 when A # 0, then the following solitary solutions from (4.2.92) and (4.2.93),

respectively yield:

cw?a? + 25(a; — w?a){l — w? + 2e(A? — 4p)(a; — w?a,)}

a0 t) = = 50caq(a; — w?ay,)

— 10, tanh <(x —@ t)z“ A 4”) {2 A2 —4u wa,

—5(2% - 4u)(a; — w?a,)tanh <(x —@ t)z' e 4”)}, (4.2.95)
Uy aa(0) = — ew?a? +25(a; — w?a,){l — w? + 2e(1? — 4p)(a; — w?ay,)}

50ea,(a; — w?ay,)

3 ran <(x -—w t)zw/4u — /12> {2

+

_AZ +4
10a, roa,

(x—w t)zw/4u - /12>}’ (4.2.96)

— 5% — 4u)(a; — w?a,) X tan <

where w = *p; or £ p,, 4,14, 2y, @y, az and a, are real parameters.

Also, if B =0 when A # 0, then the following solitary solutions from (4.2.92) and

(4.2.93), respectively yield:
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sw?a? + 25(a; — w?a,){l — w? + 2e(1? — 4p)(a; — w?a,)}

Uzas(x ) = = 50ca;(a; — w?ay)
—i A2 —4p wa, —5(2% — 4u)(a; — w?ay)
10a, 2 3 4
— wt)JZ—4 — Wt —4
X coth <(x @ )2 #)} coth <(x @ )2 #) ,(4.2.97)
cw?a? + 25(a; — w?a){l — w? + 2e(1? — 4p)(a; — w?a,)}
Up36(x, t) = —

50ca;(a; — w?ay)

3
~10a. (a3 — w?a,) {2 22 + 4p wa, +5(2%2 — 4u)
1

. (4.2.98)

« cot <(x — a)t)zw/4u — AZ)}Cot <(x — a)t)z,/4u — /12>

where w = ®p; or * p,, €, 1, U, @y, a,, a3z and a, are real parameters.
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Chapter 5

The Graphical Representations and Physical
Explanations

Preview Material
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In this Chapter, we have interpreted the nature and physical significance of the traveling

wave solution to the NLEEs found in Chapter 4 by means of the graphical representation.
5.1: The Graphical Representations

By means of graphical representation one can explain the physical structure of the
problems born in our real life. The basic knowledge of graph is very easy and it is a
powerful mathematical tool because it shows the relation of any two or more materials
used in our daily life. Mathematically, a graph represents the diagram to any solution of
problems and it describes clearly the character of analytical or numerical or close-form
solutions or any information to repeatedly use for proportional reason. Also it needs
construction of the basic acquaintance of a graph signified, when doing computation in
daily life. Therefore, we have drawn some graphs of the obtained solutions to the NLEEs

examined in Chapter 4 through the MSE method.

5.1(a): The KdV Equation

We have drawn some graphs of the obtained traveling wave solutions to the KdV
equation via the MSE method and represented in the subsequent figures 1-8 with the aid

of symbolic computation software, such as Mathematica:
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Figure 1: Sketch of the anti-bell shape soliton u, 4
in (4.1.17) to the KdV equation for &§ = -2,
w = —1within —10 < x, t < 10.

Figure 2: Sketch of the singular multi-soliton u; ,
in (4.1.18) to the KdV equation for § =1, w =1
within =10 < x, t < 10.
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10 —10

Figure 3: Sketch of the periodic singular solution  Figure 4: Sketch of singular periodic solution u; 4

uy3 in (4.1.19) to the KdV equation for § =1, in (4.1.20) to the KdV equation for § = -1, w = 1
w =0.5within—10 < x, t < 10. within =10 < x, t < 10.

Figure 5: Sketch of the bell shape soliton u, 5 in Figure 6: Sketch of the singular bell shape soliton
(4.1.23) to the KdV equation for § =1, w = -1 U3¢ in (4.1.24) to the KdV equation for § = —1,
within =10 < x, t < 10. w = 1within—-10 < x, t < 10.

Figure 7: Sketch of the singular periodic solution Figure 8: Sketch of the singular periodic solution
Uy 7 in (4.1.25) to the KdV equation for § = —1.5, u,g in (4.1.26) to the KdV equation for § = —1.5,
w = —1 within—-10 < x, t < 10. w = 05 within—10 < x, t < 10.
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5.1(b): The Boussinesg Equation

In this sub-section, we have drawn the diagrams of the obtained solutions to the
Boussinesq equation through the MSE method and represented in figures 9-16 with the

help of symbolic computation software, such as Mathematica:

Figure 9: Shape of the anti-bell type soliton u,, Figure 10: Shape of the singular bell type soliton
shown in (4.1.37) to the Boussinesq equation for u;4, shown in (4.1.38) to the Boussinesq equation
w = —0.75within =10 < x, t < 10. for w = —0.75 within —10 < x, t < 10.

Figure 11: Shape of the singular periodic solution Figure 12: Shape of the singular periodic solution
u; 118hown in (4.1.39) to the Boussinesq equation  u, ;, shown in (4.1.40) to the Boussinesq equation
for w = —1.5within =10 < x, t < 10. for w = —1.5within —10 < x, t < 10.
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Figure 13: Shape of anti-bell type soliton wu,,; Figure 14: Shape of the singular bell type soliton
shown in (4.1.43) to the Boussinesq equation for u;q, shown in (4.1.44) to the Boussinesq equation
w = —-15within =10 < x, t < 10. for w = —1.2 within —10 < x, t < 10.

Figure 15: Shape the singular periodic solution Figure 16: Shape the singular multiple solution u, ;¢
u; 15 shown in (4.1.45) to the Boussinesq equation shown in (4.1.46) to the Boussinesq equation for
for w = 0.001 within —10 < x, t < 10. w = 0.2 within—10 < x, t < 10.

5.1(c): The Fifth-order KdV Equation

In this sub-section, we have illustrated the figures of the obtained traveling solutions to
the fifth-order KdV equation by the MSE method represented in the following figures 17-

24 through the assistance of symbolic computation software:
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Figure 17: Structure of bell shape soliton u, ,, set
down in (4.1.59) to the fifth-order KdV equation
fora=-1,=1,y=-15and u = —1 within
-10<zx, t <10.

Figure 19: Structure of singular solution wu, ;4 set
down in (4.1.61) to the fifth-order KdV equation
for a=1, =1, y=15 and pg = -1 within
-10<zx, t <10.

Figure 18: Structure of singular anti-bell shape soliton
U 1 in (4.1.60) to the fifth-order KdV equation for
a=-1, B=1, y=-15 and u=-1 within
-10<zx, t <10.

10
Figure 20: Structure of singular periodic solution
Uy 5o Set down in (4.1.62) to the fifth-order KdV
equation for a =—-1, =1, y=—1 and p=-2
within =10 < x, t < 10.

Figure 21: Structure of anti-bell type soliton u, »;
set down in (4.1.65) to the fifth-order KdV
equation fora =1, f=1, y=—land u=-1
within =10 < x, t < 10.

Figure 22: Structure of the single soliton u, ,, set
down in (4.1.66) to the fifth-order KdV equation for
a=-1, =1 y=05and ug =—1 within =10 <
x, t <10.
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Figure 23: Structure of singular periodic solution
U, ,3 Set down in (4.1.67) to the fifth-order KdV
equation for a = -2, =2, y=2 and u=-2
within =10 < x, t < 10.

Figure 24: Structure of the singular periodic solution
Uy 54 Set down in (4.1.68) to the fifth-order KdV
equation for a =2, p=-2, y=-2 and u=2
within =10 < x, t < 10.

5.1(d): The Modified Schamel Equation for Acoustic Waves in

Plasma Physics

In this sub-section, we have shown the subsequent figures of the obtained solitary

solutions to the modified Schamel equation for acoustic waves in plasma physics via the

MSE method and presented in the figures 25-32 with the help of symbolic computation

software:
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Figure 25: Form of the anti-bell shape soliton u, ,5
written down in (4.1.85) to the modified Schamel
equation for k=—-2, § = -2, and w = —2 within
0<x,t<1

Figure 26: Form of singular bell shape soliton wu, ,4
written down in (4.1.86) to the modified Schamel
equation for k=—-2, § = -2, and w = —2 within
—-1<x, t<1l
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Figure 27: Form of the figure of a part of the singular  Figure 28: Form of the figure of a part of the singular
periodic solution u, ,, written down in (4.1.87) to the  periodic solution u, ,g written down in (4.1.88) to the
modified Schamel equation for k= -2, § = -2, modified Schamel equation for k= -2, § = -2,
w=—-1within—-3<x,t<3. w = —0.5within—5 < x,t < 5.

Figure 29: Form of singular bell shape soliton u, ,o  Figure 30: Form of the solution wu, 3, written down in
written down in (4.192) to the modified Schamel (4.1.93) to the modified Schamel equation for k = 1,
equation for k =—1, § = -1, and w = —1 within  § = —0.5, » = 2 within -5 < x, t < 5.

—-3<x, t<3.

Figure 31: Form of the figure as the part of the Figure 32: Form of the figure as the part of the
singular periodic solution u, 3, written down in  singular periodic solution w3, written down in

5{4}942) ;O_ th; m(iji(f)i%d _St(;hagn(i equgti;n for (4.1.95) to the modified Schamel equation for k = 2,
ST20=20=03wih s =xtss. §=2, andw = 0.3 within—5 < x, t <5
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5.1(e): The Modified Kadomtsev-Petviashvili (KP) Equation
for Acoustic Waves in Plasma Physics

In this sub-section, we have drawn the diagrams of the obtained traveling solutions to the
modified KP equation for acoustic waves in plasma physics by using the MSE method

and represented in figures 33-40 with the aid of symbolic computation software:

Figure 33: Diagram of the bell shape soliton u, ;; Figure 34: Diagram of the singular multi-soliton
mentioned in (4.1.112) to the modified KP equation u, 3, mentioned in (4.1.113) to the modified KP
fork=-2,a=-2,=2, 6§=-2 and w =—2 equation for k=-15 a=-1,=1, §=-1
within =3 < x, t < 3. and w = —1within0<t<3,-3<x<3

Figure 35: Diagram of the singular periodic solution Figure 36: Diagram of the singular periodic solution
u, 35 mentioned in (4.1.114) to the modified KP u, ;5 mentioned in (4.1.115) to the modified KP
equation for k=2, a=1,=1, 6 =1, w=-1 equation for k=2, a=1,=1, §=1 and
within -8 < x, t < 8. w =-—1within—-8 <x, t <8.
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Figure 37: Diagram of the solution u, 5, mentioned
in (4.1.119) to the modified KP equation for k =
-2, a=-2,=-2,8§ =—2 and w = —2 within
—-8<x, t<8.

Figure 39: Diagram of the periodic solution u, 4
mentioned in (4.1.121) to the modified KP equation
for k=-2, a=-2,=045, 6§=-1 and
w=—-1within—-8<x, t <8.
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Figure 38: Diagram of the singular bell shape
soliton u, 33 mentioned in (4.1.120) to the modified
KP equation for k = -2, a =-2,=-2,6 = -2
and w = —2 within —8 < x, t < 8.

Figure 40: Diagram of the periodic solution u, 4,
mentioned in (4.1.122) to the modified KP equation
for k=-2, a=-2,=045, §=-1 and
w=-—1within—-8 <x, t <8.

5.1(f): The Strain Wave Equation in Microstructured Solids

In this sub-section, we have illustrated the graphs of the solutions to the strain wave

equation in microstructured solids for non-dissipative and dissipative cases obtained

through the MSE method and represent in the figures 41-48 for non-dissipative case and

the figures 49-64 for dissipative case with the support of symbolic computation software:
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5.1(f)-1: The Non-dissipative Case

Figure 41: Plot of bell shape soliton u, 4, set down
in (4.1.135) to the strain wave equation in
microstructured solids for non-dissipative case when
e=01 ay=1a;=1,a, =125 and w =-15
within -8 < x, t < 8.

Figure 42: Plot of multi-soliton u, 4, set down in
(4.1.136) to the strain wave equation in
microstructured solids for non-dissipative case when
e=01 a=-20;=2, a,=2 and w=11
within -8 < x, t < 8.

Figure 43: Plot of singular periodic solution u, 43 set
down in (4.1.137) to the strain wave equation in
microstructured solids for non-dissipative case when
e=01, a=2,0;=-2, a,=—2 and w=2
within =2 < x, t < 2.

Figure 45: Plot of anti-bell shape soliton u, 45
written down in (4.1.141) to the strain wave
equation in  microstructured solids for non-
dissipative case when ¢ =0.1, a; =2,a; = -2,
a, =—2and w = -2 within -8 < x, t < 8.

Figure 44: Plot of singular periodic solution u, 44
written down in (4.1.138) to the strain wave
equation in microstructured solids for non-
dissipative case when ¢ =0.1, a; =2,a; = -2,
a, =—2and w =2 within -2 <x, t < 2.

Figure 46: Plot of singular anti-bell shape soliton
Uy 46 Written down in (4.1.142) to the strain wave
equation in microstructured solids for non-
dissipative case when ¢ = 0.1, a; = —2,a3 = -2,
a, =—2and w = —2within—-8 <x, t <8.
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Figure 47: Plot of periodic multi-solution u, 4,
mentioned in (4.1.143) to the strain wave equation
in microstructured solids for non-dissipative case
when ¢=01, oy =—-2,0;=-1, o, =1 and
w=125within—-8<x, t <8.

5.1(F)-11: The Dissipative Case

= ARROROO00 ’&«01

Figure 49: Sketch of the kink soliton u, 44 shown in
(4.1.156) to the strain wave equation for dissipative
case when e =01, oy = -2, a, = =2, a; = -2
and a, = —2 within -8 < x, t < 8 for w = 0;.

Figure 51: Sketch of the kink soliton u, 44 shown in
(4.1.156) to the strain wave equation for dissipative
case when e =01, oy = -2, a, = =2, a; = -2
and a, = —2 within 0 < t <10, -5<x <5 for
w =0,.

Figure 48: Plot of periodic multi-solution u, 4¢
mentioned in (4.1.144) to the strain wave equation
in microstructured solids for non-dissipative case
when ¢=01, o =—2,a;=-1, a,=1 and
w =125within—-8<x, t < 8.

Figure 50: Sketch of the kink soliton u; ,4 shown in
(4.1.156) to the strain wave equation for dissipative
case when e =01, @; = -2, a, = -2, a; = -2
and a, = =2 within =8 < x, t < 8 for w = —6,.

Figure 52: Shape of the kink soliton u, 44 shown in
(4.1.156) to the strain wave equation for dissipative
case when e =01, @; = -2, a, = -2, a; = -2
and a, = —2 within 0 < t <10, -5<x <5 for
w = —0,.

108



20 V20
Figure 53: Sketch of the singular solution wu, 5,
shown in (4.1.157) to the strain wave equation for
dissipative case when ¢ = 0.1, a; = -2, a, = —2,

a; =—-2 and a, = -2 within
—-20 < x <20 forw = 6,.

—-25< t <25,

20

Figure 55: Sketch of the singular solution 1w, 5,
shown in (4.1.157) to the strain wave equation for
dissipative case when ¢ = 0.1, a; = -2, a, = -2,
a; =—-2 and a, =—-2 within —25< t < 25,
—20 < x <20 for w = 6,.

Figure 54: Sketch of the singular solution u, 5,
shown in (4.1.157) to the strain wave equation for
dissipative case when ¢ =0.1, a; = -2, a, = -2,
a; = =2, a, = —2 within the range —25< t <
25,-20 < x < 20 for w = —6,.

Figure 56: Sketch of the singular solution u, s,
shown in (4.1.157) to the strain wave equation for
dissipative case when ¢ =0.1, a; = -2, a, = -2,
a; =—2 and @, = -2 within —25< t <25,
—20 < x <20 for v = —6,.

Figure 57: Sketch of the kink solution u, 5; shown
in (4.1.160) to the strain wave equation for
dissipative case when £¢=0.1, a; =1, a, =1,
a; =05 and a, =1 within —10 <x, t <10 for
w=19;.

Figure 58: Sketch of the steeped kink solution v, 5,
shown in (4.1.160) to the strain wave equation for
dissipative case when ¢=0.1, a; =1, a, =1,
a; =05 and a, =1 within =10 < x, t < 10 for
w=-79,.
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Figure 59: Sketch of the kink solution u,s; in Figure 60: Sketch of the kink solution u,s; in
(4.1.160) to the strain wave equation for dissipative (4.1.160) to the strain wave equation for dissipative
case when ¢e=01, ¢, =1, a, =1, a; =05 and case when ¢=0.1, a; =1, a, =1, a; =05 and
a, = 1 within =10 < x, t <10 for w = V,. a, = 1 within =10 < x, t <10 for w = =1,

Figure 61: Sketch of the single soliton solution u, 5, Figure 62: Sketch of the solution u, 5, in (4.1.161)
in (4.1.161) to the strain wave equation for to the strain wave equation for dissipative case
dissipative case whene=0.1, a; =1, a, =1, whene=01 a =1, a, =1 a3;=05 and
a; =05 and @, =1 within =10 <x, t <10 for @, =1 within—10 <x, t <10 for w = —9;.
w=19;.

Figure 63: Sketch of the singular kink type solution  Figure 64: Sketch of the solution u, s, in (4.1.161)
U 5, in (4.1.161) to the strain wave equation for to the strain wave equation for dissipative case
dissipative case whene=0.1, a; =1, a, =1, whene=01 a =1, a, =1 a3;=05 and
a; =05 and a, =1 within —10 <x, t <10 for @, =1 within—10 <x, t <10 for w = —9,.
w=1,.
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5.2: The Physical Explanations

In this section, we have discussed the significance of the accomplished solutions through
figures of the NLEEs studied in Chapter 4. NLEEs have different types solitary wave
solutions, such as, soliton, singular soliton, bell shape soliton, anti-bell shape soliton,
singular bell shape soliton, singular anti-bell shape soliton, kink, singular kink, periodic,
singular periodic solution etc. In the following, we have described the nature of the

derived solutions for different values of the parameters:

5.2(a): The KdV Equation

In this sub-section, we have described the behavior of the solutions to the KdV equation.
By means of the MSE method, we have achieved eight solutions, u, ; t0 u; g to the KdV
equation. The solutions include bell shaped solitons, singular solitons, singular periodic
solutions as a particular case of the generalized solitary wave solutions. The graphs are
labeled as figure 1 to figure 8. The figure 1 of the solution u, ;, shows that the solution
represent anti-bell shape soliton for § = -2, @ = —1 within =10 < x, t < 10. The
solution u, , written down in (4.1.18) represents the singular soliton solution. Its graph is
drawn for § =1, w = 1 within —10 < x, t < 10 and labeled as figure 2. The solution
uy 3 set down in (4.1.19) and the solution u, 4 set down in (4.1.20) represent the periodic
singular solution. Solution (4.1.19) is plotted for § =1, w = 0.5 within =10 <x, t <
10 and labeled as figure 3. On the other hand, solution (4.1.20) is plotted for & =
—1, w =1 within —10 < x, t < 10 and labeled as figure 4. It is noted that the solution
uy 5 written down in (4.1.23) represents the bell shape soliton. Its figure is drawn for
=1 w=-1 within =10 < x, t <10 and labeled as figure 5. The solution u ¢
written down in (4.1.24) is the singular bell type soliton. It is plotted for § = -1, w =1
within —10 < x, t < 10 and assigned in figure 6. Moreover, the solutions u, , written
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down in (4.1.25) and the solution u,g written down in (4.1.26) are singular periodic
solution. Solution u4, is plotted for § = —1.5, w = —1 within —10 < x, t <10 and
assigned in figure 7 and solution u; g is plotted for § = —1.5, w = 0.5 within —10 < x,

t < 10 and assigned in figure 8.

5.2(b): The Boussinesg Equation

In this sub-section, we have interpreted the characteristics of the achieved solutions to the

Boussinesq equation by the MSE method.

We have derived different types of solutions to the Boussinesq equation (4.1.27) in
Chapter 4 through the MSE method. The solutions involve solitary solutions, solitons,
singular solitons and singular periodic solutions and displayed in the figure 9 to figure 16.
The solution u; 9 to Eq. (4.1.37) and the solution u, ;3 to Eq. (4.1.43) are the anti-bell
shape soliton solution to the Boussinesq equation (4.1.27). The figure of u, 4 is sketch for
w = —0.75 and labeled as figure 9. On the other hand, the figure of u, 3 is sketch for
w = —1.5 and labeled as figure 13 within the range —10 < x, t < 10 which gives the
inner information of the physical phenomena. Solution u; 4, to Eq. (4.1.38) and the
solution u, 1, to Eq. (4.1.44) to the Boussinesq equation are singular bell type soliton
solution. In figure 10, we have sketched the solution u,;, for w = —0.75 within the
range —10 <x, t <10 and in figure 14, we have sketched the solution u, 4, for
w = —1.5 within the same range. The solutions u;,; to Eq. (4.1.39), u;,, to Eq.
(4.1.40), uq 45 to Eq. (4.1.45) and the solution u, ;4 to Eq. (4.1.46) are singular periodic
solutions. In figure 11, we sketch the solution u, 1, for w = —1.5, in figure 12, the
solution u4 4, has been sketched for w = —1.5, in figure 15, we sketch the solution u; 45
for w = 0.001 and in figure 16, we sketch the solutionu, ;4 for w = 0.2 within the range

—10 < x, t < 10, which described the characteristics of the period solution.
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5.2(c): The Fifth-order KdV Equation

In this sub-section, we have explained the nature of the derived solutions to the fifth-order

KdV equation (4.1.47).

Using the MSE method, we have derived several solutions to the fifth-order KdV
equation (4.1.47). These solutions attach the solitary wave solutions or solitons, singular
solitons and singular periodic solutions and showed in the figure 17 to figure 24. In figure
17, we have illustrated the soliton u, 4, shown in (4.1.59). It represents bell shape solitary
wave soliton for « = =1, § =1, y = —1.5 and u = —1 within the plot limit —10 < x,
t <10 and in the figure 18, we have illustrated the singular soliton u; g shown in
(4.1.60) to the fifth-order KdV equation (4.1.47). It shows that the soliton u, 14 is a anti-
bell shape singular soliton for « = =1, § =1, y = —1.5 and u = —1 within the plot
limit =10 < x, t < 10. Also the singular solution u; ;9 shown in (4.1.61) denoted by the
figure 19. This figure depicted the character of the solution is a part of the periodic
singular solution for a small region when a=1, =1, y =15 and u = —1 within
—10 < x, t < 10. Moreover the solution u, ,, shown in (4.1.62) denoted by the figure
20 expresses the singular periodic solution for a = =1, =1, y=—=1 and u= -2
within the plot limit —10 < x, t < 10. Again the anti-bell shape soliton u, ,; shown in
(4.1.65) is denoted by the figure 21. The figure 21, shows the solution u; ,4 is a anti-bell
shape soliton, when « =1, § =1, y = —1 and u = —1 within the plot limit —10 < x,
t < 10. And the singular soliton u; ,, shown in (4.1.66) is denoted by the figure 22. This
figure explains single soliton wave, when « = =1, § =1, y = 0.5 and u = —1 within
the plot limit —10 < x, t < 10. Furthermore the singular solution u, ,5 shown in (4.1.67)
presented by the figure 23. It depicts the character of the solution u, ,3 is a periodic

singular solution for small region, when a« = -2, § =2, y =2 and u = —2 within the
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plot limit =10 < x, t < 10 and also the solution u, ,, shown in (4.1.68) presented by the
figure 24. The figure 24 describes the solution u, ,4 is a singular periodic solution for

a=2,8=-2y=-2and u = 2 within the plot limit —10 < x, t < 10.

5.2(d): The Modified Schamel Equation for Acoustic Waves in
Plasma Physics

In this sub-section, we have discussed the attribute of the attain solutions to the modified
Schamel equation for acoustic waves in plasma physics (4.1.69).

By using the MSE method, we have derived various types of solution u; ,5-u4 3, to the
modified schamel equation for acoustic waves in plasma physics (4.1.69). The solutions
Uy 25-Ug 2g Are mentioned in (4.1.85)-(4.1.88) and the solutions u; ,9-u4 3, are mentioned
in (4.1.92)-(4.1.95). These solutions construct solitons, singular solitons and periodic
solutions and arranged in the figure 25 to figure 32. In figure 25, we have displayed the
shape of the soliton uq ,5 for k = -2, § = —2, and w = —2 within the area 0 < x, t <
1. It is anti-bell shape solitary wave soliton. Figure 26 assessed the character of soliton
Uy 6. The figure 26 illustrates a singular bell shape soliton for k= -2, § = -2, and
w = —2 withinthe area —1 < x, t < 1. Again, in figure 27, we have illustrated the shape
of periodic solution u, ,,. This figure shows a part of the periodic singular solution for
k=-2,6 =-2, and w = —1 within the area —3 < x, t < 3 and the solution u, ,g is
denoted by the figure 28. This figure sketches for k = =2, § = =2, and w = —0.5 within
the area —5 < x, t < 5, which represents a part of the periodic singular solution. On the
other hand, the soliton u, 4 exists in the figure 29. It shows a singular bell shape soliton
for k = -1, 6 = -1 and w = —1 within the area —3 < x, t < 3 and the soliton u, 3,
exists in the figure 30. The figure 30 explicates an anti-bell type solitary wave soliton for

k=1, 6§ =—-05 and w = 2 within the range —5 < x, t < 5. Moreover the singular
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solution u, 3, is plotted in the figure 31 and the singular solution u, 3, is plotted in the
figure 32. The figure 31 sketches for k = -2, § = —2, w = 0.3 within the range
—5 < x,t < 5 and the figure 32 sketches for k = 2, § = 2, and w = 0.3 within the same

range, which represents as a part of the singular periodic solution.

5.2(e): The Modified Kadomtsev-Petviashvili (KP) Equation
for Acoustic Waves in Plasma Physics

In this sub-section, we have set out the nature of the evaluated solutions to the modified
KP equation for acoustic waves in plasma physics (4.1.96) via MSE method.

Through the MSE method, we have examined several solitary wave solutions to the
modified KP equation for acoustic waves in plasma physics (4.1.96). The solutions u; 5-
u; 3¢ are declared in (4.1.112)-(4.1.115) and the solutions u, 3,-u, 4o are declared in
(4.1.119)-(4.1.122). These solutions elicit solitons, singular solitons and periodic singular
solutions. The figure 33 represents the character of soliton u 33 and it shows a bell shape
soliton when k = =2, a = -2, =2, § = -2, w = —2 within =3 < x, t < 3 and the
figure 34 represents, the character of solution u; 3, is a singular soliton when k = —1.5,
a=-1,=1, 6 =—-1, w = —1 within the plot limit 0 <t <3, -3 < x < 3. Again
the solutions u, 35 and u, 3 are illustrate by the figures 35 and 36 respectively. These
figures show that, the solutions are periodic singular solution for k =2, a =1, =1,
6 =1 and w = —1 within —8 < x, t < 8. Once again, showing the figure 37, the
solution u, 37 is a bell shape soliton and showing the figure 38, the solution u; 35 is a
singular bell type soliton for k = -2, a = -2, = -2, § = —2 and w = —2 within the
plot region —8 < x, t < 8. Yet again, the singular solutions u, 39 and u, 4o presented by
the figures 39 and 40 respectively. Plot of these figures for k = =2, a« = =2, f = 0.45,

6 = —=1and w = —1 within —8 < x, t < 8 showing the singular periodic solutions.
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5.2(f): The Strain Wave Equation in Microstructured Solids

In this sub-section, we have interpreted the characters of the determined solutions to the

strain wave equation in microstructured solids for non-dissipative and dissipative cases.

5.2(f)-1: The Non-dissipative Case

We have evaluated various types of solutions u, 41-u4 4 t0 the strain wave equation in
microstructured solids for non-dissipative case (4.1.124). In figure 41, we plot the
solution u, 4, set down in (4.1.135) represents bell shape soliton, when ¢ = 0.1, a; =
las; =1, a, =125, w =-1.5 within =8 < x, t <8 and in figure 42, we plot the
solution u; 4, set down in (4.1.136) represents singular soliton for ¢ = 0.1, a; = —2,
az; =2, a, =2, w = 1.1 within —8 < x, t < 8. Again, the solution u, ,; set down in
(4.1.137) and the solution u4 44 set down in (4.1.138) are prevailed by the figures 43 and
44 respectively. These figures shown, the nature of the solutions are periodic singular
solutions for e = 0.1, a; = 2,a3 = =2, a, = —2 and w = 2 within the range —2 < x,
t < 2. Moreover, the solution uq 45 written down in (4.1.141) carries on the figure 45.
This figure found for e = 0.1, a; = 2,a3 = =2, a, = —2, w = =2 within -8 < x, t <
8, which represents an anti-bell shape soliton and the soliton u, 4 written down in
(4.1.142) carry on the figure 46. This figure shows the solution u, 4 presents singular
anti-bell type soliton for e =01, a; = —2,a3 = -2, a, = —2 and w = —2 within
—8 < x, t < 8. Once more, the solutions u,; 4, in (4.1.143) and u, 4g in (4.1.144) are
periodic singular solutions and presented by the figures 47 and 48, respectively for ¢ =

01,y = —-2,a;3 = -1, a, = 1and w = 1.25 within the plot region -8 < x, t < 8.
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5.2(F)-11: The Dissipative Case

Herein, we have dealt with different types of evaluated solutions u; 49-u; 50 presented in
(4.1.156)-(4.1.157) when either w = *6, or w = %6, mentioned in subsection 4.2(f)-1I
and u;sq-u;5, presented in (4.1.160)-(4.1.161) when either w = *9; or w =0,
mentioned in subsection 4.2(f)-11 to the strain wave equation in microstructured solids for
dissipative case (4.1.145). These solutions associate singular solitons, kink, singular kink.
The figures 49-50 plotted for the solution u, 49, When w = *6; within the plot limit
—8 < x, t < 8 and the figures 51-52 plotted for the solution u; 49, When w = 6, within
the plot limit 0 < t < 10, —5 < x < 5. The character of the solutions u, 49 is kink, when
w = *0, either w = =0, and shown by the figures 49-52, respectively within the area
—-25< t <25, —20 < x < 20. Also, the solution u, s, is singular, when w = *6,
either w = %6, and plotted by the figures 53-56, respectively within the area —25 < t <
25, —20 < x < 20. All of the figures 49-56 are drawn for e = 0.1, a; = -2, a, = -2,
az = =2, a, = —2. On the other hand, the solution u; 5; is Kink shape soliton, when
either w = =9, or w = %9, and illustrated by the figures 57-60, respectively. Moreover,
the solution u, s, is singular type solution, when either w = *9; or w = *9, and
represented by the figures 61-64, respectively. The figures 57-64 are plotted for £ = 0.1,

a; =1, a,=1,a; =05and a, = 1 within the range —10 < x, t < 10.
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In this Chapter, we have compared the exact solitary wave solutions to the NLEEs
obtained by the MSE method, when balance number is two over the existing another
method, namely, the (G'/G)-expansion method. We observe that the MSE method
provides more general and rich exact traveling wave solutions with additional parameters,

against the (G'/G)-expansion method.

In view of the fact that the MSE method contains the solution formed (4.1.1) have fully
unknown function ¥ (&) to be determined, but (G'/G)-expansion method contains the
solution formed (4.2.1) in which G (&) is previously known, i.e. G (&) satisfies the ODE
G"(¢)+AG'(¢§)+uG(&) =0. Thus, the advantages and validity of the MSE method

over the (G'/G)-expansion method has been discussed in the following.

6.1: Comparison between the Obtained Solutions by the MSE
Method and the (G'/G)-expansion Method for the KdV
Equation

Wang et al. (Wang et al., 2008a) proposed the (G’/G)-expansion method and solved the
KdV equation. We observe that some of our obtained solutions are identical to the
solutions obtained by Wang et al. and some are different. In Table 1, we compare the
solutions obtained between the two methods:

Table 1

Solutions obtained by using the (G'/G)- Solutions obtained by using the MSE
expansion method method

i) Since w = 842 +88u +ay, if we select [i) The obtained solution u;; shown in
ao = —126u , then the solution u,, (4.1.17) is
shown in (4.2.12) becomes

Vo(x - tw)) uy 1(x, t) = 3w sech? (M)

u, 1 (x, t) = 3w sech? < F; 28

i) Since w = 842 +88u +a,, if we select |ii) Solution u, 5 shown in (4.1.23) transform to
ap=-28(*+2y), then the solution the trigonometric solution in the subsequent

U, shown in (4.2.13) becomes form:
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Uy, (1) = w {2 -3

us(xt) = w {2 -3

T

iii) Since w = 642 +88u +a,, if we select
ao = —126p , then the solution u,;

shown in (4.2.14) becomes

uz3(x, t) = —3w csch? <M>

28

iii) The obtained solution u;, shown in

(4.1.18) is

iv) Since w =842 +88u +a,, if we select
ap=-28(*+2yu), then the solution

u, 4 shown in (4.2.15) becomes

Uy o(x,t) = w {2 -3

<o ()
CSC 2\/3

iv) Solution u; g shown in (4.1.24) transform to
the trigonometric solution in the subsequent

form:

u1‘6(x, t) = w {2 -3

x csc? <—\/5(x _ tw))}
V6

We have evaluated eight solutions to the KdV equation by using the MSE method. From

Table 1, we observed that the solutions u, 1, u;,, u;y 5 and u, ¢ obtained by the MSE

method and the solutions u,,-u,, to the KdV equation obtained by the (G'/G)-

expansion method are identical.

Wang et al. (Wang et al., 2008a) obtained another solution (4.2.11) called the rational

solution, which we did not obtain. But, we have obtained some other important solutions

Uy 3 in (4.1.19), uy 4 in (4.1.20), uy , in (4.1.25) and u, g in (4.1.26) by the MSE method

which are not obtained by Wang et al. Therefore, we might conclude that we have found

some solitary solutions are different from Wang et al.
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6.2: Comparison between the Obtained Solutions by the MSE
Method and the (G'/G) -expansion Method for the

Boussinesq Equation

Bekir (Bekir, 2008) employed the (G'/G)-expansion method to solve the Boussinesq

equation and constructed some solitary wave solutions. We have compared our solutions

with those obtained by Bekir and shown in the subsequent Table 2:

Table 2

Solutions obtained by using the (G'/G)-
expansion method

Solutions obtained by using the MSE
method

i) Since w =+/1— A2 + 4y,

JA22—4u=+vV1—w? , then the

i.e.
solution u, 5 written down in (4.2.23) turns

out to:
3
Uy 5(x,t) = > (-1 + w?)

V1—w?(x— tw)>

2
x sech < >

1) Solution u; g written down in (4.1.37) is
3
uyolx, t) = E(_l + w?)

V1-—w?(x - tw))
2

x sech? (

i) Solution u, ; written down in (4.2.25) is
3 2
Uy, (x,t) = —E(/l —4u)

x sec? <(x — tw)z\/ Au — /12)

where w = /1 — A% + 4yu.

ii) If we put Vwz —1=,/4u— A2, then the
hyperbolic solution wu; o written down in

(4.1.37) the

trigonometric form:

transform to subsequent

3
uy o, t) = —E(Az —4u)

(x/ 4u2— A2 (x - t(u))

x sec?

iii) Since w=.1+21%—4u , then the

solution u, ¢ written down in (4.2.24)

turns out to:
3
uz,a(X,t) = (w?-1) _E(wz —1)

(x — tw)Vw? — 1>

2
x sech < >

iii) Solution uy 5 written down in (4.1.43) is
3
up13(x,t) = (w2 —1) - E(wz —1)

(x — tw)Vw? — 1)
2

x sech? (

121




iv) Solution u, ¢ written down in (4.2.26) is
3
uz,g(X, t) =% —4u) - E(/12 — 4y)

x sec? <(x — tw)z\/ Ap— /12)

where w = /1 + A2 — 4u.

iv) If we put V1 — w2 =/4u— 22, then the
hyperbolic solution wu;,3 written down in
(4.1.43) the

trigonometric form:

transform  to subsequent

13 (e 0) = (2 — ) =5 G2 — )

x sec? ((x — tw)ZV 4p— Az)

v) If we put A =0, B # 0, then the solution

(4.2.17) turns out to:
3
u(x,t) = _E(_l + w?)

V1—w2(x — tw))
2

x csch? <

when w = /1 — A2 + 4y,

ie. A% —4p=v1I—w?.

v) Solution u, o written down in (4.1.38) is
3
uy10(x, t) = _E(_l + w?)

V1—w?(x - tw))

2
x csch ( >

vi) If we put A =0, B # 0, then the solution
(4.2.19) turns out to:

u(x, t) = —;(/12 —4u)

x csc? <(x — tw)z\/ 4p— /12)

when w = /1 — A2 + 4.

vi) If we put VoZz —1=/4u— 2% inuy 0,
then the hyperbolic solution u, ;4 Written
(4.1.38) the

subsequent trigonometric form:

down in transform to

3
uy10(x, t) = > (22— 4w

x cSc2 ((x - t“’)z\/ 4u — Az)

vii) If we put A =0, B # 0, then the solution
(4.2.18) turns out to:

ul,t) = (=1 + w?) + 3(_1#““2)
(x —tw)Vw?2 -1
x csch2< > >

when w = /1 + 12 — 4y,

ie. Y22 —du=+vwz-1.

vii) Solution u, 14 written down in (4.1.44) is

_ 2
Uy 14(x, t) = (-1 + w?) + w
5 <(x —tw)Vw? — 1)
x csch >
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viii) - If we put A=0, B#0, then the | viii) If we put V1 — w2 = /4u— 22 in uy 4,
solution (4.2.20) turns out to: then the hyperbolic solution wu ,, written

3(2% — 4p) down in (4.1.44) transform to the

ulx, t) = (12 — 4u) — >

subsequent trigonometric form:

(x = tw) A= o
x csc? < 2 w14 (x, ) = (A% — 4p) — %
when w = m x csc? ((x - tw);/m>

We have computed eight solutions to the Boussinesq equation by the MSE method. In the
Table 2, we have showed that the solutions u; o, us 19, Us13 and u, 14 attained by the
MSE method and the solutions u, s-u, g and (4.1.17)-(4.1.20) to the Boussinesq equation

attained by Bekir through the (G'/G)-expansion method are same.

Bekir (Bekir, 2008) achieved other rational solutions (4.2.21)-(4.2.22), which we did not
obtain. But, we have achieved other solutions u, ;; set down in (4.1.39), u; 1, set down in
(4.1.40), u, 15 set down in (4.1.45) and u, ;4 set down in (4.1.46) by the MSE method
which are not achieved by Bekir. So, we may say that the MSE method provides some

additional solutions.

6.3: Comparison between the Obtained Solutions by the MSE
Method and the (G'/G)-expansion Method for the Fifth-
order KdV Equation

In this section, we have compared the obtained solutions by the MSE method and the
obtained solutions by the (G'/G)-expansion method (Khan and Akbar, 2015c) for the

fifth-order KdV equation and shown in the Table 3:
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Table 3

Solutions obtained by using the (G'/G)- Solutions obtained by using the MSE
expansion method method
i) If we opt @ =v10(1% —4pu), B =1,y = |i) Initially, we replace u byn and then if we
0,7 = —1, then the solution u, , mentioned opt «a =vV/10(A>-4u), p=1, y=0,
in (4.2.31) can be written as n = —1, then the solution u; ,; mentioned
35 in (4.1.65) can be written as
u2‘9+(x, t) = — _(/12 - 4#)
V2 3V5
U1 (x,t) = ——= (A% — 4p)
5 (Jﬂz —Au(x — t(u)) V2
% sech
2 VA2 = 4u(x — tw)
x sech?
2
ii) Ifweopta =+v10(A%2 —4u), B =1,y =0, [ii) Initially, we replace u byn and then if we
n = —1, then the solution u, 1, Mentioned opt « =vV10(A2—4u), p=1, y=0,
in (4.2.32) can be written as n = —1, then the solution u, ; mentioned
35 in (4.1.65) transform to trigonometric form:
Uy 1o+ (x,t) = ——= (1% — 4p)
V2 (0=~ 22—
U1, t) = ——=U* —4u
9 5 ((x —tw)+/4u — /12> L2 V2
sec
2
du— 22
x sec? | YIE 4 (x — tw)
i) If we opt a = —v10(A%2—4yu), B =1, |iii) First, we replace u byn and then if we opt
y =0, n=-1, then the solution u,4 a=—/102-4y) , B=1, y=0,
mentioned in (4.2.31) can be written as n = —1, then the solution u, ;;, mentioned
3v5 in (4.1.59) can be written as
Upo-(x,t) = —= (2% = 4p)
v 0y =2L g
Uy, t) =—=U —4u
« sech? ((x — tw) /A% — 4;1) w7 V2
sec
2 2
—tw) /12 -4
x sech? ((x w) #>
2
iv) If we opt @ =—V10(A%? —4u), B =1, |iv) First, we replace u byn and then if we opt

y =0, n=-1, then the solution u;io

mentioned in (4.2.32) can be written as

35,
7Y

x sec? <(x — tw)z\/ 4u — Az)

Uy q0-(x,t) = —4u)

a=-V10(2* -4p), B =1,

n = —1, then the solution u, ;; mentioned

y =0,

in (4.1.59) transform to trigonometric form:

Uy q7(x,t) = 3—\/\/; (2% —4p)

« sec? ((x — tw)/4u — /12>
2
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v) Ifweopta =v10(4* —4u),f =1,y =0,
n = —1, then the solution u,;; mentioned

in (4.2.33) can be written as

3v5
7z

2 _ _
« csch? (wM du(x — tw)

2

Ui 11+ (x,t) = - 4#)

)

Initially, we replace ¢ by n and then if we

opt a =+v10(A* —4u), B =1,
n = —1, then the solution u, ,, mentioned

v)

y =0,

in (4.1.66) can be written as

Uy 2(x, t) = 3—\}/5 (2% —4p)
% csch? ( VA2 — dpnlx — tw))
2

vi) If we opt @ =V10(42 —4u), f =1,y =0,
n = —1, then the solution u,,, mentioned

in (4.2.34) can be written as

35,
N

x csc? <(x — tw)ZV 4u — AZ)

Uy 1+ (x, t) = — — 4u)

Initially, we replace ¢ by n and then if we

opt a=+v10(A? —4yu), B =1,

n = —1, then the solution u, ,, mentioned

vi)

y =0,

in (4.1.66) transform to trigonometric form:

3V5
7z

x csc? ((x — t“’)z\/ 4u — Az)

ug2(x,t) = — —4u)

vii) If we opt a =—vV10(A2—4u), =1,
y=0, n=-1, then the solution u,q4

mentioned in (4.2.33) can be written as

V5,
N

x csch? <(x - t“))z\/ A2 — 4“)

uy11-(x, t) = — —4yu)

vii) At first, we replace ¢ byn and then if we
opt @ =—v10(A2 —4u), p=1,y=0,
n = —1, then the solution u, ;3 mentioned

in (4.1.60) can be written as

3v5

V2
x csch? ((x - t“’)z\/ A2 — 4“)

ug1g(x,t) = (22 —4p)

If we opt @ = —V10(A% —4pu), B =1,

y =0, n=-1, then the solution u;;,

viii)

mentioned in (4.2.34) can be written as

V5,
¢

x ¢sc? <(x — tw)z\/ 4u — AZ)

uy10-(x,t) = —4u)

viii) At first, we replace u byn and then if we
opt @ = —V10(1? —4u), B=1, y=0,
n = —1, then the solution u, ;3 mentioned

in (4.1.60) transform to trigonometric form:

3—\/\/5 (22 —4p)

x csc? ((x — t“’)z\/ 4u — Az)

u1,1s(X, t) =
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In Table 3, we have showed that the solutions u, ;;, u; 15, Uy 21 and u, ,, found through
the MSE method and the solutions u,q-u,1, found through the (G'/G)-expansion

method (Khan and Akbar, 2015c) are in matching, for the fifth-order KdV equation.

By using the (G'/G)-expansion method, Khan and Akbar (Khan and Akbar, 2015c)
found another solution (4.2.30), which we did not find through the MSE method. But,
using the MSE method, we found other solutions u, 1 in (4.1.61), u; 54 in (4.1.62), u; 3

in (4.1.67) and u, ,4 in (4.1.68), which are not found by the (G'/G)-expansion method.

So, we found some fresh solitary wave solutions by the MSE method.

6.4 Comparison between the Obtained Solutions by the MSE
Method and the (G'/G) -expansion Method for the
Modified Schamel Equation for Acoustic Waves in
Plasma Physics

Taha et al. (Taha et al., 2013) got some solutions to the modified Schamel equation for
acoustic waves in plasma physics by using the (G'/G)-expansion method and we got

some solutions to the modified Schamel equation by using MSE method, which are

identical as shown in the Table 4:

Table 4
Solutions evaluated by the (G'/G)- Solutions evaluated by the MSE method
expansion method
i) Since w = 4k35(1% — 4p), i) The obtained solution u;,s shown in

. _1 [ . (4.1.85) is
i.e. A2 —4 =3 Jas then the solution
2050% (x/a)(kx — tw))
sec

U, 13 Shown in (4.2.45) can be written in Uy 25 (x, 1) = 2 3
213 64k 433

the form:

u2,13(X, t) =

225w? Volkx — tw)
SECh4 _—
64k? 3

4k2\8
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i) Since w = 4k35(A? — 4y, then the solution
Uy 14 Shown in (4.2.46) can be written in the

form:

225w?
64k?

. <W/4ﬂ — 22(kex — tw))
x sec 2

u2]14(x, t) =

i) If we choose% =5 =/~ (4u — 2%), then
the solution u; 5 shown in (4.1.85) can be

written in the form:

225w?
64k?

\ <W/4ﬂ — 22(kex — t(u))
x sec 2

u1]25(x, t) =

iii) Since w = 4k35(A* — 4p), ie. \JA2 —4u =

1 . .
/%, then the solution u, 45 shown in

2

(4.2.47) can be written in the form:

h4<VZKk§-—tw)>
4kz\5

22507
6ak?

Up15(x,t) =

iii) The obtained solution wu;,¢ shown in
(4.1.86) is

Up26(x,t) =

25w? Vo(kx — tw)
csch*
64k? 3
4k2V§

iv) Since w = 4k35(A? — 4y, then the solution
Uy 16 IN (4.2.48) can be written in the form:

225w?
64k?

< e <W/4ﬂ — 22(Jex — tw))
2

Uy 16(x,t) =

. 1 0]
iv) If we choose - ’ﬁ = /—(4u — 2?), then

the solution u, ¢ in (4.1.86) can be written
in the form:

225w?
64k?

\ <W/4ﬂ — 22(kex — tw))
X Csc 2

u1,26(X, t) =

From Table 4, we see that the solutions u; 5 and u, ,¢ evaluated by the MSE method and

the solutions u, ;3-u, 16 derived by Taha et al. to the modified Schamel equation by the

(G'/G)-expansion method are indistinguishable.

Taha et al. (Taha et al., 2013) evaluated other solution (4.2.44) by the (G'/G)-expansion

method, which we did not evaluate by the MSE method. But, we derived other solutions

Uy 27-Uq 32 DY the MSE method, which are not found by Taha et al. We have evaluated

some other hyperbolic and trigonometric solutions by the MSE method which are

different from the solutions obtained by the (G'/G)-expansion method.
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6.5: Comparison between the Obtained Solutions by the MSE
Method and the (G'/G) -expansion Method for the

Modified Kadomtsev-Petviashvili

(KP) Equation for

Acoustic Waves in Plasma Physics

Taha et al. (Taha et al., 2013) introduced some solitary solutions to the modified KP

equation for acoustic waves in plasma physics via the (G'/G)-expansion method and we

have derived some solitary solutions to the same equation via the MSE method. The

comparison among these solutions is shown in the Table 5:

Table5

Solutions examined by the (G'/G)-
expansion method

Solutions examined by the MSE method

i) Solution u, 4, in (4.2.64) is
225B2(12 — 4p)?

Uy 17(x, ¥, t) = 122
x sech* (V A2 — dp(x + ky — wt))
2 )

where w = k2?8 + 4812 — 16f..

i) If we set w=k2§+ 4612 —16pu, then
the solution u, 55 in (4.1.112), we have

22542 (12 — 4y)’
42

Mz — -
xsech4< A 4u(x2+ ky wt))

u1’33(x, y.t) =

i) Solution u, g in (4.2.65) is

22582(A2 — 4p)?
4g?

_ [Au — 12
xsec4<(x+ky (;t) e /1>,

uz18(x, ¥, t) =

where w = k2?8 + 4812 — 16f..

i) If we set w=k25+ 4612 —16pu, then
the solution u, 33 in (4.1.112) reduces in

the subsequent trigonometric form:

22582(A2 — 4u)?
4q?

— — )2
x sect <(x+ky 2T ﬂ)

uy33(x,y,t) =

iit) Solution u, 14 in (4.2.66) is

25B2(2% — 4p)? 9
42

{l — 3 tanh? ((X +ky — wt)m>}z
2 )

Uz 19(x,y,t) =

where w = k2?8 + 481% — 16f..

i) If we set w = k2§ + 412 — 16pu, then

the solution u, 3, in (4.1.119), we have

2
254%(22 — 4p)
Ug37(x,y,t) = 102 x
a
2
x+ky— wt),/A? -4
{l—Stanh2<( 4 “;) ”)}
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iv) Solution u; ,, in (4.2.67) is

25B%(A% — 4p)? 9
42

{1 + 3 tan? <(x + ky — wt)y/4u — lz)}z
> :

uz,zo(xl vy, t) =

where w = k2?8 + 4812 — 16fu.

iv) If we set w = k2?8 + 412 — 16pu, then
the solution u, 3, in (4.1.119) reduces in

the subsequent trigonometric form:

2
2562(22 — 4p)
Uy 37(x,y,t) = 102 x
a 2
x +ky — wt)/4u — A2
{1+31§an2 <( 4 (;) o )}

V) Solution u, ,; in (4.2.68) is

2252(1 — 4p)*
4a?

ookt ((x +ky — wt) /A2 — 4[.1)
2 )

Upa1(x,y,t) =

where w = k28 — 484% + 16p..

v) If we set w = k2?5 —4p1% + 16Bu, then

the solution u, 3, in (4.1.113), we have

2
2254%(2% — 4p)
u1,34- (xl Y, t) = 4(12 x

ceché ((x +ky — wt)\JAZ — 4[.1)
2

vi) Solution u, ,, in (4.2.69) is

2252(1 — 4u)*
4g?

csct ((X + ky - (Ut)w/4[x — AZ)
2 1

uz,zz(xl Y, t) =

where w = k28 — 482% + 16p..

vi) If we set w = k2?5 —461% + 16Bu, then
the solution u, 3, in (4.1.113) reduces in

the subsequent trigonometric form:

225B2(A% — 4p)?
uy34(x, y,t) = 1q2 x

et ((x +ky — wt)\/du — /12>
2

vii) Solution u, ,3 in (4.2.70) is

256222 — 4)? _

vii) If we set w = k25 — 4612 + 16Bu, then

the solution u, 3g in (4.1.120), we have

Upo3(x,y,t) = PE - )
i 2 | (xyt)_zsﬁ (2% - 4p) 5
x +ky—wt)\/1? —4 1,38\, Y, 1) =
{2 + 3csch? <( Y a; ) #>} , 4a? 5
x+ky —wt)\/12 -4
2 2 2 + 3csch? ( y =~ wt) o

where w = k“§ —4BA° + 166u. 2

viii) Solution u, »4 in (4.2.71) is viii)  If we set w = k25 — 484% + 16fu,

25B2(2* — 4p)? 9
4a?

{—2 + 3csc? <(x +ky — wt)/4u — lz)}z
> ,

Up a4 (X, ¥, t) =

where w = k28 — 4812 + 16f..

then the solution wu;3g in (4.1.120)

reduces in the subsequent trigonometric

form:
2
254%(22 — 4p)
Uy 3g(x,y,t) = 102 x
a
2
x + ky — wt)\/4p — A?

{—2 + 3csc? <( 4 a; Wau )}
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From Table 5, we observed that, our obtained solutions u 33, Uy 34, U 37 @and u, 3 Via the
MSE method and Taha et al.’s obtained solutions u, 1,-u, »4 to the modified KP equation

via the (G'/G)-expansion method are one and the same.

Also Taha et al. (Taha et al., 2013) obtained other solutions (4.2.60) and (4.2.63) by the
(G'/G)-expansion method, which we did not obtain by the MSE method. On the other
hand, we have obtained another solutions u 35, U; 36, U1 39 aNd Uy 40 Via the MSE method,
which are not obtained by Taha et al. Thus, we have obtained some hyperbolic and
trigonometric solitary solutions by the MSE method which are different from the
solutions obtained by the (G'/G)-expansion method.
6.6: Comparison between the Obtained Solutions by the MSE
Method and the (G’/G)-expansion Method for the Strain

Wave Equation in Microstructured Solids for Non-
dissipative and Dissipative Cases

In this section, we have compared the required solutions through the MSE method and the
solutions through the (G'/G)-expansion method (Khan and Akbar, 2015¢c) for the strain
wave equation in microstructured solids for non-dissipative and dissipative cases
respectively, which are shown in the subsequent Table 6 for non-dissipative case and
Table 7 for dissipative case.

Table 6: For Non-dissipative Case

Solutions examined by the (G'/G)- Solutions examined by the MSE
expansion method method

Vitedlag—depas oy [I) The solution uy,s set down in
J1+e2a,—4epa,’ (4 1 141) ic

solution u; ;5 set down in (4.2.82) can be

i) Since w==

(-1 + w?) ~ 3(-1+ w?)

written in the following form: Uy 45(x, y, £) =

gaq 2ea,
(-1+w?) 3(-1+w?)
Upzs(x,t) = T 2o h2 <(x — tw)Vw? — l>
x sec
5 <(x — tw)Vw? — 1) 2Veaz — wlay
% sech
2VeJas — wlay,
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J1+teA2az—4euas
Ji+el2a,—4spa,’

ie,[—l_wzz\/_w

1+e(A2-4p)a,
solution u;,¢ Set down in (4.2.83) can be

i) Since w ==+

, then the

written in the following form:
(-1+w?) 3(-1+w?)
eay 2eqq
5 <(x —tw)V1l — w?
% sec
2VeJas — wla,

uz,ze(X, t) =

)

if) Solution u, 45 set down in (4.1.141)

transform to trigonometric as follows:

(-1 +w?) 3(-1+w?
2eaq

(x — tw)V1 — w?

zﬁ\/m>

u1’45(x, yt) = Py
1

xw&(

J-1+eA2az3—4epas
J-1+e2a,—4epa,’

e(A?-4p)(as—ay)
—-1+e(A%2-4p)ay

iii) Since w =+

ie. Vw2 —1=

, then the

solution u,,; set down in (4.2.84) can be
written in the following form:

(e.6) = 3(—1+ w?)

Uz 27X, 1) = e,

(x — tw)Vw? — l)
2Ve ) —as + wla,

x sech? (

iii) Solution u, 4, set down in (4.1.135) is

3(—1 + w?)
u1,41(xl)’, t) = Yo
Exq
5 <(x —to)Vw? — l)
x sech
2Ve —as + wla,

J—1+eA2az—4epas
J-1+e2a,—4epa,’

ie Vi—w?= \/_ e(A2—4p) (az—ay4)

—1+e(A2-4p)ay
solution u,,g Set down in (4.2.85) can be

iv) Since w =+

, then the

iv) Solution u, 4, set down in (4.1.135)
transform to trigonometric as follows:
3(-1+ w?)

u1’41(x, y,t) = Do
1

written in the following form: x sec? ( (x — tw)V1 — w? )
3(—1+ w?) 2Vey —az + w?a,
Uy 25(x,t) = Tal
5 <(x—tw)\/l—w2)
% sec
2Ve ) —as + wla,
V) Since = i\/1+e/12a3—4eua3, then the |V) Solution u 46 set down in (4.1.142) is
J1+ella,—depa,
luti t down in (4.2.86) can b oyt = Ered) | 3CL* )
solution set down in (4.2. can be fu Y, t) = +
Uz29 ( ) 146\ %Y cay 2ea,
written in the following form:
, [(x —tw)Vw? — 1
_(F1+w?)  3(-1+w?) % csch
Upzo(x,t) = e, + 2ea, 2Ve ] az — wlay
5 <(x —to)Vw? — 1)
% csch
2VeJas — wlay,
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J1+eAlaz—depas
J1+e2a,—4epa,’

solution u, 3o Set down in (4.2.87) can be

vi) Since w==+ then the

written in the following form:
(-1+w?) 3(-1+w?)
gy 2eay
5 <(x —tw)V1l — w?
X CSC
2VeJas — wla,

uz,so(X, t) =

)

vi) Solution u, 4 set down in (4.1.142)
transform to trigonometric as follows:
(-1+w?) 3(-1+w?)
£ay

2eaq
x csc? < >

U146 (X, Y, t) =

2Veas — wlay

J—1+eA2az—4epas

: then the
J-1+el2a,—4depay,

vii)Since w =+

(x — tw)V1 — w?
vii) Solution u, 4, set down in (4.1.136) is

_ : 3(-1+w?)
solution u, 3, set down in (4.2.88) can be Uy 42 (x,y,8) = B
1

written in the following form:

g 5 (x —tw)Vw2 -1

3(-1+ w?) x csch

Uz31(x, ) = T 2ea, Ve —as + w?a,

5 <(x—tw)\/w2 - l)

% ¢sch
Ve —az + w?a,
viii)  Since w = + 1+eA’as 4E1% hen the viii) ~ Solution u;,, set down in

solution u, 3, set down in (4.2.89) can be
written in the following form:

3(—1+ w?)

Uy 3o (x, t) = Tal

(x —tw)Vl — w?
2Ve ) —as + w?a,

% csch? (

)

(4.1.136) transform to trigonometric as

follows:
3(—1 + w?)
Uy 42 (x,y,0) = T o
1
2<(x—t(u)\/1—w2)
x csch
2Ve —az + wla,

Table 7: For Dissipative Case

Solutions examined by the (G'/G)-
expansion method

Solutions examined by the MSE method

— aw i

- 5(az—w2ay,) a

nd

If we choose /A2 —4u

-1+ w?

= e(2—ap)(az—wlay) the solution

then

&

Uy 33 shown in (4.2.95) can be derived in the

subsequent form:

3w?as

t) =
Uy 33(x, t) 50a, (a3 — wlay)

x {1+tanh<

w(—x + tw)a,
10(a; — w?ay,)

)

) Solution u, 49 shown in (4.1.156) is

3w?a?

t) =
u1,49(xl ) 50611(613 — w2a4)

x {1 +tanh<

w(—x + tw)a,
10(a; — w?ay,)

)
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i) If we choose /A2 —4u = —"2“ _and |ii) Solution u, 5, shown in (4.1.157) is

T s(az-wlay)

_ -1+w? . 3w2a§
= s —aa)) then the solution up 50(x,t) =

U, 35 shown in (4.2.97) can be derived in the

2
. —x+t
subsequent form: w11 + coth w(—x + tw)a,
3w?as 10(a; — w2ay)

&

5004 (a3 — w?ay)

t) =
235(x, ) 50a, (s — w?a,)

w {1+ coth w(—x + tw)a, 2
{ €0 <10(a3—w2a4))}

Through the MSE method, we have examined some solitary wave solutions to the strain
wave equation for non-dissipative and dissipative cases. In Table 6, we have described
that the solutions u; 41, Ug42, U145, Uy 46 TOr NON-dissipative case and in Table 7, the
solutions u, 49, Uy 50 for dissipative case evaluated via MSE method and the solutions
Uy 25-Up 3, fOr non-dissipative case and the solutions u,s5, u, 35 for dissipative case
evaluated through the (G'/G) -expansion method (Khan and Akbar, 2015c) are
indistinguishable.

By the (G'/G)-expansion method, Khan and Akbar (Khan and Akbar, 2015c) found
another solutions (4.2.77), (4.2.81) for non-dissipative case and the solutions u; 34, U5 36
and (4.2.94) for dissipative case, which we did not find through the MSE method.
However, we have achieved another solutions u; 43, U1 44, U1 47, U 4g TOr NON-dissipative
case and the solutions u 54, u; s, for dissipative case by the MSE method, which are not
obtained by the (G'/G)-expansion method. Therefore, we might say that some of the
obtained solitary solutions by the MSE method is different from the (G'/G)-expansion
method.

From the above comparisons, we observe that, we derived some important solitary wave
solutions by the MSE method, which are not found by the (G'/G)-expansion method.
Also, we see that the solutions attained by the MSE method are more general and the
solutions found by the (G'/G)-expansion method are only special case. Therefore, we
may conclude that the MSE method is useful, competent and effective method in solving
NLEEs in applied mathematics, mathematical physics, plasma physics and engineering.
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Chapter 7

Conclusion and Future Instructions

In this dissertation, by using the MSE method, we have established a procedure to
examine the exact solitary wave solutions to NLEEs whose balance number is two.
Because, if the balance number is one, usually the MSE method can be easily provided
exact solitary wave solutions, but if the balance number is greater than one, in general
there arise complications in solving the NLEEs via the MSE method. One cannot use the
MSE method in straight away, i.e. the method has some shortcomings. If the solution of
Y(&) consists of polynomial of the wave variable &, it will not be the solitary wave
solution, since it does not meet the condition |u| — 0 as ¢ —» oo for solitary wave
solution. In this case, we have set each coefficient of the polynomial must be zero. This
constraint limits is crucial to solve NLEEs for the balance number more than one. By
using this achieved process in this dissertation, we have implemented the MSE method to
obtain soliton solutions to the KdV equation, the Boussinesq equation, the fifth-order
KdV equation, the modified Schamel equation for acoustic waves in plasma physics, the
modified KP equation for acoustic waves in plasma physics and the strain wave equation
in microstructured solids for both non-dissipative and dissipative cases. In fact, we have
derived general solitary wave solutions to these equation associated with arbitrary
constants, and for particular values of these constants solitons are originated from the
general solitary wave solutions, shown in Chapter 4. We have illustrated the solitary wave
properties of the solutions for various values of the free parameters by means of the

graphs, displayed in Chapter 5. This shows that the solitary wave solutions to the NLEEs
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studied in this thesis are soliton, bell shape soliton, singular bell shape soliton, anti-bell
shape soliton, singular anti-bell shape soliton, periodic solution, singular periodic solution,
kink, singular kink etc. Using this method, we have found some fresh and more general

solutions other than the existing methods, such as, the basic (G'/G) -expansion method.

For balance number two, we have emphasized the implementation of the MSE method,
how to solve NLEEs and also the comparison between the MSE method and the well-

known existing (G'/G) -expansion method are presented in Chapter 6.

Therefore, this dissertation shows that the MSE method is very effective, useful,
competent, more powerful and can be used for solving many others NLEEs in

mathematical physics, applied mathematics, plasma physics and engineering.

Since the MSE method is very efficient and powerful mathematical tool, we have found
some significant solutions to NLEEs. Some researchers previously established the MSE
method for balance number one and in this dissertation, we have developed a process to
use the MSE method and employed it to investigate solutions to NLEEs for balance
number two. Therefore, future researchers might get a gorgeous way in looking for close-
form solitary wave solutions to other NLEEs by this method, when the balance number is
two. The next research may be: whether our developed process is sufficient in solving

NLEEs for balance number greater than two, or it needs to develop further technique.
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